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Triangular norms and associative functions arebtiss for building connectives in fuzzy logic
and fuzzy systems. In this paper the possibilitcarfistructing strict Archimedian triangular
norms is considered. Their main feature is thatghid control the characteristics of such trian-
gular norms. This is achieved by introducing a peaterizing coefficient. Change of its values
leads to a change in the characteristics of thadrilar norm. New triangular operator, that was
built, can generate different classes of fuzzy eatimes. It is proved that the proposed operator
satisfies the requirements of such axioms, as cdativity, associativity, monotonicity and
boundary conditions. It is parameterized and tloeeefives the opportunity to build new trian-
gular norms. Examples of the obtained triangulamsoare given.

Keywords: triangular norms, triangular conorms, T-norm, S-mgrlogical connectives gene-
rators, fuzzy logic, associative functions.

IAPAMETPU30BAHUI OITEPATOP JIVISI KOHCTPYIOBAHHSA
APXIMEJOBUX TPUKYTHHUX HOPM

P. A. Bopodean
®Dizuko-mexaniunuii incTutyt im. I'. B. Kapnenka HAH Ykpainu, JIbBiB

TpukyTHI HOPMH Ta acoliaTHBHI (QYHKIII € OCHOBOIO MOOYIOBH 3B SI30K Y HEWITKUX JIOTII Ta
cUcTeMaX. IX KOHCTpYIOBAHHsS BHILIMBAE 3 MOYIMBOCTI PO3B’A3Ky psay (YHKIiOHATBHUX
PpiBHsIHB, sIKi 3ar04aTKOBaHi AbesieM, po3BUHYTI A4enoM Ta 0cTaTouHO chopMoBaHi MeHrepom
Yy MHUHYJIOMY CTOJITTi. 3aBISKH TX BUKOPHCTAHHIO CTAJI0 MOXJIMBUM Yy3arajbHEHHS JBO3HAUYHOT
Joriku 6araTo3HavHOIO Ta HEWITKOIO Jiorikamu. HediTka sorika gae MOXKJIMBICTE peai3oByBaTH
MpaBWIa, 10 BUKOPHUCTOBYIOTH JIHIBICTHYHI 3MiHHI. 3 JIpyroro GOKy, TPHUKYTHI HOPMHU CTaJH
6a30BHM €IEMEHTOM KOHCTPYIOBAHHS aJIreOpHYHHUX CTPYKTYD, Ki 3HAHIUIM MIMPOKE BIPOBa-
JDKEHHS MiJ1 4ac ONpaLioBaHHA 300paXkeHb. Y HHMX TPUKYTHa KOHOPMA € CKJIAZOBOIO ormepail
JIOZIaBaHHs, a pa3oM 3 TPUKYTHOIO HOPMOIO BOHM MOXYTh (OpMyBaTé OanaHCHI anreOpudaHi
CTPYKTYpH JIorapu(MIiTHOTO THITY. PO3IITHYTO MOXIMBICTH MOOYIOBU CaMe CTPOTHX apxime-
JIOBHX TPUKYTHHX HOpM. BaximBa iX prca — MOMKIIMBICTh KEPYBAaTH XapaKTEPUCTHKAMU TaKUX
TPUKYTHHX HOpM. Ile mocsraerbcs HUIIXOM BBEJICHHS MapameTpusytodoro koedimienra. Came
3MiHa {0T0 3HaYeHb MPU3BOJUTH 10 3MiHHM XapaKTePUCTUK TPUKYTHOI HOpMH. TpuKkyTHa HOpMa
€ OJIHO3HAYHOIO, HETEePepBHOIO, ACOLIATHBHOIO, CUMETPHYHOI0 Ta MOHOTOHHO 3POCTAI0YOI0
GbyHKLi€rO, siKa 3210BOJIBHSE BiMOBIJHI PAHUYHI YMOBHU. 3alPOIIOHOBAHO y3arajlbHEHHI Orle-
paTop KOHCTPYIOBAaHHS NapaMeTPUYHUX TPUKYTHUX HOPM, SKUH 0a3yeTbcs Ha BUKOPHCTAHHI
panionansHoi QyHKii. [{fo GyHKIiI0 OMUCYIOTH BiTHOMEHHSIM T0OYTKY (QyHKIIH-TeHepaTopiB
10 iX CyMH 3 KOpHUryBaiabHUM KoedirienroM. [ToOynoBanuii HOBHI onepaTop TPUKYTHUX HOPM
MOXKE€ TeHEepyBaTH Pi3Hi KJIAaCH HEdiTKHX 3B's130K. JloBeneHo, 1o 1eil onepaTop 3aI0BOJIbHSE
BUMOTY TAKUX aKCiOM, SIK KOMYTaTHBHICTb, aCOLIaTHBHICTh, MOHOTOHHICTb Ta TPAHUYHI YMOBH.
Bin mapaMerpu3oBaHuii i 3aBJSIKH IbOMY OTPHMYIOTH HOBI TPHKYTHI HOpMH. Takox IeH orme-
parop y3arajbHIOE BiZIOMi OIEpaTOpH AHAJIOTIYHOTO THILY 3aBJSKH MOXIHBOCTI KepyBaHHS
3HAUCHHSIM IapamMeTpu3yrodoro koedinienta. [ToOymoBaHi mapamMeTpr30BaHi TPUKYTHI HOPMH
€ CTPOTMMH Ta apXiMEeIOBHUMH.

Kawuosi ciaoBa: mpuxymna nopma, mpukymua xKoHopma, 1-Hopma, S#opma, eenepamopu
JI02IUHUX 36’ 30K, HeuimKa 102iKa, acoyiamueHi GyHKYii.

In 1942 Menger [1, 2] introduced the concept afiangular norm for the genera-
lization of the inequality of a triangle in a céntespace by developing associative
functions.
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Schweizer and Sclar introduced the modern defimitb the triangular norm in
the theory of probabilistic metric spaces [3]. TW@®rms can be used as a generaliza-
tion of the connectives of Boolean logic to manjued and fuzzy logic [4—7]. This
fact has led to an increase in the interest anchoeinensive development of the theory
of triangular norms [8, 9]. Nowadays the theoryfwfzy sets and fuzzy logic is the
basis for modern systems of management and degisading in many branches of
industry. Therefore, creating methods for buildoighew triangular norms is an actual
task.

This paper is organized as follows. At the begigniwe present known operators
for construction of Archimedian triangular normsew operator will be proposed in
the next section. Finally the new obtained triaagualbrms will be shown.

Existing operators for triangular norms construction. Aczel [10] proposed
conventional generator for triangulBnorm construction, which is expressed as

(% y)= TR+ f(), @
where x[[0,1], f(x)O[0,), Iimof(x)zoo, f(@) =0, f (Y is monotonically decrea-

sing function andf_l([ﬂ is inverse to f () function which is known as a pseudo-

inverse.
A new class of generators is described in [10, t1lis based on the use of the
following operator

h(x y)= f(FHRY+ Y+ 13 FH(Y), )
where x[[0,0); f(x)0(0,1]; f(0)=1; lim f(x) =0, f_l(x)D(O,l].

However, the disadvantage of such operator (2)addck of direct parameteriza-
tion of the functions obtained by it, which wouldljp us to control the change of their
properties functions. To eliminate this drawback, ehoose as a basis an operator that
differs from (2). It is associated with the solatiof the functional equations of the
form [10]

fx+y)=f(x+ f(y+ (3 f(y 3)
and which, according to description (3), takesftiim
RO y) = FH Y+ f(Y+ (3 3], 4

where x[1[0,1), Iim0 f(X) =, f(1)=0.
X

Another two types of operators for generating gidar norms are proposed in

[12]:
b O ) = L XAY) .
s =0 (T (5)

and
_ g #aY) 6
=0 (e (6)

This generator will create T-norms when ¢(x):[0,») - (0,1], and
¢ (0 (0,1 - [0,2).
However, operators (4)—(6) are also characterizethé same disadvantage — the

lack of direct parameterization of the obtaineartgular norms. Therefore, in [13]
generator of another type is proposed
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he(x y)= () + Y+ plx (3], Q)
where p>0. To expand the ability to construct new triangularms, the new opera-

tor will be considered in the next section. Thissigtor develops and generalizes
known operators (5) and (6) via its parameterizatio

Construction of the new operator for triangular norms. A new operator for
generating of triangulaF-norms is described by expression [14]

_ 1 TR
M= e ) ®)

where x[1[0,1], f(x)0[0,»), f(0)=0, Iimlf(x):oo, p>0.

Let us prove that function (8) can be operatortfiangular norms generation. In
other words, it satisfies the requirements of a lmemof axioms, in particular it should
be commutative, associative, monotone and satigfypbundary conditions.

Commutativity: hy(x y)= h(y 3.

_ 1, F)f(y)
o= T 0+ f(y

Associativity: hz(hy(x y), 2= B(xh(y ®.

On the one hand

hy(h (% Y), 9= ¢

)=R(¥% .

f(hy (% y) f(2
p+ f(l(x M)+ (2

):

(10) ¢,
e )= R ) 1(D:
p+ {0+ ()
(P24 PEY+ PICY+ 1) 1Y+ PHD+ F( (A% (Y { 9)=
= 14100 T F(D: (p(p+ TR+ f()+ f()+

+E)F(y)+ F(X f(2+ f(y (). 9)
On the other hand

£ f(hy (v, 2) 09 iy 12

M) i)+ (D ..

MO )= T g f(h( Sl (p+f(x)+f(y)f(2))_
o+ (y)* (2

=t (P + ply+ plx+ pb e
Y FW+ O F(A+ (Y (D=1 (F T F(D:
((p(p+ F(Y+ f(Y+ f(+ FOYF(Y)+ (R F(+ (Y (). (10)

From comparison (9) and (10) it follows that

hy(he(x ¥), 2= R(xh(y P

and (8) is an associative function.
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Monotonicity: h,(x y)< R(x 2 for y< z.
Let f(x) be a monotonically increasing function and sucht tlor x[1(0,1)

f(0)=0, Iimlf(x) zooand {x y 2 [J0,1) . Suppose thaty< z. Then f(y)< f(2

and
1 1
—>— 11
(- 12 -
Add 1/ f (x) to both parts of (11). Then we get
1 N 1 i 1 N 1 (12)
f) fly) (¥ f(3
or
F)+f() , F(Y+ 1) 13)
f(x) f(y) f(x (2
On the other hand, if (y) < f(2) and f(xX) >0, then
f)f(y) = (0 (2
and
! > ! . (14)
fFO)f(y) (X (2
After multiplying each part of inequality (14) fqu >0 we have

F)f(Y)  F(RN (D
Adding (14) and (15) we get
f+fy, P f*+f3, p
fOf(y)  f(Xf(y (3 (x{(%

and
p+f(+ f(y)_ pt f(R+ f(3
fFof(y)y  — f(XNf(3

wherefrom
fFfly) (¥ 1(3
p+f(X)+ f(y) p+ f(Y+ f(3
since f_l(m is increasing
EMELICL{C NP (€ L C
p+ f(X)+ f(y) pt f(+ (3

).
Therefore
hz(x y)< (X 2.
Boundary conditions: h;(x,1) = X, hy(x0)=0.

At y - land Iimlf(y) = oo, we have
y-

()

. . -1
9T1h7(x’ y)_l)llef (p+ f(x)+ f(y)
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T -1 1 0 -1 —
S T o1 f(y 1 19y TV X

h,(x0)=0: wheny - 0

lim f_l(M)z
y-0  pt f(x)+ (Y

1 y=lim f70) =0.
y-0  p/(f(R (W) +1/ f(Y+1/ f(x° y-0

Condition for strict T-norm: h; (X, X) < X.
1 fOOF(9 f(%
hr(xx)=f (IO+ F00+ f(X)) fFf(% p+2f(>9)'
Becausef (x)/ (p+2f(X)= k<1 for xO[0,1], then

hy(x %= H(K() < »
and h;(x, y) generates Archimedian triangulBnorm.
Examples of new triangular norms.
Example 1. Let f(X)=x/(1-X), f_l(x) = x/ (1+ X). Substituting them into (8)
we obtain such a new triangulBnorm:

X y X y
(o2l (pr 2+
1-x1- 1-x 1-
T y=———2 — (16)
1+ (o (pr )
1-x1-vy 1I-x 1~y

and the corresponding trianguanorm (see Fig. 1)

pxy+ X1- Y+ y1-
S =1- T1- x1- y= . u
(XY (1= x1- y) pxy+ X1- Y+ Y1- ¥+ (1~ 31~y o

T

it

Fig. 1.S-norm generated from Eq. (17) wiph= 100.
Example 2. Let f(x)=-In(1- x), f_l(x) =1-expEx). Substituting them into
(8) we obtain such a new triangulanorm:

_a INL-x)In(1-y) _ In(1- xX)In(1- y)
o= e = -na- )+ TP i@ e v)
and the corresponding triangugnorm (see Fig. 2)

(18)
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n(JIn(y) . 19)
p—In(xy) *

S(x Y =1- T~ x1- Y= expt.

Fig. 2.S-norm generated from Eq. (19) with= 0.5.

The new obtained triangular norms have the pararpdte control their characte-

ristics.

CONCLUSIONS
A new operator for generating Archimedian trianguiarm is presented. Such

constructed operator produces parameterized tdangorms. This expands the func-
tional characteristics of logical connectives izZy logic. New triangular norms are
more flexible and can be used as logical connextwefuzzy decision-making systems.
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