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The solution of the boundary-value problem of magnetostatics for a circular ferromagnetic 
cylinder with a longitudinal sectorial cutout is described. The external primary magnetic field is 
orthogonal to the cylinder and directed at arbitrary azimuth relative to the cutout. A system of 
algebraic equations for finding the amplitudes of azimuthal expansions of the spatial distribu-
tion of the secondary field of the outer and sectorial partial regions of the cylinder is obtained 
by the method of rearrangement of functions. 
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МАТЕМАТИЧНА МОДЕЛЬ МАГНЕТНОГО ПОЛЯ СЕКТОРІАЛЬНОГО 
ФЕРОМАГНЕТНОГО ЦИЛІНДРА 

Р. М. Джала, В. Р. Джала, Б. І. Горон, Б. Я. Вербенець 

Фізико-механічний інститут ім. Г. В. Карпенка НАН України, Львів 

Розв’язано крайову задачу магнетостатики для кругового феромагнетного циліндра з 
поздовжнім секторіальним вирізом, яка є ключовою для розроблення методів безкон-
тактного контролю феромагнетних об’єктів циліндричної форми (стрижнів, прутків, 
екранів, труб з дефектами під покривами). Зовнішнє первинне магнетне поле ортого-
нальне циліндру і направлене під довільним азимутом до вирізу. Вторинне подано 
розкладами за системами власних функцій як розв’язків рівняння Лапласа для кожної з 
трьох частинних областей цієї структури. З умов неперервності компонент поля на ме-
жах суміжних секторіальних областей виведено рівняння для коефіцієнтів просторових 
гармонік поля цих частинних областей та отримано його наближений розв’язок у вигляді 
функцій цілого числа. Методом перерозкладу функцій отримано нескінченну систему 
лінійних алгебричних рівнянь для знаходження невідомих амплітуд азимутальних роз-
кладів просторового розподілу вторинного поля зовнішньої і секторіальних частинних 
областей феромагнетного циліндра. Знаходження розподілу поля передбачає аналітико-
числове розв’язання отриманої системи лінійних алгебричних рівнянь методом редукції 
з урахуванням відносної збіжності.  

Ключові слова: магнетне поле, секторіальний циліндр, феромагнетик, математична 
модель, система рівнянь. 

Introduction. The problem of finding the distribution of the magnetic field of a 
cylinder with a sectorial cut arises in the development (construction) of methods of 
contactless control of cylindrical objects, such as a rod, a bar, a screen, a pipe with 
defects [1–5].Such tasks are especially important for the development of the methods 
for testing ferromagnetic objects under coatings. 

The influence of the object defect on the distribution of its field can be calculated 
by numerical methods using modern computer technology. The influence of the steel 
pipe defect on the distribution of its magnetic field was studied in [6] by the finite 
element method using the computer program Finite Element Method Magnetics 
(FEMM). Such calculations give the numerical dependences of field characteristics on 
concrete set parameters of the defect. However, analytical dependences are required to 
develop the methods for monitoring and diagnosing objects. 

An electrodynamic model of cylindrical structures with sectorial cutouts in layers 
with high electrical conductivity was developed in [7, 8]. Similar acoustic problems  
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were solved in [9]. In these works, based on the use of the results of analytical solution 
of the boundary-value problems of mathematical physics for canonical domains, analy-
tical representations for solving the boundary-value problems in rather complex non-
canonical domains are constructed.  

The main difference between ferromagnetic bodies and electrically conductive 
ones is that the magnetic field penetrates into the ferromagnet and is concentrated in it 
[10–15]. Therefore, when solving the boundary-value problems, it is impossible to use 
the methods that have been proposed for theoretical studies of the penetration of the 
electromagnetic field through a metal with high electrical conductivity non-magnetic 
screen [7, 8]. 

For ferromagnetic cylindrical objects with broken symmetry, the boundary-value 
problem of a sectorial ferromagnetic cylinder in a constant magnetic field is a key 
problem. This paper aims at building a mathematical model to solve it. 

The subject of this article is the derivation of a system of equations for the theo-
retical study of the magnetic field of the sectorial ferromagnetic cylinder. 

Formulation of the problem. The cylinder with radius r0 and with a sectorial 
cutout is shown in Fig. 1. As can be seen, there are three different partial areas of this 
structure: inner area of the sectorial ferromagnetic cylinder i, area of the sectorial cut 
(defect) d and outer area e, the main difference between these areas is that they have 
different magnetic permittivity µi, µd, µe.  

We choose the polar coordinate system (r, φ); its axis r = 0 coincides with the axis 
of the cylinder. Azimuth φ is calculated from the middle of the cut counterclockwise. 
The angular width of the sectorial cutout is 2α. 

An external homogeneous magnetic field with intensity H0 is considered to be di-
rected perpendicular to the axis of the cylinder at an angle φ0 = θ relative to the middle 
of the cutout. Here we consider the angle θ to be some arbitrarily given parameter of 
the problem. 

In this situation, the Laplace equation [16] for magnetic potentials is applicable, 
because in the certain static problems scalar potential for magnetic field similar to that 
of electric field could be used.  

 
Fig. 1. Ferromagnetic cylinder with a sectorial cut. 

Laplace’s equation has the form: 

 0,u∆ =  (1) 

where u is scalar potential of magnetic field. Equation (1) is valid in all the regions 
(partial areas) of this structure. 

For the radial components of magnetic field, if r = r0 boundary conditions [7, 8, 
10] are applied on the inner-outer and defect-outer boundaries 
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and for the inner-defect boundaries, if φ = ±α, we have:  

 ( ) ( ), α , αir drH r H r± = ± .     

Similarly for azimuthal components: 
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on the inner-outer and defect-outer boundaries, and 

 ( ) ( )i φ φµ , α µ , αi d dH r H r± = ±  (5) 

on the inner-defect boundaries. Here, the indices i, d and e correspond to the inner 
region of the sectorial cylinder, the region of the cut (defect) and the outer region, and 
the notation (letters) r and φ – to the radial and azimuthal components of the magnetic 
field, respectively. 

Representation of the magnetic field components in partial regions of the 
structure. Starting from general solutions for Laplace equation (1) we have [16]: 
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for magnetic potentials. Values Ap, Bk and Cn are amplitudes of spatial harmonics and 
p, k and n are harmonic coefficients of inner, defect and outer fields respectively, that 
can vary from 0 to +∞, p and k are irrational and n is integer numbers. Then radial 
components of magnetic field have the form: 
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and azimuthal components look like: 
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Boundary conditions for determining the amplitudes of spatial harmonics. 
Conditions (2) and (4) could be used to obtain amplitudes of spatial harmonics, and 
from conditions (3) and (5) one can obtain harmonic coefficients. But these procedures 
in asymmetrical case are not straightforward. For example, the problem of finding 
harmonic coefficients p and k (n is easy to find, because the outer region is symmetri-
cal) needs to use arbitrary general solutions for the boundary conditions (3) and (5).  

In general form boundary conditions (3) and (5) for φ = ±α look like: 

 1 1cos α cos α
p k

p k
p k

pA r p kB r k− −=∑ ∑  (15) 

and 

 1 1
µ sin α µ sin α

p k
i p d k

p k

pA r p kB r k− −=∑ ∑ . (16) 

The same is valid for (2) and (4) boundary conditions on the cylinder surface at: 
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Using arbitrary partial solutions from equations (15)–(20) we write down the 
relationship: 
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Determination of harmonic coefficients in sectorial subregions. We use rela-
tions (25) and (26) to determine the coefficients of harmonics in the sectorial partial 
domains i and d. However, these ratios have unknown amplitudes Ap and Bk. They can 
be removed using expressions (21)–(24).  

Then after substitution in (25) and (26) we obtain the following equations: 
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These equations are transcendent, but we can decompose them using series and 
limit ourselves to the first few members of the series [17]. Here, we use only first two 
members. As a result, we obtain p and k as functions of integer number m: 
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Next problem now is to find amplitude coefficients of spatial harmonics. When 
searching the amplitudes Ap, Bk and Cn, systems of the functional equations on the 
inner-outer and defect-outer boundaries must be algebraized and solved. The main 
method of algebrization that could be used in this system is described in [7–9]. It con-
sists in multiplication of equations (2) and (4) on cos(nφ) and integration from −π to π. 

For the outer region we have: 
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Similarly, for the inner region, if n = p(m): 
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and if n ≠ p(m): 
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The same procedure, carried out for the defect region, yields if n = k(m): 
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and if n ≠ p(m): 
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Here we denote results of integration in the inner region on the surface of the 
cylinder and the cutout as Pmn and Kmn. 

Hence, we obtain subsequent systems of equations for unknown amplitudes of 
spatial harmonics of the magnetic fields: 
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As a result of the described above operations, we obtain an infinite system of 
linear algebraic equations for finding the unknown amplitudes of the spatial harmonics 
of the magnetic field of a sectorial ferromagnetic cylinder. 

It should be noted that, as shown in previous studies [8, 15], such systems have 
the property of relative convergence: to obtain a sufficiently accurate description of the 
behavior of the system, it is sufficient to consider only the first few members in propor-
tion to the size of the subregions. 

For example, if we limit ourselves to three components of the inner filed and one 
component of the defect field, we could obtain, a system of linear algebraic equations 
that looks like: 
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Here we used the system of equations (33), removed from it the unknown ampli-
tudes of Cn and introduced the notation:  

 ( )µ µ     nm i ep p m n= +  and ( )    µ µnm d ek k m n= + . (35) 

Substituting the solutions of this system of equations Ap, Bk, and Cn into relations 
(9)–(14), we obtain the expressions for all components of the magnetic field in the 
partial regions of the sectorial cylinder i, the cutout d and the outer region e for a given 
primary magnetic field H0.  

CONCLUSIONS 
The boundary-value problem of magnetostatics for a ferromagnetic sectorial 

cylinder in a homogeneous external magnetic field is reduced to an infinite system of 
linear algebraic equations with respect to unknown amplitudes of spatial harmonics. 

The method of partial domains with expansions of magnetic field components by 
the systems of eigenfunctions as solutions of the Laplace equation for each of the three 
partial domains of a given structure is used. Based on the boundary conditions, the 
expressions for the coefficients of the spatial harmonics of the field of sectorial 
subdomains, as a function of an integer, are obtained. 
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Finding the field distribution involves the analytical-numerical solution of the 
obtained system of linear algebraic equations by the method of reduction, taking into 
account the relative convergence. 
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