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NUCLEAR LEVEL DENSITY 

IN THE STATISTICAL SEMICLASSICAL MICRO-MACROSCOPIC APPROACH 
 

Level density   is derived for a finite system with strongly interacting nucleons at a given energy ,E  neutron N  

and proton Z  particle numbers, projection of the angular momentum M, and other integrals of motion, within the 

semiclassical periodic-orbit theory (POT) beyond the standard Fermi-gas saddle-point method. For large particle 

numbers, one obtains an analytical expression for the level density which is extended to low excitation energies U  in the 

statistical micro-macroscopic approach (MMA). The interparticle interaction averaged over particle numbers is taken into 

account in terms of the extended Thomas - Fermi component of the POT. The shell structure of spherical and deformed 

nuclei is taken into account in the level density by the Strutinsky shell correction method through the mean-field approach 

used near the Fermi energy surface. The MMA expressions for the level density   reaches the well-known macroscopic 

Fermi-gas asymptote for large excitation energies U and the finite combinatoric power-expansion limit for low energies 

.U  We compare our MMA results for the averaged level density with the experimental data obtained from the known 

excitation energy spectra by using the sample method under statistical and plateau conditions. Fitting the MMA   to 

these experimental data on the averaged level density by using only one free physical parameter – inverse level density 

parameter K  – for several nuclei and their long isotope chain at low excitation energies ,U  one obtains the results for 

.K  These values of K  might be much larger than those deduced from neutron resonances. The shell, isotopic 

asymmetry, and pairing effects are significant for low excitation energies. 

Keywords: level density, shell structure, periodic-orbit theory. 
 

1. Introduction 
 

Many properties of heavy nuclei were described in 

terms of the statistical level density [1 - 30]. For large 

excitation energies, in the statistical equilibrium, the 

level density has been derived in many works, star-

ting from the Fermi gas (FG) formula derived in 

pioneer articles by Bethe [1] and Ericson [2], 
 

 
1 2exp( ) / 0S S+       (1) 

 

where 2S aU=  is the entropy, a  is the level 

density parameter, and U  is the excitation energy, 

and   is related to the number of integrals of motion 

other than the total energy. Obviously, the Fermi-gas 

formula, Eq. (1), diverges in the low energy limit, 

0.U →  The first analytical attempt to remove this 

singularity in the low-excitation energies limit can be 

found in Ref. [31]. Notice that several other 

semi-analytical methods beyond the FG approach 

were suggested in Refs. [17, 24, 28, 32 - 35]. The 

shell effects were studied in Ref. [31] in the yrast line 

energy as a function, rot ( ),E I  of the angular mo-

mentum, ,I  for “classical rotations” as an alignment 

 

of the individual angular momenta of particles along 

a symmetry axis in spherical nuclei within the 

periodic-orbit theory (POT) [36 - 42]. This semi-

classical theory described the main shell structure of 

a finite Fermi system of strongly interacting Fermi 

particles, such as a nucleus, rather accurately. The 

main shell effects are related to the stability of nuclei 

with varying neutron or proton numbers, nuclear 

deformation, and spin. The nuclear energy can be 

presented as a sum of the smooth extended Thomas - 

Fermi (ETF) part [43 - 45] and its oscillating POT 

shell corrections of the Strutinsky shell correction 

method (SCM) [46, 47]. Smooth and oscillating 

properties of the nuclear level-density parameter a  

were first treated for neutron resonances; experi-

mentally, e.g., in Refs. [5, 21], and theoretically, 

within the main ETF approach in Refs. [44, 45]. 

Then, the micro-macroscopic approach (MMA) was 

extended in Refs. [48 - 51] by working out the shell, 

isotopic asymmetry, and pairing effects. They were 

intensively worked out in Refs. [48 - 51], within the 

MMA approximation, for low excitation-energies 

spectra in spherical and deformed nuclei.  
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Why do we need the level density for low excita-

tion energies along with high ones? For instance, it is 

often convenient to use the cumulative level density, 

0
d ( ),

U

U U =   as a function of the excitation 

energy ,U  for analysis of the experimental data. For 

example, it can be applied to the study of the collec-

tive states, excited in the (p, t) two-neutron transfer 

reactions; see Ref. [52] and references therein. 

Another famous example is the fission width, 

0
( )d ,

fE E

f U U
−

    within the Bohr&Wheeler 

theory of nuclear fission, where fE  is the fission 

barrier energy [53]. So, we have to unify analytically 

the micro-canonical (combinatoric formula for the 

level density   at small excitation energies U [54]) 

and macroscopic grand-canonical (FG formula (1) [2] 

for the level density   at large excitation energies 

)U  approaches within one statistical theory. 

In the calculation of level density at low excitation 
energies in nuclei, we will consider the system of 
interacting Fermi particles with a macroscopic 

number ,A N Z= +  described by the Hamiltonian 

of the well-known nuclear superfluid model [55, 56], 
taking the simplest Bardeen - Cooper - Schrieffer 
(BCS) [57] theory of the superconductivity [58]. The 
statistical characteristics of such a system can be 
calculated with the help of the mathematical appa-
ratus of superconductivity [57]. For this aim, one can 
transform the two-body Hamiltonian with the pairing 
interaction to that of the model Hamiltonian for 
independent quasiparticles by using the canonical 
Bogoliubov transformations [59]. This method was 
used also in the level density calculations [9, 11], and 
for other purposes in nuclear astrophysics; see, e.g., 
Ref. [60]. We should emphasize the famous selfcon-
sistent method of the superfluidity calculations 
named as the Hartree - Fock - Bogoliubov (HFB) 
theory [58, 59]. See also its applications for calcula-
tions of ground state properties through the whole 
periodic table of nuclei (see Ref. [61]), which is in 
particular used in this work. The critical point for the 
superfluid-normal phase transition was studied in 
Refs. [62, 63]. 

One of the most important phenomena for nuclei, 

also important for nuclear superfluidity, is the shell 

structure, due to the inhomogeneity of the qua-

siparticle spectra near the Fermi surface energy, 

based on the Strutinsky SCM [46, 47]. For a deeper 

understanding of the correspondence between the 

classical and the quantum approach, it is worthwhile 

to analyze the shell effects in the level density ,  see 

Ref. [31], beyond the standard saddle point method 

(SPM) [2], within the semiclassical periodic-orbit 

(PO) theory (POT) [39, 41, 42, 64]. Another root of 

applying the POT and SCM for the shell, isotopically 

asymmetry and pairing effects in the semiclassical 

level density calculations for spherical and deformed 

nuclei within the standard SPM was suggested in 

Ref. [15]. We extended the MMA approach [31] in 

Refs. [48 - 51] for the semiclassical description of 

these effects in nuclei in terms of the level density 

beyond the SPM. Smooth properties of the level 

density as a function of the particle numbers have 

been studied within the framework of the 

self-consistent ETF approach [14, 43, 44]. However, 

for instance, the shell and pairing effects in the sta-

tistical MMA level density   are still attractive 

subjects [9, 11] for low excitation energies. 

In the present work, we will present the POT 

shell-structure isotopically asymmetric MMA results 

for the level density ( )E N Z    taking into account 

paring correlations through the condensation energy 

shifts. We shall consider the influence of the pairing 

effects on the level density through the moments of 

inertia in a forthcoming work. This work is concen-

trated on the statistically averaged level density 

integrated over spins and their projections for low 

energy states in nuclear excitation-energy spectra 

below neutron resonances. 

The structure of the paper is the following. The 

level density   is derived within the MMA by using 

the semiclassical POT in Section 2. The POT shell 

structure of the level density parameter a  is ana-

lyzed in Section 3. The basic final formulas used for 

the description of the main pairing effects are pre-

sented in Section 4. Section 5 is devoted to discus-

sions of the results. The shell, pairing, and isoto-

pic-asymmetry effects are discussed through several 

examples of nuclear spectra. Our results and per-

spectives are summarized in Section 6. 
 

2. Level density derivations 
 

We begin with a general micro-canonical defini-

tion of the level density: 

 

  3( ) ( ) ( ) d d exp ( )i i E E E

i

E E E S  =  −  −       Q Q Q λ λ  (2) 

 

where iE  is the energy spectrum, iQ  is other 

quantum numbers for the nuclear state ,i  for in-

stance, particle number ,iA  or the number of neu-

trons iN  and protons ,iZ  projections of angular 

momentum, ,iM  and so on. The Lagrange multi-

pliers E  and λ  are related to the conservation  of   
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the energy E  and other integrals of motion Q . 

Here, S  is the nuclear entropy, 
 

( )ln ,ES E= + − λQ  
 

 { } { , , } ,N Z MN Z M=    =   Q λ  (3) 
 

where  is the partition function, 
 

  exp ( ) .E i i

i

E=  − λQ  (4) 

 

The inverse Laplace transform integrations in 

Eq. (2) are carried out along the straight line contour, 

parallel to the imaginary axis in the complex plane of 

a given variable, from the set of ,λ  on the right of all 

poles of the partition function .  The partition 

function  is sufficient for a full description of the 

statistical properties of any Fermi systems of strongly 

interacting particles. However, it is a very compli-

cated quantity because for its calculation we have to 

know the quantum spectrum iE  and .iQ  There-

fore, to simplify these calculations, it is especially 

very useful to derive the statistically averaged level 

density   [Eq. (2)] analytically, beyond the FG 

model, solving the divergence problem at low exci-

tation energies.  

For the integrations in Eq. (2) we assume that it is 

possible to apply the SPM for all Lagrange 

multiplies, ,λ  except for E  which is related to the 

total energy .E  Expanding the entropy S  near the 

saddle point S  over variables ,λ  determined by 

the equation 0,S =  one has 
 

2
* 2

2

1
( )

2

S
S S N N

N



  
= + − + 

 
 

 

2 2
* 2 * 2

2 2

1 1
( ) ( )

2 2

S S
Z Z M M …

Z M

 

    
+ − + − +    

    
 

  (5) 
 

where S  is the entropy at the saddle point, ,=λ λ  

( ).ES S =   λ  For simplicity, one may omit non-

diagonal contributions. Therefore, with the saddle 

point conditions, one has the conservation laws in the 

equations for the saddle point values ,λ  
 

 1 ln
.E

 

−     
=   −   

    
Q

λ λ
 (6) 

 

Here, we introduced the generalized grand-cano-

nical potential 
 

 2 2

0ln 2E EE a −   = −   − −  μN  (7) 

where 0E  is the ground state energy, a  is the level 

density parameter, { , } { , }n p N Z=   =  μ  stands 

for the neutron and proton chemical potentials, 

{ , },N Z=N    is the rotation frequency, and   is 

the moment of inertia of the rotating nucleus. The 

conservation laws (6) determine the Lagrange mul-

tipliers λ  at the saddle point, ,λ  in terms of the 

neutron N  and proton Z  numbers, and in terms of 

the projection of the angular momentum .M  The 

coefficient, which appears in front of the exponent in 

the integrations, Eq. (2), over λ  by the SPM, is the 

Jacobian: 
 

 detJ
 
 
 
 
 


=  


λ

λ
 (8) 

 

For sufficiently low excitation energies ,U  for 

which one can nevertheless assume T   

( ,T U a  as explained in Refs. [48, 49]), we 

derive simple analytical expressions for the level 

density ( ),E N Z   beyond the standard SPM, by 

using accurate inverse Laplace integration (2) of the 

approximate integrand over .E  The Jacobian factor 
1 2J −   in this integrand can be simplified much by 

expanding it in small values of   or of 1    

(Ref. [48]), where 
 

 
6 1 3

sp sp2

ETF

8
, .

3

UA E
A

a E

 
  = −


 (9) 

 

Here, n p      is approximately the chemical 

potential near the nuclear stability line, and E  is 

the relative energy shell correction modified by the 

pairing contributions ( sp  is associated with s+p ,E  

the calculated ground state shell-plus-pairing correc-

tion in notations of Ref. [61]). In Eq. (9), ETFE  is the 

ETF energy component. In the applications below we 

will use 0   ( )sp .0  For 40 =  MeV, 

200,A  and sp ETF 2 0E A E=      [47, 61], one 

finds the estimates 0 1 10  −  for temperatures 

0 1 1T  −  MeV. This corresponds approximately to 

a rather wide excitation energies 0 2 20U =  −  MeV 

for inverse level density parameter 

10K A a=  =  MeV (Ref. [44]) ( 0 1 10U =  −  MeV 

for 20K =  MeV). This energy range includes the 

low-energy states and states significantly above the 

neutron resonances. Within the POT [39, 41, 42] and 

ETF approach [41, 43, 45], these values are given 

finally by using the realistic smooth energy ETFE  for 

which the binding energy [61] is ETF .BE E E +    
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Expanding now the Jacobian factor, 
1 2 ,J − 

 at 

linear order in   and 1 ,   one arrives at two 

different approximations marked below by cases (i) 
and (ii), respectively. Then, taking the accurate 

inverse Laplace transformation over E  in Eq. (2), 

with the transformation of E  to the inverse 

variable, 1 ,E   more accurately (beyond the 

standard SPM) [2], one approximately obtains (see 
Ref. [48]), 

 

   MMA( ) ( ) ( ) ( ) .S f S f S S I S−

        =  (10) 
 

The argument S  of the modified Bessel functions, 

( ),I S  of the order   is the entropy S  given by 

2 .S aU=  For small, 1 , case (i), and large, 

1 , case (ii), critical shell-structure quantity   

sp[ ,  Eq. (9)], one finds 2 =  and 3, respec-

tively. In cases (i) and (ii), called below the MMA1 
and MMA2 approximations, respectively, one ob-

tains Eq. (10) with different coefficients   (see 

Ref. [49]), 
 

2

MMA1 2 2 2

2
( ) ( ) (i)

3

a
S S I S− 

        (11) 

2
3

MMA2 3 3 3

4
( ) ( ) (i i)

3

a
S S I S− 

      


 (12) 

 

where 6 1/3 2

sp8 / (3 ).A =    For the TF approxi-

mation to the coefficient 3  within the case (ii) 

ETF( ),g A    one finds [48, 50] 
 

   
2

(2b) 3 (2b)

MMA2b 3 3 3

2 6
( ) ( ) .

3

a
S S I S− 

       (13) 

 

In the derivation of the coefficient, 
(2b)

3 ,  we assume 

in Eq. (12) for 3  that the magnitude of the relative 

shell corrections sp ,  sp ,  see Eq. (9), can be 

negligibly small but their derivatives yield large 
contributions through the classical action of the 

oscillating POT level density derivatives ( ).g   For 

large entropy ,S  one finds from Eq. (10) 
 

 
2

2

exp( ) 1 4 1
( ) 1

82

S
f S

S SS S

 −   
= − +   

   
 (14) 

 

At small entropy, 1,S  one obtains also from 

Eq. (10) the finite combinatorics power expansion   
[2, 54]: 
 

 ( )
2

42
( ) 1

( 1) 4( 1)

S
f S S

−  
 
 
 
 

= + + 
  +  +

 (15) 

where ( )x  is the gamma function. This expansion 

over powers of 
2S U  is the same as that of the 

phenomenological constant (effective) temperature 

(CT) model [3, 27], used often for the level density 

calculations at small excitation energies ,U  but 

here, as in Ref. [48], we have it without free fitting 

parameters. 

Fig. 1 shows the level density MMA ,  Eq. (10) 

(solid lines), in units of ,  as a function of the 

entropy S  for different approximations. In Fig. 1 

we present the level density dependence (S), 
Eq. (11) for 2 =  in (a), and Eq. (12) for 3 =  in 

(b), and their asymptotes. For small S  [red dashed 

lines, Eq. (15), “ 1S ” in this figure] we present the 

combinatoric asymptote [2, 54, 65]. The only quad-

ratic terms, 
2 ,S U  are taken into account to present 

similarly to the constant temperature model [3, 27, 
28]. For large entropy S  [the asymptote 1S ] we 

neglected the corrections of the expansion in square 
brackets of Eq. (14), lines “0”, “1” and “2” of the first 
(dotted), second [blue rare and frequent dashed lines 
in panels (a) and (b)], and third [rare dashed line in 
(b)] order terms over 1 S  to show their slow 

convergence to the accurate MMA solid result, 
Eq. (10). It is interesting to find almost a constant 
shift of the leading asymptotic result at large S  

(dotted line “0”), 
1 2exp( ) ,S S+    in respect to 

the accurate MMA result of Eq. (10) (solid lines). 
This may clarify one of the phenomenological popular 
models – the back-shifted Fermi-gas (BSFG) model – 
for the level density calculations [3, 11, 21, 66]. 

 

 

Fig. 1. Level density ,  Eq. (10), in units of constant   

as a function of the entropy ,S  and its asymptotes, 

Eqs. (15) and (14); (a) and (b) for 2 =  and 3, 

respectively. “0” and “1” in (a) and “0”, “1” and “2” in (b) 
show slow convergence of the contributions of the powers 
in 1 S  of the expansion (14). (See color Figure on the 

journal website.) 
 

Using the standard SPM approach for calculations 

of  the  inverse  Laplace integral over all variables,   
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including ,E  in Eq. (2), but keeping the shell and 

isotopic asymmetry effects (Ref. [49]), one arrives at 
 

 
( )

1/4 5/4

exp 2
( , , ) ,

12 1

aU
E N Z

a U


 

+ 
 (16) 

 

where   is given by Eq. (9) for a small asymmetry 

parameter, 
2 2 2( ) ,X N Z A= −   .n p    Eq. (16) 

is a more general shell-structure Fermi-gas (SFG) 
asymptote, at large excitation energy, with respect to 
the well-known [1, 2] FG approximation for 

( )E N Z   , which is equal to Eq. (16) at 0,→  
 

 
( )

1/4 5/4

exp 2
( , , ) .

12

aU
E N Z

a U
→


  (17) 

 

Notice that in the derivations of the SFG and FG 
expressions we did not use the small spin approxi-
mation. Moreover, these expressions were obtained 
by integrating overall spin projections .M Therefore, 

Eqs. (16) and (17) do not contain the free cut-off 
parameter (proportional to the moment of inertia and 
temperature), in contrast to those used, e.g., in 
Refs. [18 - 21]. In contrast to the finite MMA limit 
(15) for the level density, Eq. (10), the asymptotic 
SFG [Eq. (16)] and FG [Eq. (17)] expressions are 
obviously divergent at 0.U →  Eqs. (16) and (17) 

can be obtained from the leading term of the 
asymptote (14) for large excitation energies .U  

Notice also that the MMA1 approximation for the 

level density, ( ),E N Z    Eq. (11), can be applied 

also for large excitation energies, ,U  with respect 

to the collective rotational excitations, as the SFG and 
FG approximations if one can neglect shell effects, 

1.  Thus, the level density ( )E N Z    in the 

case (i), Eq. (11), has a wider range of the applica-
bility over the excitation energy variable U  than the 

MMA2 case (ii). The MMA2 approach has, however, 
another advantage of describing the important shell 
structure effects.  

In Eq. (10), the argument S  of the modified 

Bessel functions of the index ,  ( ),I S  depends on 

the level density parameter ,a  and the excitation 

energy .U  In the FG model for large excitation 

energy ,U  the saddle point value of E  is 

1 ,E T =   where T  is the temperature. Then, we 

arrive at the well-known excitation energy expression 
 

 
2

0 2U E E= − −    (18) 
 

For small shell-structure contributions, one finds the 

index 2 1, =   +  where   is the number of 

additional integrals of motion beyond the energy .E  

This integer number is the dimension of Q, 

{ }N Z=   Q  for the case of two-component atomic 

nuclei, where N  and Z  are the numbers of 

neutrons and protons, respectively. For much larger 

shell structure contributions, one obtains a larger 

value of ,  2 2. =   +  
 

3. Level density parameter and POT shell effects 
 

In Eq. (10) for the entropy ,S  a  (for a given 

isotopic index { },n p =   specifying neutron or 

proton component) is the level density parameter 
with the SCM decomposition: 

 

 
2

scl scl ETF scl, ( ) ( )
6

a g g g g


= =  +     (19) 

 

Here, ETFg  is the sum of the neutron and proton 

terms of the extended Thomas - Fermi component and 

sclg  is the corresponding periodic-orbit shell 

correction. Therefore, a  is independent of the 

excitation energy .U  Simple explicit expressions for 

the level density parameter, Eq. (19), with the   

dependence and its ETF and POT components in the 
case of a spherical mean field are given in Ref. [48]. 

For the ETF component [41, 43 - 45], ETF ,g  one takes 

into account the self-consistency by employing the 
Skyrme forces [45, 67]. For the semiclassical PO 

level-density shell corrections, scl ( )g   (labeled by 

 , e.g., ), =   one can use the POT [38, 39, 41, 42, 

48, 64]. A mean (nuclear) potential is needed to 
specify these shell corrections in terms of the periodic 
orbits (POs). For simplicity, we omit everywhere in 
this section the isotopic neutron-proton index   [49]. 

The excitation energy U  for the entropy S  in 

Eqs. (10) and (18) depends explicitly on the shell 
effects, 

 

     ( ) ( ) 2

ETF ETF

1
,

2
U E E E= − +  −  +    (20) 

 

where ETFE  and E  are the smooth ETF and shell 

correction components of the background energy, 

0 ETF .E E E +   Similar decomposition takes place 

for the moment of inertia, ETF . =  +   For the 

energy shell correction, ,E  and the level density 

shell correction, scl ,g  one has the semiclassical 

expressions in terms of the sum over POs, 
 

 ( )2 2

PO PO

PO

( )E t g      (21) 

with 

 
scl PO

PO

( ) ( )g g      (22)  
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Here, POt  is the period of the particle motion along 

the PO at the single-particle (s.p.) energy , =   

PO PO( ) ,t ==     where PO  is the classical 

action along the PO, 
 

  PO PO PO PO( ) ( ) cos ( ) ( 2)g  =    −    −   (23) 
 

In Eq. (23), the Maslov index PO  is determined by 

the integer number of the catastrophe (caustic and 

turning) points along the PO, and   is a constant 

independent of PO but depends on the dimension of 
the problem and degeneracies of the PO families; see 
Refs. [38, 39, 41, 42] for details and a lot of examples 
of the spherical and deformed potentials. As in the 
SCM, the POT level-density shell corrections sum 

(22), scl ( ),g   labeled by the isotope index 

{ },n p =   is convergent due to the coarse-grained 

averaging over the s.p. energies of the corresponding 
potential well. The Gaussian local averaging of the 
level density shell correction, Eqs. (22) and (23), and 
therefore, the level density parameter a  through 

Eq. (19), is carried out over the s.p. energy   near 

the Fermi surface, ,F    with a width parameter 

.  Taking   smaller than a distance between 

major shells, sh ,D  this averaging can be done 

analytically with good accuracy [39, 41, 42], 
 

   

2

PO
scl, PO

PO

( ) ( )exp .
2

t
g g

  
 −  

   
    (24) 

 

We should emphasize, however, that for the semi-
classical energy shell correction ,E  Eq. (21), and 

that of the moment of inertia, ,  and of the cor-

responding thermodynamical potential, ,  such an 

additional averaging is not needed because of the 

additional convergence factor, 
2

PO1 ,t  which already 

guarantees a fast convergence over the PO length. 

The energy shell correction, ,E  in Eq. (9) can be 

approximated, for a major shell structure, with the 
semiclassical POT accuracy (see Eq. (21) and 
Refs. [39, 41, 42, 64]) by 
 

 

2

sh
scl scl ( ) .

2
E E g

 
      

 

D
 (25) 

 

Here, 
1 3

sh A  D  is the distance between major 

shells near the Fermi surface energy of the order of 

the chemical potential ,  and scl ( )g   is the semi-

classical single-particle level-density shell correc-

tion, taken at the energy ,    and oscillating 

function of the classical action over  [39, 41]. The 

characteristic parameter ,  Eq. (9), proportional to 

sp ,  specifies the two different approximations, 

1  and 1,  for small and large shell correc-

tion contribution sp ,  respectively. We will consider 

below magic nuclei, for which one has the case of 

relatively large sp  and, therefore, large .  

For the semiclassical grand-canonical potential 

scl ,  one has a similar decomposition, scl ETF =  +  

scl .+  The oscillating semiclassical shell compo-

nent, scl ,  of the grand-canonical potential scl ,  is 

given at the saddle point 1 ,E T =   with the 

temperature ,T  in the small rotation-frequency 

(adiabatic) approximation by the following PO sum 

[48, 51]: 
 

scl PO

PO

( ) ( )T g      

 

 
2

2PO

2

PO PO

1
( ) ,

( ) sinh( ) 2

Tt

t Tt

 
 +   

  
 (26) 

 

and similarly, for the moment of inertia [48, 51, 68]. 

In the limit to zero temperature ,T  Eq. (26) con-

verges to the energy shell correction E  of Eq. (21). 

Besides the same factor 2

PO1 ,t  one has the addi-

tional exponential temperature-dependent conver-

gence factor in the PO sum (26). For large tempera-

tures, sh ,T T  one finds an exponential decrease of 

scl  with a characteristic temperature for large 

particle numbers 100 200,A −  
 

 sh sh 2 3 MeV.T     −D  (27) 

 

We neglect here the isotopic asymmetry for 
2 1,X  

,n p      for large particle numbers, 

PO ( ) 1.   The disappearance of the shell cor-

rection at temperatures sh ,T T  Eq. (27), was esti-

mated in terms of the distance shD  between major 

shells: 
 

 sh 1 3

PO

2
7 10 MeV

t A 

 
  = − D  (28) 

 

where POt  is the average of the most important 

short and degenerate POs near the Fermi energy 

surface, .    The temperature dependence of the 

level density parameter a  for large temperatures 

was discussed also in Refs. [12, 13].  
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4. Pairing collapse and condensation energy 
 

The pairing contributions to the nuclear level 

density and their collapse at a critical temperature 

have been discussed for quite a long time; see, e.g., 

Refs. [2, 4, 9 - 11, 15, 16, 28]. We use the traditional 

method for taking into account the pairing effects in 

the level density [9, 11] through the condensation 

energy shifts of the excitation energy U  in our 

semiclassical MMA approach [48] for low excitation 

energies. For simple solutions of the gap equation 

within the simplest BCS approach, the statistically 

averaged condensation energy condE  is derived in 

terms of the constant pairing gap  , independent of 

the quasiparticle spectrum [58]. For the statistically 

averaged MMA level density ( )E N Z    up to 

particle number fluctuations, one can use its averaged 

empiric dependence on the particle number ,A  as 
1 2

0 12A−      MeV [4, 9, 11, 58]. The results for 

the level density are smoothly dependent on the 

factor in front of 1 2.A−   This phenomenological 

behavior ( )A  is rather good for sufficiently heavy 

nuclei, for 100.A  

Following Refs. [9, 11], one can reduce the level 

density calculation for the system of interacting 

Fermi-particles described by the two-body 

Hamiltonian to that of the system of a mean-field 

with the quasiparticles’ BCS Hamiltonian BCSĤ  

[58]. The corresponding thermodynamical averages 

of any operator Q̂  are determined by 

 

( ) ( )BCS BCS
ˆ ˆ ˆ ˆTr exp / Tr exp .E EQ Q H H   = − −

   
 

(29) 

Up to a constant, the Hamiltonian BCSĤ  coincides 

with that of the Fermi-quasiparticles in a mean-field. 

Therefore, for the entropy ,S  one can use a similar 

expression: 
 

 pair l2 ][ n(1 ) ,iE i i

i

S n n= − −  (30) 

 

where 2 2 1 2[( ) ] ,ii

=  − +  ,i  and 

1[1 exp( )]i E in −= +   are the quasiparticle energies, 

single-particle energies, and occupation number 

averages, respectively [9]. 

For relatively low excitation energies, 1,T   

but sufficiently large for using the standard SPM, and 

therefore, defining the temperature T  as the saddle 

point, 1 ,ET =    the excitation energy dependence 

of the pairing gap is given by [9, 11] 
 

 
0 0 02 / exp( ) .E E− = −   −   (31) 

 

At the saddle point, * 1 ,E E T =  =   one thus has the 

temperature behavior of the gap ( ).T  In the 

opposite asymptotic regime of relatively large 

excitation energies ,U  when the temperature T  

can be determined as a saddle point, and when T  is 

close to the critical temperature cT  for a destruction 

of pairing correlations, c ,T T→  the gap equation for 

  can be linearized by expanding it in power series 

over .T   Straightforward derivations [9, 11] lead 

to the critical temperature cT  to the critical point cT  

at the condition ( ) 0,T =  
 

 
c 0 / ,CT e=    (32) 

 

where 0.577C   is the Euler constant. 

For a given temperature ,T  when exists, by 

minimizations of the expectation value of the 

grand-canonical potential ,  one has (see Refs. [9, 

11]), 
 

 
BCS

ˆˆ ˆ / ,EH S = − − μN  (33) 

 

where  denotes a statistical average (29) over 

the operator enclosed in angle brackets, Eq. (29). In 

Eq. (33), N̂  is the particle (neutron and proton) 

number and Ŝ  is the entropy operators, which cor-

respond to the above-introduced neutron ,N  proton 

Z  and entropy pairS  in a nucleus. For the pairing 

ground-state energy 0H  BCS( H  at zero excita-

tion energy, 0),U =  one finds 
2

0 0 4 ,H G    

where G  is the average estimate for the two-body 

interaction matrix elements [58]. With the heat part, 
2

c c ,U aT=  where a  is the level density parameter, 

for the total excitation energy tot

cU  at the critical 

temperature cT  [Eq. (32)] for the pairing super-

fluid-normal phase transition, one obtains 
 

 tot 2 2

c c 0 / 4 .U aT G= +  (34) 
 

Notice that a sharp pairing collapse at the critical 

temperature cT , Eq. (32), takes place for the nuclear   
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systems described by the mean field BCS or HFB 

approximation, neglecting the statistical fluctuations, 

e.g., the particle number fluctuations1, which can be 

estimated roughly as ( )
1/222 ~ 1 2.A A− −  As 

shown in Refs. [62, 63], more realistic calculations of 

the pairing potential   by the HFB mean field with 

accounting for the particle number fluctuations lead 

to a blur of the pairing superfluid-normal phase tran-

sition over temperature, ( ),T  in heavy finite nu-

clei. A similar blur takes place for the statistical 

averaging of the pairing potential .  Such a phe-

nomenon is in disagreement with strong statements 

on the absence of the pairing effects in the magic 

close-shell nuclei. However, as shown below, due to 

the statistical averaging up to particle number fluc-

tuations, this transition is not easily observed, for 

instance, in the nucleus 208 Pb.  

Accounting for the condensation energy condE  in 

derivations of Section 2, one can obtain simple 

analytical expressions for the level density 

( ),E N Z    beyond the standard SPM, but with 

pairing effects. According to the inverse Laplace 

transformation, one finds the expression (10) for the 

level density as a function of the entropy, pair ,S S→  

given by 
 

 pair eff2 .S aU=  (35) 
 

The level density parameter a  is independent of the 

excitation energy, eff ,U  shifted due to the pairing 

correlations below the critical excitation energy 
tot

c ,U  Eq. (34), 
 

 eff cond .U U E= −  (36) 
 

For the condensation energy cond ,E  one finally has 

(see Refs. [9, 11]) 
 

 
2

0
cond 2

3

2

a
E


=


 (37) 

 

 2

TF 0 2

1 216
,

4
g

K
  


 (38) 

 
1 The particle number fluctuations, 

( )
1 222

fl ,A A A


= −  can be evaluated using the classical 

Landau theory [7] as 
2 2 2 1/4

fl ( )A T aU= −      

( ).a A K=   For large particle numbers 100 200,A  −  

excitation energies 1 2U  −  MeV in the low energy 
range, and typical inverse level-density parameters 

10 30K  −  MeV [44, 49], one finds particle number 

fluctuation of fl 1 2.A  −  

where TFg  is the TF level density estimate, 

TF 3 2 ,g A    and K A a=   is the inverse level 

density parameter. For 10 30K  −  MeV [44, 48, 

49], one obtains cond 1 2E  −  MeV. Notice also, that 

the condensation energy cond ,E  Eq. (37), depends on 

the particle number A  through the inverse level 

density parameter ,K  Eq. (38), which is a slowly 

oscillating function of A  [48, 49]. Again, for large 

and small ,S  from the general Eq. (10), shifted now 

by the condensation energy (37), one obtains the 

famous FG [2] and combinatoric [54] expressions 

with the important 1 S  and 2S  corrections, re-

spectively. In the pairing modified equation (10) with 

pairS S→  the value of   depends also on the num-

ber of the integrals of motion and on the shell struc-

ture contribution, see Section 2. This contribution is 

measured by the parameter ,  Eq. (9) but also with 

replacement eff .U U→  
 

5. Discussions of the results 
 

In Fig. 2 we show the level density shell correc-

tions for the spherical cavity. Solid and dashed lines 

present the results of quantum-mechanical (QM) and 

semiclassical (SCL) approaches, respectively. The 

POT level density shell corrections g  were ap-

proximated by the famous analytical POT trace for-

mula [38] for the infinitely deep spherical square-well 

potential. It is convenient to consider the 

dimensionless quantum energy spectrum, ( ) ,k R  

where k  is the wave number and R  is the radius of 

the spherical cavity. For Strutinsky’s smoothing 

procedure, a relatively large Gaussian width 2 0, =   

and a correction polynomial degree 6,=M  are used 

to satisfy the plateau condition [47]. With these 

parameters,   and ,M  the result of the SCM cal-

culations does not depend on their values within rather 

a large plateau range of these average parameters. For 

a small average Gaussian-width parameter, ,   to 

keep the major shells (also, subshell, and supershell) 

structure we take 0 2 =   for quantum states of the 

dimensionless ( )k R  spectrum. This parameter is 

free for the POT level density correction averaging but 

common for all nuclear numbers in Fig. 3, and 

corresponds to a major shell and subshell structure [41, 

42]. The corresponding dimensional Gauss width is 
1 3

02 ( ) 2Fk r A  =     MeV for 0 1 14r =   fm and 

particle numbers 100 200.A  −  Notice that a similar 

result but for the major shell and supershell structure 

with 0 3 =   was presented in Ref. [50]. The number 

of vertexes  u   and winding number w  for leading  
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Fig. 2. The POT and SCM level density shell corrections 

g  as functions of the dimensionless “energies” ,kR  

where k  is the wave number, 22 ,k m=    m  is the 

nucleon mass, R  is the radius of the spherical cavity; see 

the details in the text. (See color Figure on the journal 

website.) 
 

 
Fig. 3. The inverse level density parameter K A a=   as a 

function of the particle number A  with the level density 

parameter a  (19), related to Fig. 2 through the total POT 

level density scl ,g  for different Skyrme forces, KDE0v1 

“1” [67] and SkM   “2”[43]. In the self-consistent ETF 

parts of these calculations [42], the rare dashed lines “1  ” 

(or “2  ”) with the effective mass ,m  and dashed-dotted 

lines “3” (or “4”) for m m =  are related to the same 

Skyrme forces KDE0v1 (or SkM  ), respectively. Black 

dots correspond to the constrained experimental data taken 

from Ref. [18]; see the text and Ref. [50]. (See color Figure 

on the journal website.) 
 

POs contribution into the sum (24) near the chemical 

potential   are restricted by the maximal winding 

number for POs (perfect polygons and diameters) in 

the spherical cavity, with 10maxw =  (in Ref. [50] for 

0 3, =   the dominating winding number, max ,w  is 

much smaller). The chemical potential   for heavy 

nuclei is rather constant, 40 =  MeV, independent 

of particle number .A  As seen from Fig. 2, there is 

almost no difference between the QM and SCL level 

density results for a given much smaller Gaussian 

parameter,    as for 0 3 =   in Ref. [50]. The 

nuclear region is rather small in this plot, 6,kR   

and high values of kR  are related, e.g., to metallic 

clusters. 

In Fig. 3 the results of calculations of the inverse 

level density parameter K are compared with the 

values obtained in Ref. [18] from the analysis of 

constrained experimental data within the BSFG and 

CT models. The shell correction density components, 

scl ,g  of Fig. 2 are used for more realistic calcula-

tions by taking into account the ETF parts ETFg  of 

the POT level density scl ,g  Eq. (19). One obtains the 

inverse level-density parameter, ( ),K A a=    as a 

function of the particle number A  (see Fig. 3) by 

using the total (ETF and shell corrections) POT level 

density, scl ( ),g   through Eq. (19) for the level den-

sity parameter ,a  at the chemical potential, . =  

We emphasize that in all our calculations (Figs. 3 - 7) 

the inverse level density parameter K  is indepen-

dent of the excitation energy U  (and effU ) as it was 

assumed in the derivations of Eqs. (10) - (13), (16), 

and (17), in contrast to that assumed in Ref. [6]. The 

smooth part, ETF,g  of the total POT level density, 

scl ,g  is approximated by the self-consistent ETF 

approach for two versions of Skyrme forces [44, 45]. 

One of them is the SKM   [43] (rare dashed line “2  ” 

with accounting for the effective mass and rare 

dashed-dotted line “4” for effective mass ).m m =  

Another one shifted a little down to the results of the 

constrained experimental data [18], is the other 

KDE0v1 [67] Skyrme force; see the rare dashed line 

“1  ” and the dotted-dashed line “3”. Solid line “1” 

and frequent dashed line “2” oscillating curves show 

the corresponding values of inverse level density 

parameter K  due to the semiclassical (SCL) POT 

level-density contribution, scl ETF scl ,g g g= +  to the 

level density parameter a  [see Eq. (19), 
2

scl scl ( ) 6a g=    ] with sclg  shown in Fig. 2. Other 

parameters are the same as in the previous Fig. 2. For 

simplicity, the effective mass contribution into the 

shell corrections can be neglected with respect to that 

of the ETF parts. The result of these calculations is 

largely in qualitative agreement with the recent 

analysis of experimental data (Ref. [18]), which, as 

compared to Ref. [5], included in the analysis of 

many other excited nuclei and different reactions 

with nuclear excitation energies being significantly 

smaller than the neutron separation energy. The sets 

with reliable completeness of levels in the limited 

energy range below the neutron binding energy were 

selected for each nucleus in Ref. [18].  The  neutron   
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resonance level densities were also included in the 

analysis of Ref. [18], in contrast to our results. 

However, the weighted Least Mean-Square (LMS) 

fitting with large widths of the levels, used in the 

model-dependent calculations of the level-density 

parameter a  in Ref. [18], suppresses the contribu-

tion of the low energy states. Therefore, they are 

remarkably similar to the neutron resonance behavior 

presented earlier in Ref. [5]. 

In spite of obvious discrepancies of the curves 

( ),K A  especially near the 208 Pb, the major period of 

the nuclear shell structure is clearly recognized in 

Fig. 3 by the maxima of ( ),K A  which corresponds 

to the minima of the level density parameter ,a  or 

approximately of the oscillating level density com-

ponent. The relationship between the chemical po-

tential ,  through the Fermi momentum in  units 

is given by 
22 ,Fk m=    where m  is the nu-

cleon mass, and 
1 3,Fk R A   according to the rela-

tionship (6). The mean value of oscillating ( )K A  in 

Fig. 3 is about 8 MeV, as predicted in Ref. [14]. This 

is in accordance with the ETF (SkM*, or KDE0v1) 

value, associated with the effective mass .m
 As 

shown in Ref. [44], the effect of the effective mass 

m
 on the inverse level density parameter K  is 

very strong. This leads approximately to mean values 

of the constrained experimental data [18], especially 

well for the value associated with the Skyrme force 

KDE0v1; see Fig. 3. However, we should not expect 

such good agreement with these experimental data 

using the level density shell corrections obtained for 

the infinitely deep spherical square-well potential 

without accounting for the spin-orbit interaction term 

in the oscillating component scl .g  The positions of 

the minima (maxima) of ,a  i.e., of the sin-

gle-particle level density ( )g   at , =   related 

to magic nuclei in that potential, cannot be correctly 

reproduced in such shell-correction calculations, 

because of neglecting the spin-orbit interaction. In 

order to show the main effective-mass effect through 

the mean value of ,K  one may neglect its influence 

on K  through the oscillating part of the level density 

parameter ,a  Eq. (19). As shown in Refs. [42, 64], 

in order to reproduce the experimental value of K  

for the second minimum in the double-humped de-

formation-energy well, related to the intermediate 

state in the deformed nucleus 240 Pu, in the quantum 

and semiclassical calculations, we should shift the 

curves ( )K A  along the A  axis (through ).Fk  

Therefore, we shifted the semiclassical curves in 

Fig. 3 with about 20A =  along the particle number 

A  axis. This shift is of the order of the period 
2 3

sh sh TFA g A D  TF( )g A    related to the dis-

tance sh ,D  Eq. (28), between major shells near the 

Fermi surface energy. This is similar to the discussions 

in Ref. [42] where the intermediate state [47] in the 

deformed nucleus 240Pu was obtained semiclassically 

by using a similar shift. Therefore, three minima of the 

level density shell corrections sclg  for the major 

shell closures in the semiclassical calculations at 

45 150A  −  shown in Fig. 3 correspond to the 

maxima of the inverse level density parameter, 

,K A a=   obtained in Ref. [18] by using the 

constrained experimental data. In spite of very simple 

explicitly given analytical formulas of Refs. [38, 39, 

42, 64] for the POT shell corrections in the spherical 

cavity, one obtains a largely good agreement of the 

value of the semiclassical approximation for K  with 

the constrained experimental data [18]. The 

magnitudes of periods for the oscillations of ( )K A  

are basically in good agreement with experimental 

data in the range of particle numbers 100 150.A  −  

The POT evaluations of the period of the shell 

structure sh ,D  Eq. (28), do not depend much on the 

nuclear deformation, and give approximately the 

correct estimation. This is in contrast to the amplitudes 

of oscillations of the curve ( )K A  because, according 

to Eq. (28), it depends on the averaging Gaussian 

parameter   for the POT level density scl .g  Notice 

that even the constraint selfconsistent HF (or HFB) 

calculations with realistic Skyrme forces have the 

same problem with averaging of the s.p. level density 

shell correction [47]. However, there is a discrepancy 

between experimental and theoretical results for 

( )K A  in the range of particle numbers 

150 240,A −  and also for small particle numbers, 

40.A  As mentioned above, the experimental data 

for K  are in good agreement with those of neutron 

resonances (see Refs. [5, 44]) which are dominating in 

the results of the calculations of Ref. [18] using the 

experimental spectra data. We will show below that it 

is important to find K  from the LMS fitting of the 

theoretical results for the statistically averaged level 

density   with that obtained from the experimental 

excitation-energy spectra by using its corresponding 

averaging procedure. In particular, to obtain the 

model-independent experimental results we study the 

plateau condition, as done in the SCM [47]. The 

specific reason for the discrepancy might be that the 

level density parameter a  (or )K  was obtained by 

three free  parameter fit of these experimental data to  
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the level density within the BSFG and CT models. 

Another reason discussed in Section 4 is that the 

pairing effects should be taken into account properly 

below the critical excitation energy tot

cU  for the 

pairing collapse. 

Figs. 4, 5, and 6 show the level density, 

ln ( , ),E N Z   Eq. (10), for low energy states in 

nuclei within our MMA for the smallest standard 

critical-error parameter of the LMS Fit (LMSF) 
2 ,  

 
2 exp 2

2 2

2

( ( ) )
ln .

1 ( )

i i

i i

y U y
y

y

 −
 =   =  = 

− 
  (39) 

 

The important constants, and results of the LMS fitting 

of only one free parameter ( ),K K   with corres-

ponding pairing characteristics condE  and tot

cU  in 

cases of notable values of pairing condensation 

energies, are obtained from these calculations and 

presented in Table. 
 

Table 
 

Nuclei MMA sp  
cond , MeVE  

tot

c , MeVU  , MeVK  , MeVK    

140Nd* 

2b 0.14 0.72 2.25 30.3 1.4 2.7 

2a   1.8 5.5 12.4 1.6 6.9 

1  1.6 4.9 13.8 2.7 12.8 

FG  0  19.1 0.5 2.3 

142Nd* 

2b 0.44 0.69 2.2 31.5 1.3 2.2 

2a  1.8 5.7 11.9 1.6 8.0 

1  1.6 5.0 13.5 2.3 9.3 

FG  0  19.8 0.4 1.3 

144Sm* 

2b 0.37 0.64 2.0 34.2 1.2 1.4 

2a  1.7 5.3 12.8 1.7 5.7 

1  1.5 4.7 14.6 2.5 7.0 

FG  0  20.8 0.4 1.1 

145Nd 

2b 0.25 0  24.0 0.7 1.7 

2a  0  11.1 0.4 2.7 

1  0  9.9 0.6 4.1 

FG  0  10.5 0.5 2.9 
150Sm 2b 0.18 0  27.4 1.5 3.6 

 2a  0  13.6 0.3 1.7 

 1  0  12.4 0.2 1.3 

 FG  0  13.0 0.3 1.4 

166Ho 

2b 0.49 0  12.8 0.3 2.3 

2a  0  5.5 0.3 8.6 

1  0  4.5 0.4 13.1 

FG  0  4.7 0.4 11.4 

208Pb* 

2b 1.77 0.36 1.1 60.3 3.4 4.2 

2a  0.92 2.9 23.9 0.9 3.2 

1  0.69 2.1 31.9 1.4 3.3 

FG  0  38.3 1.6 3.6 

230Th 

2b 0.55 0  27.4 1.5 3.4 

2a  0  11.3 0.3 2.2 

1  0  10.2 0.4 3.2 

FG  0  10.8 0.4 2.4 

240Pu 

2b 0.66 0  30.6 2.2 3.8 

2a  0  12.1 0.5 3.2 

1  0  11.3 0.7 4.1 

FG  0  12.0 0.6 3.2 
 

N o t e. Inverse level density parameter K  (sixth) and its error (seventh column), found by the LMSF with the rela-
tive accuracy   (eighth column), for the nuclei shown in Figs. 4, 5, 6; see the first column (the asterisk superscript 

shows the superfluid nuclei with a finite condensation energy), and Eqs. (11), (12), (13), and (17). The second column 

presents the MMA and FG approaches. The third column places the unified relative shell and pairing corrections sp ,  

Eq. (9) (from Ref. [61]). The fourth and fifth columns show the condensation energies cond ,E  Eq. (37), and total exci-

tation energies 
tot

cU  for the phase transition from the superfluid to normal nuclear liquid phases, Eq. (34) in case of 

notable pairing (marked by asterisks), respectively.  
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Experimental dots are obtained from the excited 

states spectrum of these nuclei (ENSDF database, 

Ref. [69]) by using the sample method. Energy 

spectrum states i iE I  are distributed in sample 

boxes of the same energetic length, box .U  The num-

bers of states iL  (including 2 1iI +  spin degene-

racy) in the i th box, 1 2 ,i =     are sufficiently 

large. The number of boxes, ,  is assumed to be 

also large to decrease statistical errors from the 

discretization of functions of the excitation energy 

.U  Therefore, the statistical conditions are properly 

accounted for. Then, the average level density i  in 

the point i  was calculated as box .i iL U =   The 

box size boxU  plays the same role as the averaging 

Gauss width parameter   in Strutinsky’s SCM [47]. 

However, it is more convenient to use approximately 

the sample number   as the averaging parameter to 

check the so-called plateau condition. The plateau 

condition of insensitivity of the value of K  was 

mainly checked for 5 8= −  in our mean level 

density calculation of dots from the experimental 

spectra [69]. Thus, as in the SCM [47], the result of 

calculations of the averaged density ,i  
exp

iy  in 

Eq. (39), is almost independent of the averaging 

parameter  , as in the SCM. The dot bars in Fig. 4 

show the statistical part of the errors, related to the 

distribution of quantum states over sample boxes, 

1i iy L =   [7]. 
 

 
Fig. 4. The MMA level density   (in logarithmic scale) 

and its FG asymptote as functions of the excitation ener-

gies U  and experimental data for average level density 

obtained by the sample method from the spectrum of the 

database [69]; see Table and text. (See color Figure on the 

journal website.) 
 

Notice also that the results of our LMSF calcula-

tions are almost insensitive to the weights, related to a 

small ,iy  because they are much smaller than the 

values of .iy  The results of the calculations of dots 

are also almost independent of the small error bars in 

the horizontal energy direction. Their dependence on 

the discretization is reduced to the minimum taking 

,iU  as usual, at the mean weighted value within the 

sample. 

In Fig. 4 the MMA, Eq. (10), in terms of the spe-

cific approximations “2a”, Eq. (12), “2b”, Eq. (13), 

and “1”, Eq. (11), at the minimum value of   (see 

Table) is compared with the standard FG formula 

(17) versus experimental data. For the relative shell 

corrections in 150Sm (a), 166Ho (b), and 240Pu (c), sp

is taken from Ref. [61] (see Table), where the shell 

corrections are calculated within the pairing (HFB) 

formalism. The binding energy is equal approxi-

mately to the ETF energy. Fig. 4 shows a nice 

agreement of the MMA results for the level density 

  with those of experimental data for several de-

formed nuclei at low excitation energies. The pairing 

effects are not shown for these nuclei because they 

are small as compared with the typical condensation 

energies cond 1 2E −  MeV, see Section 4. The rea-

son is that there are a lot of levels at very small 

excitation energies which are much smaller than this 

typical estimate of condE  in the spectra given by 

Ref. [69]. For instance, the nucleus 166Ho (see Fig. 4, b 

and Fig. 5, b) has a lot of excited states in a very 

low-energy range which is significantly smaller than 

1 MeV. Indeed, one finds here about 100 levels and 

even much more quantum states when accounting for 

their 2 1iI +  degeneracies.  

Shell effects of the MMA are clearly important for 

nuclei 166Ho (perfect MMA2b approach in Fig. 4, b), 

and 240Pu (MMA2a in Fig. 4, c), see also Table. 

However, it is difficult to determine the shell con-

tribution for the nucleus 150Sm, for which small   

for the MMA1 is close to that of the MMA2a because 

of small sp  depending on the shell and pairing 

contributions in the numerical results [61]: these 

contributions cannot be presented separately.  

Fig. 5 presents similar plots to those in Fig. 4 but 

for low energy states in 144Sm (a), 166Ho (b), 208Pb (c) 

and 230Th (d), within different MMA approximations 

by the same condition of the smallest LMSF para-

meter ,  Eq. (39) (keep the same nucleus 166Ho for 

convenience of comparison). Several realistic values 

of relative energy shell (including pairing) 

corrections are given in Table. In the spherical 

semi-magic 144Sm (a) and magic 208Pb (c) nuclei, for 

which one has typical condensation energies 

1 - 2 MeV (see Table 1), the smallest   were found 

for the MMA2 (heavy dashed lines). In addition to the 

notations of Fig. 4, in the same two panels (a) and (c),  
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Fig. 5. The same as in Fig. 4 but for a few other nuclei to 
show the pairing effect in magic and semi-magic nuclei 
[see heavy rare dashed lines marked by primes in panels 
(a) and (c)]. Arrows show the pairing condensation energy 

condE  [left black, Eq. (37)] and the total critical excitation 

energy 
tot

cU  [right red, Eq. (34)]. Experimental data (dots) 

are obtained by the same sample method from the 
spectrum of the database [69]. (See color Figure on the 
journal website.) 

 

the rare dashed lines, marked by primes, test shifts of 

the excitation energies eff ,U  Eq. (36), by conden-

sation energies cond ,E  Eq. (37). Thus, we take into 

account the pairing correlations; see Table and 

arrows in Fig. 5, a and c. As can be seen from 

Fig. 5, a and c, the comparison between the results of 

the MMA approximation [MMA2b in (a) and 

MMA2a in (c) with minimal   (see Table)] and 

experimental data are significantly improved for 

spherical nuclei 144Sm (a) and 208Pb (c) by taking into 

account the pairing condensation energies (cf. solid 

and dashed lines). According to these plots and 

Table, the level distributions in these two nuclei is 

completely different as compared, e.g., with those of 

the nucleus 166Ho (in Figs. 4, b or Fig. 5, b). In the 

nuclei 144Sm and 208Pb, there are no levels below the 

value of cond 1E  MeV, but a lot of levels, and even 

much more excitation states above this value. We 

should point out, however, that the experimental 

observation of the pairing effect in these two nuclei is 

not easy because the pairing collapse (red arrows) 

appears near the first dot in Fig. 5. Notice also that the 

pairing effect is seen more pronouncedly from the 

shell structure MMA2b and MMA2a approximations 

in 144Sm (a) and 208Pb (c), respectively, even a little 

bit clearly in the plot (c) [cf. solid (without) and 

dashed (with prime) red lines]. The alert reader could 

note the difference in these results from those of 

Ref. [48] because of the importance of taking into 

account here the isotopic asymmetry as compared to 

the calculations in Ref. [48] for isotopically sym-

metric case. For reasons mentioned above, there is 

almost no pairing effects in the right plots (b) for 
166Ho and (d) for 230Th, both nuclei are very 

deformed, especially 166Ho. However, the shell 

effects in the level density ( )E N Z    within the 

MMA2b and MMA2a are more pronounced, see 

Table. The values of K  for spherical semi-magic 
144Sm (a), 34K   MeV, and magic 208Pb (c), 

24K =  MeV, nuclei are significantly larger than 

those for 166Ho (b), 13K   MeV, and for 230Th, 

11K   MeV. Note also that for 208Pb one has a 

larger value than that found from the theoretical 

results shown in Fig. 3 but smaller than for 

model-dependent experimental results [18], valid 

mostly for neutron resonances. 

Fig. 6 shows the level density ( )E N Z    for 

three other remarkable nuclei with significant dif-

ferences in pairing and shell effects. As in Fig. 5, we 

show results for the nucleus 145Nd (c) with a large 

number of low energy states below excitation energy 

of about 1.5 MeV. For 140Nd (a) and 142Nd (b), one 

has a very small number of low energy states below 

almost the same energy (see ENSDF database [69] 

and Table). But there are many states in the nuclei 
140,142Nd with excitation energies of above approxi-

mately 1.5 MeV, up to essentially larger excitation 

energy, with definite energies and spins, and in this 

sense, one can again consider these excitation spectra 

as almost complete. According to Ref. [61] and 

Table, the shell and pairing effects, measured by sp ,  

are significant in these nuclei, larger in the spherical 
142Nd than in the slightly deformed isotopes 140Nd and 
145Nd.  

In Fig. 6 and Table, the results of the MMA1 and 

MMA2 approximations, Eqs. (11), (12), and (13), 

respectively, are compared with the FG approach, 

Eq. (17), and with experimental data. The results of 

the MMA2, Eqs. (12) and (13), as the dominating 

shell effect case (ii) [ 1,  Eq. (9)] modified by 

pairing correlations with realistic relative shell cor-

rection, sp  (Ref. [61]), are shown versus those of 

small such effects, the MMA1 (i) and FG approxi-

mations (see Table), valid at 1.  The results of 

the limit of the dominating MMA2 to a very small 

value of sp ,  but still within the shell structure case 

(ii), Eq. (13), named as the MMA2b, are also shown 

in Fig. 6 and Table; see “2b” and “2b’” lines, 

neglecting and taking into account pairing effects, 

respectively. They are often in clear contrast to the 

results of the MMA1 approximation [Eq. (11)], and 

even more with those of the FG asymptotical full 

saddle-point approach, Eq. (17); see also Table. The 

best LMS fit, with the smallest ,  for the low exci-

tation-energy  spectrum  in the semi-magic nucleus  
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Fig. 6. Level densities, ln ( ),E N Z    for low energy 

states in nuclei 140Nd (a) 142Nd (b), and 145Nd (c) were 

calculated within different approximations. The MMA2b 

approximations (with and without pairing) are shown by 

the red solid “2b” [Eq. (13) with cond 0]E =  and heavy 

dashed “2b’” [Eq. (13) modified in (a) by pairing shift with 

Eq. (37) for the condensation energy condE  (see Table)] 

lines. The FG approach, Eq. (17), is presented by the rare 

blue dotted lines (for chemical potentials one assumes 

,n p      where 40=  MeV). Experimental dots 

with error bars are obtained from the ENSDF database [69] 

by using the sample method [11, 51], as explained in the 

text. (See color Figure on the journal website.) 
 

142Nd (see Fig. 6, b) is achieved for the MMA2b (see 

Table), especially well for the pairing modified 2b 

approximation, at the inverse level density parameter 

32K   MeV (see also Table). The critical value of 

the excitation energy, 
tot

cU  (red arrow), for this 

nucleus is well distinguished from the beginning of 

the excitation energy by a distance of the order of the 

condensation energy condE  (black arrow), which is 

more clearly observed in 140Nd than in the cases of the 

semi-magic and magic nuclei, 144Sm and 208Pb, 

respectively. For the even-odd nucleus 145Nd (see 

Fig. 6, c), there is no notable contribution from pai-

ring correlations. The value of K  for 145Nd, 

24K   MeV, is smaller than that for 140,142Nd (see 

Table), in good agreement with the results for a 

similar odd-odd nucleus 166Ho. 

In Fig. 6, a for 140Nd the line “2b’” is located 

closer to experimental data than the line “2b”. For the 

nuclei 142Nd (see Fig. 6, b) and 145Nd (see Fig. 6, c) 

the MMA2b results, Eq. (13), are also significantly 

better in agreement with the experimental data as 

compared to the results of MMA1 and MMA2a 

approximations (see Table for the same nuclei). For 

these nuclei, the MMA1 [Eq. (11)] approximation is 

characterized by larger   (see Table). In contrast to 

the case of 145Nd (see Fig. 6, c) with excitation energy 

spectrum having a large number of low energy states 

below about 1.5 MeV, for the isotopes 140,142Nd (see 

Fig. 6, a and b) one finds almost no such states in the 

same energy range. As a result, one obtains a signi-

ficant pairing effect in a semi-magic nucleus 142Nd 

and even-even isotope 140Nd as compared to the 

even-odd nonmagic nucleus 145Nd. However, for the 

nuclei 140,142Nd, the FG results better agree with the 

data than those of the MMA2b ones, even for the line 

“2b’” with the pairing effect included. Note that in 

these nuclei the values of eff ,U  which appear in the 

LMSF procedure, are small. In this case, a more 

accurate calculation with a piecewise smooth 

approximation for the modified Bessel function using 

the exact zero asymptote for effU  improves the 

results. 

The MMA at low excitation energies clearly 

manifests an advantage over the standard FG 

asymptote for most of nuclei because of no diver-

gences of the MMA in the limit to small excitation 

energies ,U  0.U →  This is clearly seen also analy-

tically, in particular in the FG limit, Eq. (17); see the 

general asymptotic expression (14). It is, obviously, in 

contrast to any MMAs combinatorics expressions (15) 

in this limit; see also Eqs. (10) - (13). The MMA1 

results are sometimes close to those of the FG 

approach for some considered nuclei (140Nd, see 

Table). The reason is that their differences are 

essential only for extremely small excitation energies 

,U  where the MMA1 is finite while other, FG and 

SFG [Eqs. (17) and (16)] approaches are divergent. 

However, sometimes there are almost no experi-

mental data for excited states in the range of their 

differences.  

Fig. 7 presents the inverse level-density parame-

ters K  (with errors) as a function of the particle 

numbers A  for a long chain of the Nd isotopes, 

131 156.A = −  These experimental data may be 

incomplete. Nevertheless, it might be helpful to pre-

sent a comparison between theory and experiment to 

check general common effects of the statistical iso-

topic asymmetry, shell and pairing properties in a 

wider range of nuclei around the -stability line. In 

panel (a) of this figure, the close dots for the MMAs 

are those taken with the smallest standard relative 

critical-error LMSF parameter   [Eq. (39)] among 

all MMA approximations, Eqs. (11) - (13) (mostly 

the MMA2b results are presented). In panel (b), the 

relative shell and pairing correction energies sp ,  

Eq. (9), are also presented, taken approximately in 

units of the smooth binding energy, BG ETF ,E E  per 

particle; see Ref. [61]. We obtained values of K  for 

the low-energy states range which are essentially 

different from the results for neutron resonances. 

Indeed,  our  results for K  are significantly larger   
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Fig. 7. The inverse level-density parameter K  as a func-

tion of the particle number A  (a), and the energy shell 

corrections E  in units of the background energy 

( )BG ETFE E  per particle (b) for the long isotope Nd 

chain (from Refs. [61] and [51]). The MMA approxima-

tions are taken at the minimal   (mostly MMA2b). 

Experimental data (closed dots) are obtained by the sample 

method from the spectrum of the database [69]. Pairing 

condensation effects are shown by open dots. (See color 

Figure on the journal website.)  
 

than those for the neutron resonances. As seen from 

Fig. 7, one finds a saw-toothed behavior of ( )K A  

(low values for even-even and high ones for even-odd 

nuclei) as a function of the particle numbers A  with 

a remarkable shell oscillation (cf. Fig. 7, a with its b 

panel). We may conclude from this Figure that the 

shell effects are quite important and should be taken 

into account in our statistical calculations. Pairing 

effects in the two even-even nuclei 140Nd and 142Nd 

(shown by open dots) significantly increase the 

values of ;K  see Table. Thus, the pairing correla-

tions lead to a smoother behavior of the inverse level 

density parameter .K  

As result, the statistically averaged level densities 

( )E N Z    for the MMA approximation with a 

minimal value of the control-error parameter ,  

Eq. (39), in plots of Figs. 4 - 7 agree well with those 

of the experimental data with the unique free but 

physical parameter K  of the LMSF procedure. The 

results of the MMA, and FG approaches for the level 

densities ( )E N Z    in these figures, and for K  in 

Table, do not depend on the cut-off spin factor and 

moment of inertia because of the summations (inte-

grations) over all spins projections, or over spins, 

indeed, with accounting for the degeneracy 2 1I +  

factor. We do not use empiric free fitting parameters 

in our calculations, in particular, for the FG results 

shown in Table. This is in contrast, e.g., to mo-

del-dependent approaches [18 - 21], where the level 

density integrated over spins depends on a cut-off 

(the moment of inertia times temperature) parameter.  

6. Conclusions and perspectives 
 

The level density ( )U  as a function of the exci-

tation energy U  is obtained analytically within the 

MMA in the semiclassical periodic-orbit appro-

ximation accounting for the nuclear shell structure, 

pairing correlations, and isotopic asymmetry. The 

analytical expression for the level density has both 

the correct asymptotes for large FG and small 

(combinatoric) excitation energies. Experimental 

data for the averaged level density were obtained by 

the LMSF with one free physical parameter – inverse 

level density parameter K  – by the sample method. 

A few other constants having typical values were 

used but never changed in all these calculations and 

reported in the text in order to reproduce our results. 

The results of the LMSF are almost independent of 

the number of sample boxes   (or energy interval 

box ).U  It plays a similar role as obeying a plateau 

condition with respect to the stable values of ,K  as 

the Gaussian width and correction polynomial degree 

in Strutinsky’s smoothing procedure. Therefore, our 

results for empiric coarse-graining level density at 

states of low excitation energies are weakly 

dependent on the model. They were obtained from 

the available experimental data with reasonable 

completeness on states with low excitation energies 

accounting for the spin degeneracy and satisfying the 

required statistical properties. Reasonable agreement 

between the inverse level density parameter, 

,K A a=   as a function of the particle number A  

and the experimental data for the neutron resonances 

was obtained for nuclei with intermediate particle 

numbers 100 150.A  −  The spin-orbit interaction is 

effectively taken into account phenomenologically 

by shifting the curve ( )K K A=  in about half of the 

period of the major shell structure. For the 

coarse-graining level density, one obtains basic 

properties, namely, the shell, paring, and asymmetry 

effects for several heavy spherical and deformed 

nuclei for particle numbers 100 200.A  −  As 

shown, taking many typical nuclei, these effects 

significantly influence the statistically averaged level 

density. The results for the MMA level density 

( ),E N Z    which were integrated over all nuclear 

spins and their projections, are beyond the small-spin 

approximation and can be applied for the low excita-

tion energies below neutron resonances. We clarified 

the phenomenological Back Shifted Fermi Gas model 

as the effect of the corrections in the MMA expansion 

over inverse powers of the entropy for a large 

entropy.  The  results of the Effective Temperature   
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Constant Model is explained by the combinatoric 

expansion of the MMA level density for small entropy 

(or excitation energy). The MMA approximation takes 

into account the interparticle interaction through the 

extended ETF counterparts of the POT. The POT 

reproduces well the shell effects in the level density 

through the grand-canonical ensemble potential for 

low excitation energies. For even-even nuclei with 

shifted spectra of excitation states in a finite interval 

larger or of the order of the condensation energy 

cond 1 2 MeVE  −  we evaluated the pairing effects 

through the shifts condE  for the excitation energy .U  

In several semi-magic and magic nuclei, we estimated 

the critical excitation energy for the pairing collapse 

and explained the difficulties of the observation of the 

phase transition from a superfluid to the normal 

nuclear state in semi-magic and magic nuclei. 

Consistent statistical averaging of the level density 

was emphasized in our MMA calculations. 

For perspectives, we suggest using our results for 

the statistical analysis of the collective quantum 

spectra of deformed rotating nuclei obtained, e.g., in 

the two-neutron transfer (t, p) reactions. We are 

planning to calculate fission widths within the 

Bohr&Wheeler theory by using the coarse-graining 

MMA level density, regular at small excitation ener-

gies. As the semiclassical POT approximation is 

better the larger the particle numbers, our MMA 

could be applied for metallic clusters and quantum 

dots, and also in nuclear astrophysics.  
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ГУСТИНА РІВНІВ ЯДРА В СТАТИСТИЧНОМУ КВАЗІКЛАСИЧНОМУ 

МІКРОСКОПІЧНО-МАКРОСКОПІЧНОМУ ПІДХОДІ 
 

Для скінченої системи сильно взаємодіючих Фермі-частинок з певними значеннями енергії ,E  чисел ней-

тронів N  і протонів ,Z  проекції кутового моменту M  та інших інтегралів руху в рамках квазікласичної теорії 

періодичних орбіт (POT) розраховано густину рівнів   поза межами стандартного методу сідлової точки Фер-

мі-газу. Для великої кількості частинок у статистичному мікроскопічно-макроскопічному підході (MMA) 

отримано аналітичні вирази густини рівнів, що поширюються на область низьких енергій збудження .U  Усе-

реднену за числом частинок взаємодію між частинками враховано в межах Томас-Фермі-компоненти POT. 

Оболонкову структуру сферичних і деформованих ядер, а також ядер, що обертаються, враховано застосуванням 

методу оболонкових поправок Струтинського через підхід середнього поля поблизу поверхні Фермі. Вирази 

MMA для густини рівнів   досягають добре відомої макроскопічної асимптоти Фермі-газу для великих енергій 

збудження U  та скінченої комбінаторної границі степеневого розкладу для низьких енергій .U  Ми порівнюємо 

результати MMA усередненої густини рівнів з експериментальними, отриманими з відомих спектрів збудження 

методом пробних інтервалів. Підганяючи MMA густину   до цих експериментальних результатів з 

використанням лише одного фізичного параметра – оберненого параметра густини рівнів, ,K  – для кількох ядер 

та їх ізотопних ланцюжків при низьких енергіях збудження ,U  одержуємо значення .K  Ці значення виявля-

ються суттєво більшими за відповідні значення, отримані для нейтронних резонансів. Важливими при низьких 

енергіях збудження виявляються ефекти спарювання та ізотопічної асиметрії. 

Ключові слова: густина рівнів, оболонкова структура, теорія періодичних орбіт. 
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