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MATHEMATICAL MODEL OF MAGNETIC FIELD
FOR A SECTORIAL FERROMAGNETIC CYLINDER
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The solution of the boundary-value problem of magsiatics for a circular ferromagnetic
cylinder with a longitudinal sectorial cutout issdebed. The external primary magnetic field is
orthogonal to the cylinder and directed at arbjt@zimuth relative to the cutout. A system of
algebraic equations for finding the amplitudes zifraithal expansions of the spatial distribu-
tion of the secondary field of the outer and seatqrartial regions of the cylinder is obtained
by the method of rearrangement of functions.
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MATEMATHUYHA MOJEJIb MATHETHOTI'O IIOJISA CEKTOPIAJIBHOT' O
OEPOMATHETHOT'O IWIIHAPA

P. M. [I:xana, B. P. Ixxana, b. I. Topon, b. 5S1. BepOeHeun
®Dizuko-mexaniunuii incTutyt im. I'. B. Kapnenka HAH Ykpainu, JIbBiB

Po3B’s13aH0 KpaiioBY 3aJady MarHETOCTaTHUKH JUI KPYroBOrO ()epOMAarHETHOTO IIMTIHAPA 3
MO3JIOBXXHIM CEKTOPiaJIbHAM BHPI30M, sIKa € KJIFOUOBOIO IS PO3POOJIECHHS METOHiB Oe3KOH-
TaKTHOTO KOHTPOJIO (pepoMarHeTHUX 00’ €KTiB LUTiHAPUYHOI (opmu (CTPUIKHIB, MPYTKIB,
eKkpaHiB, Tpy0 3 medexramu MmiJ MOKpUBamHu). 30BHIIIHE MEPBHHHE MAarHETHE I10JIe OPTOrO-
HaJbHE LWIIHAPY 1 HalpaBlieHe MiJ JOBUIBHUM a3uUMyTOM 1O BHpi3y. BropuuHe nopaHo
PO3KJIajaMK 33 CUCTEMaMH BIacHUX (YHKLIH sK po3B’s3KiB piBHAHHA Jlaruiaca mis KOxHOT 3
TPbOX YaCTHHHUX OOJacTell mi€i cTpyKTypH. 3 yMOB HEHNEpPEepBHOCTI KOMIOHEHT MOJIS Ha Me-
KaxX CyMDKHHX CEKTOpialbHHX oOJlacTell BHBEAEHO PIBHSHHS M KOe(ili€HTIB IIPOCTOPOBHX
TapMOHIK ITOJISI UX YaCTHHHMX 00JIacTel Ta OTPHMaHO HOro HaOIMKeHUH Po3B’ 130K y BUTIIAAI
¢GyHKnii nimoro yucna. MeromoM mepepo3kiany (GyHKIiH OTpUMaHO HECKiHYEHHY CHCTEMY
NMHIHHAX anreOpUYHUX PIBHSIHB [UISI 3HAXOHKEHHS HEBIIOMHUX aMILTITYA a3UMYyTalbHHX PO3-
KJIaJliB TIPOCTOPOBOTO PO3IMOJiy BTOPUHHOIO IOJIS 30BHIMIHBOI 1 CEKTOPiaJIbHUX YaCTHHHHX
obnacreil pepoMarHeTHOTro LIIiHAPA. 3HAXOMKEHHST PO3MOALTY MoJsd nepeadadae aHaIiTHKO-
YUCIIOBE PO3B’ A3aHHSA OTPUMAHOI CHCTEMH JIIHIHHUX aNreOpUYHUX PiBHAHb METOJOM PEmyKIii
3 ypaxyBaHHIM BiTHOCHOI 301’KHOCTI.

KunrouoBi ciioBa: maenemne none, cekmopianvhuii yuninop, gepomacHemux, mamemamuina
MoOenb, cucmema pisHsHb.

Introduction. The problem of finding the distribution of the mago field of a
cylinder with a sectorial cut arises in the devaitept (construction) of methods of
contactless control of cylindrical objects, suchaasod, a bar, a screen, a pipe with
defects [1-5].Such tasks are especially importantHe development of the methods
for testing ferromagnetic objects under coatings.

The influence of the object defect on the distilubf its field can be calculated
by numerical methods using modern computer teclgyoldhe influence of the steel
pipe defect on the distribution of its magnetiddievas studied in [6] by the finite
element method using the computer program Finitemght Method Magnetics
(FEMM). Such calculations give the numerical demsmgs of field characteristics on
concrete set parameters of the defect. Howevelytara dependences are required to
develop the methods for monitoring and diagnosinjgais.

An electrodynamic model of cylindrical structureghasectorial cutouts in layers
with high electrical conductivity was developedin 8]. Similar acoustic problems
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were solved in [9]. In these works, based on tleeaighe results of analytical solution
of the boundary-value problems of mathematical sy®r canonical domains, analy-
tical representations for solving the boundary-gatwoblems in rather complex non-
canonical domains are constructed.

The main difference between ferromagnetic bodie$ @ectrically conductive
ones is that the magnetic field penetrates intdeél®magnet and is concentrated in it
[L0-15]. Therefore, when solving the boundary-vaglugblems, it is impossible to use
the methods that have been proposed for theorediadles of the penetration of the
electromagnetic field through a metal with highcélieal conductivity non-magnetic
screen [7, 8].

For ferromagnetic cylindrical objects with brokgmsnetry, the boundary-value
problem of a sectorial ferromagnetic cylinder irc@nstant magnetic field is a key
problem. This paper aims at building a mathematiwadel to solve it.

The subject of thisarticle is the derivation of a system of equations forttien-
retical study of the magnetic field of the sectioigaromagnetic cylinder.

Formulation of the problem. The cylinder with radiusy and with a sectorial
cutout is shown in Fig. 1. As can be seen, thezelaee different partial areas of this
structure: inner area of the sectorial ferromagnejlinderi, area of the sectorial cut
(defect)d and outer aree, the main difference between these areas is lilegt have
different magnetic permittivity, g, He.

We choose the polar coordinate systeng); its axisr = 0 coincides with the axis
of the cylinder. Azimuthp is calculated from the middle of the cut counteckimise.
The angular width of the sectorial cutout is 2

An external homogeneous magnetic field with intgnisiy is considered to be di-
rected perpendicular to the axis of the cylindesiratinglep, = 0 relative to the middle
of the cutout. Here we consider the an@l® be some arbitrarily given parameter of
the problem.

In this situation, the Laplace equation [16] forgnatic potentials is applicable,
because in the certain static problems scalar patdar magnetic field similar to that
of electric field could be used.

Fig. 1. Ferromagnetic cylinder with a sectorial. cut

Laplace’s equation has the form:
Au =0, (2)
whereu is scalar potential of magnetic field. Equation il valid in all the regions
(partial areas) of this structure.

For the radial components of magnetic field; # ro boundary conditions [7, 8,
10] are applied on the inner-outer and defect-dube@ndaries
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wi H;, (ro,(p), (pl](a,ZTt—a)

He (1ry,0) = 2
HeMler ( 0 (P) {“der (rqu)), (pl](—a,a) (2)

and for the inner-defect boundariesp if +a, we have:

Hil’ (r,ia) = Hdl’ (r,ia) .

Similarly for azimuthal components:
Hiq)(ro,(p), (I)D(a,ZT[—a)

Ho (rq,0) = 4
e(P(O (p) {qu)(ro,q)), ¢D(—a,a) @

on the inner-outer and defect-outer boundaries, and
lJ'iHi(p (r,ia)=ude(P(r,ia) (5)

on the inner-defect boundaries. Here, the indicesand e correspond to the inner
region of the sectorial cylinder, the region of the (defect) and the outer region, and
the notation (letters) ande — to the radial and azimuthal components of thgmatic
field, respectively.

Representation of the magnetic field components in partial regions of the
structure. Starting from general solutions for Laplace equafib) we have [16]:

U =Y AsrPcospe, (6)
p
Ug =D Byr K cosko, )
k
Ug = Hor cos(@—0)+>'Cr " cosng, (8)
n

for magnetic potentials. Values, B, andC, are amplitudes of spatial harmonics and
p, k andn are harmonic coefficients of inner, defect anceotields respectively, that
can vary from 0 to &, p andk are irrational andh is integer numbers. Then radial
components of magnetic field have the form:

ou

Hiy ==—-==3"pArPcospp, 9)
or D
Hy = O ~>kBr**cosko, (10)
or K
Hy =-2% = H cog(p—0)+YnC,r " 11
& =55 = Hocos(p-0) + 3nCyr " cosne (11)
n
and azimuthal components look like:
10y 1
Hi, = —=— ==Y pA,rPsinpo, 12
= 30 %p 0 P (12)
16ud k=1 _:
Hyo =———=—> kByr" ~sinko, 13
do r a(P Zk:Bk ¢ ( )
16ue . -n-1_:
=—-———==Hgsin(¢—-0)+ ) nC,r sinne . 14
®= oy O (9-96) Zn: n P (14)
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Boundary conditions for determining the amplitudes of spatial harmonics.
Conditions (2) and (4) could be used to obtain #oges of spatial harmonics, and
from conditions (3) and (5) one can obtain harmaoiefficients. But these procedures
in asymmetrical case are not straightforward. Bangple, the problem of finding
harmonic coefficientp andk (n is easy to find, because the outer region is symnne
cal) needs to use arbitrary general solutionshiertoundary conditions (3) and (5).

In general form boundary conditions (3) and (5)dcr +a look like:

Y PAST P~ cospa = S KB, r k=1 coska (15)
p k

and
Wi Y pAr PLsinpa = pgy ZkBkrk'lsin ko . (16)
p k

The same is valid for (2) and (4) boundary condgion the cylinder surface at:
—Hgcos(¢—0) +YnCyrg " cosng = =X pAroPtcospe, fpl>a  (17)
n p

~Hocos(¢ —6) + Y nCyro " cosnp = -3 kB ro ‘coskp, Ipl<a,  (18)
n k

ue[Hosin(cp -0)+YnCyry " sin n(pJ =1 Y pA TP tsinpe, ol > @, (19)
n p

He(Hosin(e —8) + Y nCpro " sinne) = —ug kB 1o sinko, ol < . (20)
n k

Using arbitrary partial solutions from equation®)(20) we write down the
relationship:

—Hg cos(¢ —0) +nCprg " cosng = - pA,r,®cospe, (21)
~Hg cos(¢ —8) +nCpro " cosng = —kByro tcosko, (22)
e ( Hosin(p —6) +nCyrg " *sin n(p) = pPAT" 'sinpg (23)
te(Hosin(p —0) +nCpyro " tsinng = —uykB, o sinke, (24)
and
pA,r P cospa = kB, ¥ coska, (25)
Wi PAT PLsin po = pgkBy r< Lsinka . (26)

Determination of harmonic coefficients in sectorial subregions. We use rela-
tions (25) and (26) to determine the coefficiertdr@armonics in the sectorial partial
domainsi andd. However, these ratios have unknown amplitulleandB,. They can
be removed using expressions (21)—(24).

Then after substitution in (25) and (26) we obthia following equations:

! “
o) HiP+pen (Fo) HgK+pen

22 ISSN 0474-8662. | nformation Extraction and Process. 2021. | ssue 49 (125)



L] 1
wp| —| ———tan pa=pdk(—] —— tanka. (28)
' [foJ Wi p+pen ro) MgK+pen

These equations are transcendent, but we can desentpem using series and
limit ourselves to the first few members of theiese{17]. Here, we use only first two
members. As a result, we obta@imndk as functions of integer number

k(m)(ue[r—l]m—ud)

o

p(m) = k(m)[ud(rg _1)_“i]+(“e(rro_1jm‘uiJ’ (29)
L 7 o M 9 S

r
Hg ( ‘1) W
o

Next problem now is to find amplitude coefficiert spatial harmonics. When
searching the amplitude,, B, and C,, systems of the functional equations on the
inner-outer and defect-outer boundaries must bebatgzed and solved. The main
method of algebrization that could be used in $siyitem is described in [7-9]. It con-
sists in multiplication of equations (2) and (4)as6e) and integration fromn-to z.

For the outer region we have:

2
flp (cosne)®do =,
if n=mand

.[sncosn(p cosmpde =0,

if n#m.
Similarly, for the inner region, i = p(m):

2 (om0 = (=) + (s n( 1-0) -sin20) =R, (310

and ifn # p(m):

o 1| sin{(p(m) +n)( 2t -a)) =sin(( p(m) +n)a
.[2 cosn(pcosp(m)q)d(p:E ( p(m)Z-n ( )+
. sin(( p(m) - n)( 21— a)) —sin(( p(m) - n)a) p (310)
p(m)-n
The same procedure, carried out for the defecoregields ifn = k(m):
[“(cosng)?do =a+ sihno _y (32)

and ifn # p(m):
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a _ sin(k(m)+n)a sin(k(m)—n)a
ja COSﬂ(pCOSk(m)(pd(p—% () + K(m)—n

=K. (32b)

Here we denote results of integration in the inregyion on the surface of the
cylinder and the cutout &%, andK,.

Hence, we obtain subsequent systems of equationgrnknown amplitudes of
spatial harmonics of the magnetic fields:

_ A k(m)-1
—peH o €OSO + UeCirg?m = -y > p(m) PmAnrop(m) ~ g Y K(M) K 1,Binrg (m) :
m m

26Cor5%m = 13 Y (M) PanAnr ™™ = g T (m) K B
m m

MeCrg ™ = =1t X p(m) P At ™ ™ =g TK(M) KB ™ (33)

As a result of the described above operations, btaim an infinite system of
linear algebraic equations for finding the unkncavnplitudes of the spatial harmonics
of the magnetic field of a sectorial ferromagnetitnder.

It should be noted that, as shown in previous stifB, 15], such systems have
the property of relative convergence: to obtainifigently accurate description of the
behavior of the system, it is sufficient to considely the first few members in propor-
tion to the size of the subregions.

For example, if we limit ourselves to three compuref the inner filed and one
component of the defect field, we could obtainystesm of linear algebraic equations
that looks like:

p(1) 2
r 1+,
RiPi1 PiP12 Pipi1z Kk Alop(z) Ho cospn ro
P1P21 PodPos Pop o3 K K 21 Al _ 0 34
9| 0 - (34
P1P31 PaPsy PaPas K &K 3 Agrop( 0
PaiPar PaPaz PaP az K K 4 k(1)
Biro 0

Here we used the system of equations (33), removedifrtta unknown ampli-
tudes ofC,, and introduced the notation:

Prm = K p(m) +tuen and Ky, = Hdk(m) T HeN . (35)

Substituting the solutions of this system of equatind,, andC, into relations
(9)—(14), we obtain the expressions for all componetthe magnetic field in the
partial regions of the sectorial cylindethe cutout and the outer regioafor a given
primary magnetic fieldH.

CONCLUSIONS

The boundary-value problem of magnetostatics for reofieagnetic sectorial
cylinder in a homogeneous external magnetic fieldediiced to an infinite system of
linear algebraic equations with respect to unknowpléndes of spatial harmonics.

The method of partial domains with expansions of retigriield components by
the systems of eigenfunctions as solutions of the Lapquation for each of the three
partial domains of a given structure is used. Basecherbbundary conditions, the
expressions for the coefficients of the spatial harowrmif the field of sectorial
subdomains, as a function of an integer, are obtained.
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Finding the field distribution involves the anabgl-numerical solution of the

obtained system of linear algebraic equations kynttethod of reduction, taking into
account the relative convergence.
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