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STOCHASTIC MODEL OF THE GEARBOX PAIR VIBRATION
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The model of vibration signal of gearbox pair ie form of periodically correlated non-stationary
random process is considered. It is shown thaghigeriodicities in biperiodic correlated random
process mean and covariance function, charactgrittie vibrations of gearbox pair can be
detected using the component and least square dsetBieven particular cases of the bi-rhythmic
hidden periodicity for different modulation modee analyzed.
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Po3risiHyTO MOJENb BiOpaliifHOrO CHrHATY 3y04YacToi Hapy y BUIIIAIL MEPiOANYHO KOPEIhOBa-
HOTO HECTAI[IOHAPHOTO BUIAAKOBOrO mpouecy. OTpUMaHi aHAIITUYHI CIIBBIXHOIICHHS IS
aBTO- Ta B3a€MOKOPEIIIHHUX (YHKLIH PI3HUX YaCTOTHUX KOMIIOHEHT Ta CHEKTPAIBHHX TycC-
THH BiOpaIiifHOro CUrHAY JUIS Pi3HUX THUITIB MOIYJIsLii. HaBeneHo 3aranbHe 1moJJaHHS 9aCOBUX
3aJIe)KHOCTEH MAaTeMaTUYHOTO CIIOMIBaHHs 1 Kopessiuiiinoi ¢yHkuii BiOpauiiiHoro curHamty y
BUIIIAAI cTeneHeBux psaiB. Koedimientu Oyp’ e kopensiiiHoi GpyHKIIT Ta CrieKTpaabHOT TyCTH-
HH € 3arajJbHUMH XapaKTepPHCTHKAMU aMILTITYIHOI Ta (a30Boi MOLYIsLil rapMOHIK Hecy4ol
yacToTu. [loka3aHo, 1110 KOpemsiii MiXk TapMOHIKaMH He PiBHI HYJIIO TLIBKH TOAI, KOJIH MOJIY-
JISIIFHI POIECH BIINOBITHUAX TOPSIIKIB € YaCTKOBO KopelnboBaHi. [IpoaHalizoBaHo ciM OKpe-
MHX BHIT3JIKiB IIPUXOBAHOI OilepioquyHOCT] y BiOpamiifHOMY CHI'HaNi — aAUTHBHY Ta MYJIBTH-
IUTIKaTUBHY MOJIENi HEKOPEIbOBAHOTO CTalliOHApHOTO MPOIiecy Ta OinepioAndHOI cTanioHapHOT
¢byHkuii, cymy Ginepionmaaoi GyHKIIT Ta ABOX NEPiOANIHO KOPEIHLOBAHUX BHIIAJKOBHUX IIPOLIE-
CiB, aMIUNITyIHY MOAYJIAL{I0 HECY4Oi NepPioJUYHO KOPEIbOBAHUM BHIIAIKOBUM IIPOLECOM, J0-
OYTOK IBOX HEpiOJMYHO KOPENbOBAHMX BHUIAJKOBHUX IPOLECIB 3 Pi3HUMU IepiofaMu, J0OYTOK
CTaLlIOHAPHOT'O BUIIAJKOBOTO IPOILECY 1 MEPIOAMYHO KOPEIbOBAHOTO BHUIAIKOBOTO IPOIECY,
KBa/IpaTypHy MOJENb y MojaHHi Paiica — B3aeMHHI MEpiOANYHO KOPETbOBAaHHN BHIAIKOBHUIl
nponec. [TokazaHo HEOOXiTHICTH 3aCTOCYBaHHS KOMIIOHEHTHOTO METOJY i METOy HallMEHIINX
KBA/IpaTiB JUIS BUAUJICHHS MEPioAiB IPHXOBAHUX NEPIOJUIHOCTEHN, OCKITIBKY IIEepioIH HeCTalio-
HapHOCTEH He € IUTMMH YHUCIIaMU 1 € KpaTHIMH JI0 YacTOTH 3adeInieHHs. OTpUMaHi pe3ysbTaTH
€ TCOPETHYHOIO OCHOBOIO IS aHAITI3y BiOpaIifHOTO CHTHATYy y METOJaX A1arHOCTUKH, 30KpeMa
JUISL BUSIBJICHHS TA OLLIHIOBAHHS CTYICHS IOLIKOKEHHS 3y04acToi napH.
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Introduction. Gear pair vibration is exciting by two main factoremely, the
periodic variation of teeth stiffness due to theshieg phase and manufacturing errors.
The manufacturing errors include constant and bgiatep errors of the teeth. The
models for gearbox vibration proposed in the liigra can be considered the particular
cases of its representation in the form of bi-gid@orrelated random process (BPCRP)
[1-4]. Therefore, it is advisable to choose thememeters for the construction of the
indicators for fault detection [5-10]. The mean &he covariance functions of these
processes are bi-periodic time functions. The nfaaation describes the modulation
interaction of the deterministic oscillations, aheé covariance function describes the
interaction of the stochastic components. The Eowéries of the mean and covarian-
ce functions consist of the harmonics of the wheetation frequencies and their mul-
tiples and combinations. The harmonics of the nfiesfuencies are the individual har-
monics of the BPCRP representation. The actual twaics compositions of the deter-
ministic and the stochastic oscillations dependhendegree of the development of a
fault and its location. The estimation of the who@mplex of BPCRP characteristics
of the first and second order on the basis of ewmettal data may be laborious and
time-consuming, so it is advisable, when possitdemitigate the issues associated
with fault detection using the parameters of theCBP approaches. In the present
paper, we show that in the case of the appeardribe ¢ault, when it develops only on
one of the wheels, the PCRP approach can be used.

BPCRP model of vibration signal. The efficiency of cyclostationarity signal
processing techniques in machinery condition mainigocan be explained in generally
by their ability to reveal modulations caused bg ttcurrence of faults. The modula-
tion effects in the vibration model in the form thie periodically correlated random
processes (PCRP), which describe the stochasticresce with one period, are cha-
racterized by the jointly stationary random proesss (t) in their harmonic represen-
tation [1, 11, 12]:

ik 2

€)=Y 50",

kOZ

where Z is a set of integer numbers af is a non-stationarity period (the rotation

period for one of the wheels). Generalizing thisresentation, we may conclude that
the modulation of two stochastic rhythms, inducgdHhe rotation of two wheels, can
be modeled as:

. 2T

E()=S&™ (t)e " 1)

kOz
where the harmonic of frequen&t/P, and its multiples are modulated by PCRP with
periodP,:

21,

E7 ()=, (t)e ™ .

10Z
Then, for the random process (1), we have:

&(t)=2 & (t)e™, 2

k,10Z
- . 21 2n
where g, (t) are jointly stationary random processes #nd=k ) + Y . As can

1 2
be seen, process (2) is a sum of the amplitudgphase modulated harmonics in which
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frequencieg\, are the linear combination of the two main frequesie\,, = k(21/PR,)
and A, =1(2n/PR,). The mathematical expectations of the modulatimgcgsses
m, = E&, (t) are the Fourier coefficients of the mean function:

m(t)=EE(t)= 3 m,e™ . 3)

For the covariance functid®(t, 1) = Eé(t)é(t +1), é(t) = £(t) - m(t) , we have:
R(tT)= > Ry (e, )
where |
Ri(D)= X fqipna® ™ )

p.q0Zz

andr (1) = EE:Dq(t)EOkI (t+1), E:)q () =&, (t) —m,, are the cross-covariance functions

of the modulating processes, and the signiiemplex conjugation. Thus, the
Fourier coefficients of the covariance function é¢ defined by the cross-covariance
functions of the modulating processes in which ibenbers are shifted bk and |,

respectively. It follows from (5) that cross-coatbns of modulating processé§(t)
of the different numbers lead to the bi-periodicah-stationarity of the second order.
The consequence of these correlations is the fugbeelation of the corresponding
spectral components, which are quantitatively attarezed by the Fourier transforma-
tion of expression (5):
1 T —iwr
f, (oo):—J'Rd(r)e dr. (6)

It follows from (5) that:

where
1 T —iwr
f o () :ET_J;rqu, (t)e™dt

are the cross-spectral densities of the modulgiiegesseg, , (t) . Equations (5) and

(6) are called the covariance and spectral comgsrj#n3], respectively.
The zer8' covariance componenR,, (1) is determined by auto-covariance

functionsr,, (t) = EE . (1) €, (t +7) :

Ro(1)= X rq ()&

p.qUz

This is an averaged in time covariance functiomasfdom process (2), i.e., the
covariance function of its stationary approximation
The zer§ spectral component
foo (€)= > qu(oo—/\pq) (7)
p.q0Z
is a power spectral density of the stationary axipration for (2). It defines the
spectral decomposition of the averaged in timeaimsineous poweR(0,t)for the
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oscillations. The random processes, the mean,lendadvariance functions, which are
bi-periodical functions and can be representedebies (3) and (4), are called BPCRP.
The Fourier coefficients of the covariance functaomd spectral density are the
total characteristics of the amplitude and the phasdulation of the BPCRP carrier
harmonics. The zefospectral component, as can be seen from (7)stsneof the power

of the spectral densities of the modulating proeeés, (t) shifted byA . The spect-

ral componentf, (w) (6) is a sum of the shifted cross-spectral dezssitor modulating

processes, the numbers of which differ by numbemnd | , respectively. Proceeding
from the above-mentioned assertions, we may coadhat the zefdspectral function
f,,(0) describes the spectral composition of the osittistand the non-zePdfunc-

tions f, (w) describe the correlations of the harmonics of¢bisposition in which the

frequencies are shifted b, = k(%n} +1 [Z_Tr
1

2
only if the modulating processes of the correspamdiumbers are mutually correlated.
Proceeding from (2), we can quite easily obtain esgrarticular cases of the bi-
rhythmic hidden periodicity:
a) If &,()=c, +n,(t), wheren,(t) are uncorrelated stationary random pro-

cesses and, are some complex numbers, we have an additive Inode
&(t) = 2 c@™ + > ne™ =s(t)+n(t),
k, 10z k,|0z

where s(t) is a bi-periodical function and(t) is a stationary random process with the
covariance function:

J . These correlations do not equal zero

R(t)= 3 i (r)e™,

k,10Z

where rkl(”)(r) = Er]ok(t)r]oI (t+1).If ¢, =0, Ok#0, and Ol #0, then s(t) is a sum of
two periodic functions:

T[ |It

che a +> cee .

kOz 10z
b) If we put g, (t) =c,n(t) , wheren(t) is a stationary random process, then we
obtain a multiplicative model:

£(1)=n(1) . ™ =n(1)s(t) @

k,10Z

The mean function of (8)n(t) = m s(t), m, = En(t), and the covariance function:
R(LT) =R (1)s(t)s(t+7),

whereR, (1) = Ero](t) ro](t +1), varies bi-periodically in time.

c) In the case of,, (t) =c, +n,(t) +ny(t) , wheren,,(t) andn, (t) are jointly
stationary random processes, the additive modelttse form of a sum of the bi-perio-
dical function and two PCRPs with perioBsand P, :

K20 2%

+D Eolt)e ® +2 8 (t)e ™ =s(t)+E&,(t) +&,(t).

kOz 10z

d) For &, (t) =c,&, (t), we obtain a model of the amplitude modulationthef
deterministic carrier by PCRP;
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€) We obtain the model in the form of a product wbtPCRPs with different
periodsP, and P, in the case of, (t) = &,,(t)&, (t)

. 2T

£(1)= Y Ea(t)e ™ T, (6 * =6,(1)8.().

kOz 10z

f) If the stationary random processggt) are mutually uncorrelated, then we

have the product of stationary random process:
. 2T

il—t
n(t)=2& (t)e "
10z
&(t) =n(t)&.(t).
g) The last considered model is the quadrature mod8ice representation. We
obtain it in the case whef, (t) =0 and Ok, # -1,1. Assuming that:

El,l(t) :%[ (::L,l(t) - iESl,l(t):I ’ El,—l(t) :%[ (J:.,—l(t) - iESl,l(t):I d

and &, (1) =&, (t), E.,(0) =&,_,(1).
Then,

&(t) =&, (t)cod au( f,+ f,)t) +&5,(t) si &(f +f)t)+
+&5_,(t)cod 2 f, - f,)t) + &5 (1) sirl &(f,—f)t). (9)

Introducing the random process

£ (1) =[ &5, (t) +&_,(t) Jcos 2t 1) +[ &5 (1) - &% {t)] sir{ 2ft),
&, (t) =[ & (t) +&_(t) Jcos( 2t 1) +[&,(t) -&°, {t)] sir{ 2t 1)

we can re-write equation (9) in the form:
&(t) =& (t)cos( 2,t) + &, (t) sir( 2ft).

The quadrature components of the Rice representat®jointly PCRP.

Now, we compare the BPCRP representation (2) aadérnticular cases given
above with the models of gear pair vibration coesd in the introduction. As
mentioned previously, the deterministic part of Hiteration consists of the harmonics
of the mesh frequency and their multiples, lineambinations of the rotation fre-
gquencies, and the linear combination of each miafiequency and mesh frequency.
Since f, =rf, =nf,, then all these frequencies belong to the{&&t+If,:k,1 0Z} .
The Fourier coefficients of the BPCRP mean fungteinich describe the deterministic
part of the vibration, define the complex amplitugfethe corresponding harmonics.
The coefficientsm, and m,, are the amplitudes of the harmonics for the adsliti

componentss (t) ands,(t) with periodsP, and P, :
ik 2T
R

S)=Sme . s()=Tme".

kOz 10z

and PCRP:

Herewith, m, , is the sum of the amplitudes for th& mesh harmonic and the

amplitude of the(rk)" input wheel rotation harmonic and the amplitudetfe (nl)"
output wheel rotation harmonic. Note that the ss(t) = s (t) + s,(t) has the common
period P =rRB =nPR,, and can be represented in the Fourier series. fdowever, the
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harmonics of this series have only a formal mathiealanterpretation. The frequencies
for some of them, as it follows frorkf =k/rR =k/nP,, may coincide with the rota-

tion frequencies only in the case when the rakibs andk/n are the natural numbers.
The modulation interactions of the deterministionponents are defined by
amplitudesm, .

Proceeding from the above consideration, we repteébe mean and the cova-
riance function of the gear pair vibration sigmathe form of the general series (3) and
(4). The covariance componen®,(t) and R, (t) are the Fourier coefficients of the

additive covariance terms. The covariance compaenBp(t) characterize the modu-

lation covariance interactions. Series (3) andc@) be specified if the experimental
data are measured for real gears system and adabyeneans of developed pro-
cessing techniques on the basis of the generallni@dét is evident that the analysis
results can be employed for the verification of plaeticular cases described above.

CONCLUSION

The BPCRP mean and covariance function, charartgrihe vibrations of gear-
box pair can be calculated on the basis of expatiahalata using the coherent (syn-
chronous averaging) and component methods as wé¢fiealeast square (LS) method.
Using the synchronous averaging it is possibleefzagate and analyze only the deter-
ministic or the stochastic components of one ofttf periods. The coherent methods
in this case cannot be used for the processingeofdw data, since the non-stationarity
periods are not an integer number, so the intetipalaof the data is required.
Therefore, it is advisable to use the component tied LS techniques for data
processing as they do not require the interpolgiimcedure.
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