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A COMPARISON BETWEEN THEORETICAL RESULTS AND EXPERIMENTAL DATA 

OF TRANSITION PROBABILITY B(E2), DEFORMATION PARAMETER, 

AND INTRINSIC QUADRUPOLE MOMENTS FOR DIFFERENT NUCLEI 

WITH THE MASS NUMBER A = 44 
 

A comparison has been made between theoretical results and the experimental data for different nuclei (even-even) 

that possess the same mass number A = 44 and which have close values of the experimental deformation parameter 

such as 16S44, 18Ar44, 20Ca44 and 22Ti44. The core-polarization effects and model space were adopted through the 

inclusion of effective charges. Transition probability B(E2), theoretical deformation parameters, and theoretical intrinsic 

quadrupole moments were calculated using two different interactions for each case, the first case the hasp interaction 

for nuclei in the sd shell, and the fpd6 interaction for nuclei in the fp shell, the second case the vpnp interaction for 

nuclei in the sd shell, and the kb3 interaction for nuclei in the fp shell, as well as adopted to different effective charges, 

such as Bohr and Mottelson effective charges, standard effective charges, and the effective charges from program 

NuShellX. The theoretical results of the transition probability B(E2), deformations parameters, and intrinsic quadrupole 

moments were compared and found to be close to the experimental values for these nuclei. 

Keywords: comparison, deformation parameter, effective charges, nuclei, intrinsic quadrupole moments.  
 

1. Introduction 
 

The deformation parameters of nuclei are vital to 
an understanding of their shapes, namely whether 
they are oblate or prolate. The shape transition can 
be calculated from the quadrupole deformation [1]. 
Calculations of the deformation parameter are 
dependent on the effective interactions. The sd shell 
is very interesting theoretically because it is very 
suitable for studying nuclear models. Studying cores 
in the sd shell can lead to a better understanding 
between the macroscopic (collective) description 
and the microscopic description (shell model) [2]. 
Where nuclei in the sd shell have an inert nucleus 
16O and valence nucleons are distributed in the sd 
shell (1d5/2, 2s1/2, and 1d3/2) [3, 4]. The interaction for 
the sd model space was studied in [5]. 

A nucleon-nucleon-free interaction can be used 

to derive the effective interaction, where these inter-

actions are adopted for the fp shell [6, 7]. In cases 

where there are a large number of valence nucleons, 

e.g., 48Ca and 56Ni, these interactions have been 

found to fail [7, 8]. Particularly in 56Ni, it has been 

predicted that the ground state will be largely de-

formed when calculating with the full fp shell; con-

versely, it is known to have a double magic struc-

ture. The four single-particle energies of the 195 

two-body matrix elements and the fp shell, have 

been determined from the study of similar approa-

ches by Richter et al. [9]. These solutions, which 

depended on a semiempirical interaction were 

obtained using a core polarization correction and the 

single-boson exchange potential [9]. Calculations of 

the shell model in the fp shell, when orbits are full, 

were performed for atoms of equal mass number 

(isobar), as studied by A. Poves et al. [10]. The 

interactions for the fp model space, fpd6 [9], and kb3 

[10] were studied and their behavior at the N = 28 

and Z = 28 closures was investigated. The effective 

charges were determined in the fp shell by calcu-

lations. Calculations of the shell model which 

include a diagonalization matrix were carried out for 

several effective interactions, namely fpd6 [9] and 

kb3 [10]. The reduced quadrupole deformation 

parameter can be denoted by the symbol β2 which 

can be calculated from the transition rate (reduced 

electric transition probability) B(E2). The 

quadrupole-deformed nuclei were classified accor-

ding to  their  intrinsic electric quadrupole moment 

Q0, that is, as oblate when Q0 is greater than zero or 

prolate when Q0 is less than zero and, as spherical 

nuclei when Q0 is equal to zero [11]. Novoselsky et 

al. [12] studied two interactions, fpm13 and fpd6, in 

terms of giving good, suitable energy levels for 

nuclei in the lower part of the fp shell, where the 

mass factors, 

0.35

,
42

A
−

 
 
 

 (where A denotes the 

number of nucleons) was used [9]. 
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The code for NuShellX@MSU is written by 

Brown [13] and is achieved via model spaces and 

Hamiltonian data with regard to generating inputs 

for NU-SH. The code also transforms the NU-SH 

files (output) into Tables and Figures, as well as 

gamma and beta decays, and energy levels [13]. The 

deformation parameter was calculated using two 

different interactions, kb3, and fpd6, and various 

effective charges, B-M, ST, and NU-SH. 

Calculating the quadrilateral deformation para-

meters is important to study the deformations of 

nuclei. The deformation parameters can be calcula-

ted from the probability of transitions B(E2) and 

through the intrinsic quadrupole moment Q0. The 

theoretical results obtained were compared with the 

experimental results. From the calculated theoretical 

values of B(E2) the theoretical deformation parame-

ters were calculated which were compared with the 

practical values of almost equal deformation para-

meters for the nuclei under study. 
 

2. Theory 
 

The charge distribution can be defined by the 

electric transition operator,  O (E2) as: 
 

 ( ) ( ) ( ) ( )( )
1

,ˆ
A

J
J

k

O EJ e k r k Y r k
=

=  (1) 

 

where number of charges k in nucleon by e(k),  

e(k) = e for a proton and e(k) = 0 for a neutron. The 

ˆ
f J iJ O J  reduced matrix element defined as [11] 

 

( ) ˆ  , , ,ˆ ,f J i i f J

jj

J O J OBDM J J J j j j O j


 =  

(2) 
 

with ,j j  representing initial and final single-

particle states, single-particle matrix elements are 

represented by ˆ
Jj O j , and the one body density 

matrix represented by one-body density matrices 

(OBDM). The equation represents to matrix ele-

ments of model space [11] 
 

 ( )ˆ ˆ , 

z

eff
f J i z f J i

iMS
t

J O J e t J O J=  (3) 

 

where 
effe  denote the effective charges of protons 

and neutrons that are active in the restricted model 

space. 

An expression for the effective charges to 

explicitly include neutron excess is formulated as 

[14, 15]: 
 

( ) ( ) ( ),eff
z z ze t e t e e t= +   

( ) ( )/ 0.32 /ze t Z A N Z = − −  

 

 ( )/ 2 0.32 0.3 /  .zA t N Z A− − −    (4) 

 

B(E2) can be defined through the transition from the 

initial state iJ  to the finial state  fJ  [16]:  

 

 ( )

2
ˆ

.
2 1

f J i

i

J O J
B EJ

J
=

+
 (5) 

 

The quadrupole deformation parameter ( 2 ) can be 

calculated from the reduced electric quadrupole 

transition probability, B(E2)↑, according to [1, 16]:  
 

 ( )
1/2

2 4

2 22 2
0

,
4

 
3

e fm
B E

ZR e

  
 =    

   
 (6) 

 

where R0 = 1.2 A1/3 fm, Z represents the atomic 

number, while the intrinsic electric quadrupole 

moment 0Q  can be calculated by [17, 18]: 
 

 ( )
1/2

0

16
     2 .

5
Q B E


=     (7) 

 

The deformation parameters ( 2 ) for the lighter 

nuclei are somewhat large [15], while the defor-

mation parameters of heavy nuclei are smaller than 

zero where they are prolate in shape and are strongly 

deformed. 
 

3. Results and discussion 
 

The OBDM were calculated using the program 

NuShellX@MSU [13], which adopted four inter-

actions, namely hasp interaction [5] for the sd model 

space and fpd6 interaction [9] for the fp model 

space, while vpnp interaction [19] was adopted for 

the sd model space and kb3 interaction [10] for the 

fp model space. The core-polarization effects and 

model space were adopted through the inclusion of 

effective charges. Transition probability B(E2), theo-

retical deformation parameters, theoretical intrinsic 

quadrupole moments, and deformations parameters 

were calculated using two different interactions for 

each case, the first case the hasp interaction for 

nuclei in the sd shell, and the fpd6 interaction for 

nuclei in the fp shell, the second case the vpnp inter-

action for nuclei in the sd shell, and the kb3 inter-

action for nuclei in the fp shell. Three sets of effec-

tive charges were adopted, with Bohr - Mottelson 

(B-M) effective charges calculated [15] according to 

Eq. (4), the results of which are tabulated in Table 1 

for all nuclei considered in the present work, where 

the standard (ST) effective charges are ep = 1.36e 
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and en = 0.45e [16]. Finally, the effective charges 

NU-SH are ep= 1.5e and en = 0.5e which are taken 

from program NU-SH [13]. 
 

3.1. Transition rate B(E2) 
 

Theoretical transition rates BTheo.1(E2) [17] were 

calculated for the nuclei 16S
44, 18Ar44, 20Ca44, and 

22Ti44 using hasp [5] and fpd6 interactions [9]. The 

BTheo.1(E2) for 16S with the B-M effective charges 

was 231 e2fm4, the BTheo.1(E2) with the ST effective 

charges was 264 e2fm4, and the BTheo.1(E2) for 16S 

with the NU-SH effective charges was 324 e2fm4, the 

results of the BTheo.1(E2) with the NU-SH effective 

charges were found to be the closest to the experi-

mental values [17, 20]. The BTheo.1(E2) for 18Ar with 

the B-M effective charges was 616 e2fm4, the 

BTheo.1(E2) for 18Ar with the ST effective charges 

was 650 e2fm4, and the BTheo.1(E2) for 18Ar with the 

NU-SH effective charges was 794 e2fm4, the calcu-

lations of the BTheo.1(E2) with any of the effective 

charges underestimate the experimental values [20]. 

The BTheo.1(E2) for 20Ca with the B-M effective 

charges was 144 e2fm4, the BTheo.1(E2) for the 20Ca 

with the ST effective charges was 56 e2fm4, and the 

BTheo.1(E2) for the 20Ca with the NU-SH effective 

charges was 70 e2fm4. The calculations of the 

BTheo.1(E2) with any of the effective charges over-

estimate the experimental values [20]. Calculations 

of BTheo.1(E2) for 22Ti with the B-M and the NU-SH 

effective charges were 698 e2fm4 close to the 

experimental values [20]. While calculations of 

BTheo.1(E2) for 22Ti with the ST effective charges was 

572 e2fm4, it underestimated the experimental values 

[20], as in Table 1 and Fig. 1. 
 

Table 1. The BTheo.1(E2) were calculated for certain nuclei 16S44, 18Ar44, 20Ca44, and 22Ti44 

with hasp [5] and fpd6 interactions [9], and compared with the corresponding experimental values [17, 20] 
 

Z, N 
A = 44 

(Ex)Exp, 
keV 

(Ex)Theo, 
keV 

ep, en 
B(E2)Theo, 

e2fm4 
B-M 

B(E2)Theo, 
e2fm4 
ST 

B(E2)Theo, 
e2fm4 

NU-SH 

B(E2)Exp, 
e2fm4 

16, 28 1315 1870 1.04, 0.51 231 264 324 310 ± 90 

18, 26 1144 2324 1.09, 0.62 616 650 794 345 ± 41 

20, 24 1157 1619 1.13, 0.72 144 56 70 470 ± 20 

22, 22 1082 1300 1.18, 0.82 698 572 698 650 ± 160 
 

 
 

Fig. 1. BTheo.1(E2) values were calculated for certain nuclei 16S44, 18Ar44, 20Ca44, and 22Ti44 
when considering hasp [5] and fpd6 interactions [9]. Calculated values are compared with experimental ones [17, 20]. 

(See color Figure on the journal website.) 
 

Theoretical values for transition rate BTheo.2(E2) 
values were calculated for certain nuclei 16S

44, 

18Ar44, 20Ca44, and 22Ti44 using interactions deter-
mined via vpnp [19] for the sd model space and kb3 
[10] for the fp model space. Theoretical results were 
compared with the experimental values [17, 20], as 
shown in Table 2 and Fig. 2. The BTheo.2(E2) for 16S 
was calculated using the B-M effective charges 
219 e2fm4, using the ST effective charges 247 e2fm4, 
and using the NU-SH effective charges 303 e2fm4. 

Theoretical calculations of transition rate BTheo.2(E2) 
with the NU-SH effective charges agreed with the 
experimental values [20]. BTheo.2(E2) values were 
calculated for 18Ar with the B-M effective charges 
406 e2fm4, the ST effective charges 388 e2fm4, and 
the NU-SH effective charges 474 e2fm4, which were 
found to be very close to the experimental values 
[20], while calculations of BTheo.2(E2) with the B-M 
and the ST effective charges are overestimated com-
paring to the experimental values [20]. 
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Table 2. Theoretical values of transition rate BTheo.2(E2) values were calculated for certain nuclei 

16S44, 18Ar44, 20Ca44, and 22Ti44 with vpnp [19] and kb3 interactions [10], 

and were compared with the experimental values [17, 20] 
 

Z, N 

A = 44 

(Ex)Exp, 

keV 

(Ex)Theo, 

keV 
ep, en 

B(E2)Theo, 

e2fm4 

B-M 

B(E2)Theo, 

e2fm4 

ST 

B(E2)Theo, 

e2fm4 

NU-SH 

B(E2)Exp, 

e2fm4 

16, 28 1315 1870 1.04, 0.51 219 247 303 310 ± 90 

18, 26 1144 1786 1.09, 0.62 406 388 474 345 ± 41 

20, 24 1157 1278 1.13, 0.72 115.7 45.4 56 470 ± 20 

22, 22 1082 1321 1.18, 0.82 610 494 610 650 ± 160 

 

 
 

Fig. 2. The BTheo.2(E2) values were calculated for certain nuclei 16S44, 18Ar44, 20Ca44, and 22Ti44  

with vpnp [19] and kb3 interactions [10], as compared with the experimental values [17, 20]. 

(See color Figure on the journal website.) 

 

3.2. Deformation parameter 

 

The theoretical deformation parameters were cal-

culated from the theoretical values of B(E2), which 

were dependent on effective charges, such as the 

B-M, ST, and NU-SH. The theoretical results for the 

deformation parameters were compared with expe-

rimental values [17, 20]. The theoretical deformation 

parameters βTheo.1 values were calculated from 

BTheo.1(E2) values, which were calculated from two 

interactions, hasp for the sd shell and fpd6 for the fp 

shell. The theoretical values of the deformation 

parameter βTheo.1 for the nuclei of Z = 16 and 22 were 

close to the experimental values, while the βTheo.1 for 

the nucleus of Z = 18 overestimated the experi-

mental values [20]. The βTheo.1 for the nucleus of 

Z = 20, however, underestimated the experimental 

values [20] (Table 3 and Fig. 3). 
 

Table 3. Calculations of the theoretical deformation parameter βTheo.1 for the nuclei 

with atomic numbers Z = 16, 18, 20, and 22 with two interactions, hasp [5] for the sd shell and fpd6 [9] 

for the fp shell, which adopted values of B(E2) calculated using the B-M [15], ST [16, 21] and NU-SH [13] 

effective charges. These βTheo.1 values were compared with experimental values [17, 20] 
 

βExp. 
βTheo.1 

NU-SH 

βTheo.1 

ST 

βTheo.1 

B-M 

Z, N 

A = 44 

0.254 ± 0.038 0.262 0.221 0.237 16, 28 

0.240 ± 0.014 0.365 0.330 0.321 18, 26 

0.253 ± 0.005 0.09 0.08 0.14 20, 24 

0.268 ± 0.034 0.28 0.253 0.28 22, 22 
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Fig. 3. Calculations of deformation parameter βTheo.1 for the nuclei with atomic numbers Z = 16, 18, 20, 22 with two 

interactions, hapn [5] and fpd6 [9], which adopted values of BTheo.1(E2) calculated from B-M [15], ST [16, 21] and  

NU-SH [9] effective charges. The βTheo.1 were compared with the experimental values [17, 20]. (See color Figure on the 

journal website.) 
 

The βTheo.2 values were calculated using BTheo.2(E2) values which were calculated from two interactions, 

vpnp [19] for the sd shell and kb3 [10] for the fp shell. The βTheo.2 determined for the nuclei of Z = 16, 18, and 

22 were close to the experimental values, while the βTheo.2 of the nucleus of Z = 20 was underestimated 

comparing to experimental values [17] (Table 4 and Fig. 4). 
 

Table 4. Calculations of the βTheo.2 for nuclei with atomic numbers Z = 16, 18, 20, and 22 with two interactions, 

vpnp [19] and kb3 [10], which adopted values of BTheo.2(E2) calculated using B-M [15], ST [16, 21], and NU-SH [13] 

effective charges. The βTheo.2 values were compared with experimental values [17, 20] 
 

βExp. 
βTheo.2 

NU-SH 

βTheo.2 

ST 

βTheo.2 

B-M 

Z, N 

A = 44 

0.254 ± 0.038 0.254 0.2293 0.216 16, 28 

0.240 ± 0.014 0.28 0.25 0.26 18, 26 

0.253 ± 0.005 0.08 0.078 0.125 20, 24 

0.268 ± 0.034 0.262 0.235 0.262 22, 22 
 

 
 

Fig. 4. Calculations of βTheo.2 for nuclei with atomic numbers Z = 16, 18, 20, and 22 with two interactions, vpnp [19] and 

kb3 [10], which adopted values of BTheo.2(E2) calculated using the B-M [15], ST [16, 21] and NU-SH [13] effective 

charges. The results were compared with experimental values [17, 20]. (See color Figure on the journal website.) 
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3.3. Intrinsic quadrupole moments 
 

Theoretical intrinsic quadrupole moments 

Q0Theo.1 fm
2 were calculated for the nuclei A = 44 

with atomic numbers Z = 16, 18, 20, and 22 (neu-

trons numbers N = 28, 26, 24, and 22) with two 

interactions, hasp [5] and fpd6 [9], which adopted 

values of BTheo.1(E2) calculated from effective char-

ges such as B-M [15], ST [16, 21] and NU-SH [13]. 

The theoretical values of Q0Theo.1 for nuclei of Z = 22 

and 16 (N = 22, 28) were close to the experimental 

values [20], while the Q0Theo.1 for the nucleus of  

Z = 18 (N = 26) were overestimated comparing to 

the experimental values [20]. 

The Q0Theo.1 for the nucleus of Z = 20 (N = 24) 

was underestimated compared to experimental va-

lues [20]. Theoretical intrinsic quadrupole moments 

were comparing with experimental values [17, 20] 

(Table 5 and Fig. 5). 

 

Table 5. Calculations of the intrinsic quadrupole moments Q0Theo.1 for nuclei with atomic numbers 

Z = 16, 18, 20, and 22 with two interactions, hasp [5] and fpd6 [9], which adopted values of BTheo.1(E2) 

calculated from the B-M [15], ST [16, 21], and NU-SH [13] effective charges. 

The intrinsic quadrupole moments were compared with the experimental values [17, 20] 

 

Z, N 

A = 44 

Q0Theo., fm2 

B-M 

Q0Theo., fm2 

ST 

Q0Theo., fm2 

NU-SH 
Q0Exp., fm2 

16, 28 48 51 57 55 ± 8 

18, 26 78.6 80.7 89.2 58.8 ± 3.5 

20, 24 30.02 23.7 26.5 68.7 ± 1.5 

22, 22 83.7 75.8 83.7 80 ± 10 

 

 
 

Fig. 5. Calculations of the theoretical intrinsic quadrupole moments Q0Theo.1 for nuclei A = 44 with atomic numbers of 

Z = 16, 18, 20, and 22 with two interactions, hasp [5] and fpd6 [9], which adopted values of BTheo.1(E2) calculated using 

the B-M [15], ST [16, 21], and NU-SH [13] effective charges. The intrinsic quadrupole moments were compared with 

experimental values [17, 20]. (See color Figure on the journal website.) 

 

The Q0Theo.2 were calculated for nuclei A = 44 

with atomic numbers of Z = 16, 18, 20, and 22 

(neutrons numbers N = 28, 26, 24, and 22) with two 

interactions, vpnp [19] and kb3 [10], which adopted 

values of BTheo.2(E2) calculated using the B-M [15], 

ST [16, 21], and NU-SH [13] effective charges. The 

results were compared with experimental values [17, 

20]. The theoretical values of the Q0Theo.2 for nuclei  

Z = 16, 18, and 22 (N = 22, 26, and 28) were close 

to the experimental values [20], while the Q0Theo.2 for 

the nucleus of Z = 20 (N = 24) underestimated them 

[17, 20] (Table 6 and Fig. 6). 
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Table 6. Calculations of the Q0Theo.2 for nuclei with atomic numbers Z = 16, 18, 20, and 22 with two interactions, 

vpnp [19] and kb3 [10], which adopted values of BTheo.2(E2) calculated 

from the B-M [15], ST [16, 21] and NU-SH [13] effective charges. 

The intrinsic quadrupole moments were compared with experimental values [17, 20] 

 

Z, N 

A = 44 
Q0Theo., fm2 

B-M 

Q0Theo., fm2 

ST 

Q0Theo., fm2 

NU-SH 
Q0Exp., fm2 

16, 28 46.9 49.8 55.5 55 ± 8 

18, 26 63.8 62.4 69 58.8 ± 3.5 

20, 24 34.08 21.3 23.7 68.7 ± 1.5 

22, 22 78.2 70.4 78.2 80 ± 10 
 

 
 

Fig. 6. Calculations of Q0Theo.2 for nuclei A = 44 with atomic numbers Z = 16, 18, 20, and 22 with two interactions, 

vpnp [19] and kb3 [10], which adopted values of BTheo.2(E2) calculated from the B-M [15], ST [16, 21], and NU-SH [13] 

effective charges. The intrinsic quadrupole moments were compared with experimental values [17, 20]. (See color 

Figure on the journal website.) 
 

4. Conclusion 

 

A theoretical comparison has been made for dif-

ferent even-even nuclei that have the same mass 

number A = 44, namely 16S
44, 18Ar44, 20Ca44, and 

22Ti44 which have near identical or identical experi-

mental deformation parameter values. The core-

polarization effects and model space were adopted 

through the inclusion of effective charges. The theo-

retical transition rate B(E2), theoretical deformation 

parameters, and theoretical intrinsic quadrupole 

moments were calculated using two different inter-

actions for each case, including hasp for the shell, 

fpd6 for the shell, and vpnp for the sd shell, kb3 for 

the fp shell, and through the use of different effec-

tive charges, namely the B-M, and ST effective 

charges, and the effective charges from NU-SH. The 

theoretical results for the transition rate, deformation 

parameter, and intrinsic quadrupole moment were 

found to be reasonably close to the experimental 

values when using, the kb3, and vpnp interactions, 

and B-M and ST effective charges, with the 

exception that the theoretical results determined for 

the 20Ca transition rate, deformation parameter and 

intrinsic quadrupole moment were underestimated 

comparing to the experimental values. 
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ПОРІВНЯННЯ МІЖ ТЕОРЕТИЧНИМИ РЕЗУЛЬТАТАМИ ТА ЕКСПЕРИМЕНТАЛЬНИМИ ДАНИМИ 

ІМОВІРНОСТЕЙ ПЕРЕХОДУ B(E2), ПАРАМЕТРІВ ДЕФОРМАЦІЇ ТА ВНУТРІШНІМИ 

КВАДРУПОЛЬНИМИ МОМЕНТАМИ ДЛЯ РІЗНИХ ЯДЕР З МАСОВИМ ЧИСЛОМ A = 44 
 

Проведено порівняння теоретичних результатів з експериментальними даними для різних ядер (парно-

парних), які мають однакове масове число A = 44 і мають близькі значення експериментального параметра 

деформації, таких як 16S44, 18Ar44, 20Ca44 і 22Ti44. Ефекти поляризації ядра та модельний простір були прийняті 

шляхом включення ефективних зарядів. Імовірності переходу B(E2), теоретичні параметри деформації та 

внутрішні квадрупольні моменти було розраховано з використанням двох різних взаємодій для кожного 

випадку; перший випадок – hasp взаємодія для ядер в sd оболонці та fpd6 взаємодія для ядер в fp оболонці; у 

другому випадку – взаємодія vpnp для ядер у оболонці sd та взаємодія kb3 для ядер у оболонці fp, також 

адаптовані до різних ефективних зарядів, таких як ефективні заряди Бора та Моттельсона, стандартні ефективні 

заряди та ефективні заряди від програми NuShellX. Теоретичні результати ймовірностей переходу B(E2), 

параметрів деформації і внутрішніх квадрупольних моментів виявилися близькими до експериментальних 

значень для цих ядер.  

Ключові слова: порівняння, параметр деформації, ефективні заряди, ядра, внутрішні квадрупольні моменти. 
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