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Àíîòàö³ÿ. Ðîçãëÿíóòî óçàãàëüíåííÿ ïîíÿòòÿ á³ïîðÿäêîâî¿ äðîáîâî¿ ïîõ³äíî¿ Õ³ëüôåðà,
ðàí³øå çàïðîâàäæåíî¿ â ðîáîò³ àâòîðà. Çîêðåìà, ââåäåíî ïîíÿòòÿ á³ïîðÿäêîâî¿ äðîáîâî¿
ïîõ³äíî¿ Õ³ëüôåðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ òà ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿ ïîõ³äíî¿
Õ³ëüôåðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿. Íàâåäåíî îñíîâí³ êîìïîçèö³éí³ âëàñòèâîñò³ äëÿ
îïåðàòîð³â á³ïîðÿäêîâèõ äðîáîâèõ ïîõ³äíèõ òà ³íòåãðàë³â. Îòðèìàíî ôîðìóëó ïåðåòâî-
ðåííÿ Ëàïëàñà ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà, ïîáóäîâàíî çàìêíåí³ ðîç-
â’ÿçêè çàäà÷ òèïó Êîø³ äëÿ ë³í³éíèõ ð³âíÿíü ³ç çàçíà÷åíèìè óçàãàëüíåíèìè á³ïîðÿäêîâè-
ìè äðîáîâèìè ïîõ³äíèìè Õ³ëüôåðà.

Êëþ÷îâ³ ñëîâà: äðîáîâà ïîõ³äíà Õ³ëüôåðà, á³ïîðÿäêîâà äðîáîâà ïîõ³äíà Õ³ëüôåðà, á³ïî-
ðÿäêîâà äðîáîâà ïîõ³äíà Õ³ëüôåðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿, ïðîïîðö³éíà á³ïîðÿäêîâà
äðîáîâà ïîõ³äíà Õ³ëüôåðà, êîìïîçèö³éí³ âëàñòèâîñò³, ïåðåòâîðåííÿ Ëàïëàñà, çàäà÷³ òèïó
Êîø³, çàìêíåí³ ðîçâ’ÿçêè.

ÂÑÒÓÏ

Îäíèì ç åôåêòèâíèõ ìåòîä³â ìàòåìàòè÷íîãî ìîäåëþâàííÿ äèíàì³êè ïðîöåñ³â

ïåðåíîñó ç óðàõóâàííÿì íåëîêàëüíèõ ïðîñòîðîâî-÷àñîâèõ âëàñòèâîñòåé º

ï³äõ³ä, ïîâ’ÿçàíèé ç âèêîðèñòàííÿì àïàðàòó ³íòåãðî-äèôåðåíö³þâàííÿ äðîáî-

âîãî ïîðÿäêó [1–3]. Îñîáëèâî åôåêòèâíèìè ìåòîäè äðîáîâî-äèôåðåíö³éíîãî

àíàë³çó âèÿâèëèñü ï³ä ÷àñ äîñë³äæåííÿ äèíàì³êè ð³çíîìàí³òíèõ ïðîöåñ³â

ç óðàõóâàííÿì åôåêò³â ïàì’ÿò³ ó òàêèõ ãàëóçÿõ, ÿê ô³çèêà, ìåõàí³êà, ãåîã³äðî-

ìåõàí³êà òà ³íøèõ ãàëóçÿõ ïðèðîäîçíàâñòâà [4–7]. Çîêðåìà, â ï³äçåìí³é ã³äðî-

äèíàì³ö³ âàæëèâó ðîëü â³ä³ãðàþòü àíîìàëüí³ ãåîì³ãðàö³éí³ ïðîöåñè, àäåêâàòíå

äîñë³äæåííÿ ÿêèõ ìîæëèâå íà ï³äñòàâ³ äðîáîâî-äèôåðåíö³éíîãî óçàãàëüíåííÿ

îñíîâíèõ çàêîí³â ïåðåíîñó [8–12]. Ïðè÷îìó çíà÷íèé îáñÿã ñó÷àñíèõ

äîñë³äæåíü âèêîíàíî â ìåæàõ ìîäåëåé ç âèêîðèñòàííÿì ð³çíîìàí³òíèõ óçà-

ãàëüíåíü äðîáîâèõ ïîõ³äíèõ Êàïóòî, Ð³ìàíà–Ë³óâ³ëëÿ, Õ³ëüôåðà òà ³í. Òàê,

â [13] çàïðîïîíîâàíî íîâ³ ìàòåìàòè÷í³ ìîäåë³ äëÿ îïèñó äðîáîâî-äèôå-

ðåíö³éíî¿ äèíàì³êè äåÿêèõ íå³çîòåðì³÷íèõ ô³ëüòðàö³éíî-êîíñîë³äàö³éíèõ ïðî-

öåñ³â ó íàñè÷åíèõ ñîëüîâèìè ðîç÷èíàìè ãåîïîðèñòèõ ñåðåäîâèùàõ çà óìîâ

÷àñîâî¿ íåëîêàëüíîñò³, à â ðîáîò³ [14] ïîáóäîâàíî äðîáîâî-äèôåðåíö³éí³ ìà-

òåìàòè÷í³ ìîäåë³ ñòîñîâíî äèíàì³êè ãåîô³ëüòðàö³éíèõ ïðîöåñ³â çà óìîâ óðà-

õóâàííÿ ÿâèùà ðåëàêñàö³¿ òèñêó. Çàçíà÷åí³ ìîäåë³ áàçóþòüñÿ íà ïîíÿòòÿõ óçà-

ãàëüíåíèõ ïîõ³äíèõ òèïó Êàïóòî ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ [13, 15] òà äðî-

áîâî¿ ïîõ³äíî¿ Õ³ëüôåðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ [13, 16–18]. Öå äàº

çìîãó ðîçøèðèòè îáëàñòü ìîäåëþâàííÿ íåëîêàëüíèõ ïðîöåñ³â ãåîì³ãðàö³¿ òà

âèçíà÷èòè ìîæëèâîñò³ êîíòðîëþ ïðîöåñó ìîäåëþâàííÿ.

Çàçíà÷èìî, ùî âèçíà÷åíà Õ³ëüôåðîì [19] äðîáîâà ïîõ³äíà ñëóãóº ñïîëó÷íîþ

ëàíêîþ ïîì³æ ïîõ³äíèìè â ñåíñ³ Êàïóòî òà ïîõ³äíèìè â ñåíñ³ Ð³ìàíà–Ë³óâ³ëëÿ.

Âîíà ïîºäíóº â ºäèíîìó äðîáîâîìó îïåðàòîð³ íèçêó äðîáîâèõ ïîõ³äíèõ, ÷èì ïî-

ÿñíþºòüñÿ îñîáëèâà óâàãà äî íå¿ òà ïîøèðåííÿ ùîäî çàñòîñóâàíü â ð³çíîìàí³òíèõ

ãàëóçÿõ ïðèðîäîçíàâñòâà. Ñë³ä çàçíà÷èòè òàêîæ, ùî ôóíäàìåíòàëüí³ âëàñòèâîñò³

äðîáîâèõ ³íòåãðàë³â òà ïîõ³äíèõ (çîêðåìà, äëÿ âèïàäêó ³íòåãðàë³â â³ä ôóíêö³¿

ùîäî ³íøî¿ ôóíêö³¿ ) äîêëàäíî âèñâ³òëåíî ó â³äîì³é ìîíîãðàô³¿ [2]. Íèçêó âàãî-
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ìèõ ðåçóëüòàò³â ó ãàëóç³ äîñë³äæåííÿ âëàñòèâîñòåé ïîõ³äíèõ Õ³ëüôåðà òà ¿õí³õ

çàñòîñóâàíü ïðåäñòàâëåíî â ïðàöÿõ [20–25].

Ïîíÿòòÿ á³ïîðÿäêîâî¿ äðîáîâî¿ ïîõ³äíî¿ Õ³ëüôåðà (ÿêå óçàãàëüíþº çàãàëü-

íîïðèéíÿòó [19] ïîõ³äíó Õ³ëüôåðà çàäàíîãî ïîðÿäêó ïåâíîãî òèïó) çàïðîâàäæå-

íî â ðîáîò³ [26]. Ó ö³é ðîáîò³ çäîáóòà ôîðìóëà ïåðåòâîðåííÿ Ëàïëàñà çàçíà÷åíî¿

ïîõ³äíî¿, íàâåäåíî ðîçâ’ÿçîê çàäà÷³ òèïó Êîø³ äëÿ ë³í³éíîãî ð³âíÿííÿ ç á³ïîðÿä-

êîâîþ äðîáîâîþ ïîõ³äíîþ Õ³ëüôåðà. Çàóâàæèìî, ùî á³ïîðÿäêîâà ïîõ³äíà

Õ³ëüôåðà (íà â³äì³íó â³ä êëàñè÷íî¿ ïîõ³äíî¿ Õ³ëüôåðà) º ³íòåðïîëÿíòîì ñòîñîâ-

íî ïîõ³äíèõ Êàïóòî òà Ð³ìàíà–Ë³óâ³ëëÿ ð³çíèõ ïîðÿäê³â. Öå ñïðèÿº ìîäåëþâàí-

íþ äèíàì³êè á³ëüø øèðîêîãî êëàñó àíîìàëüíèõ ïðîöåñ³â ïåðåíîñó, í³æ

íà îñíîâ³ çàãàëüíîïðèéíÿòîãî îçíà÷åííÿ îäíîïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà.

Ç âèêîðèñòàííÿì ïîíÿòòÿ á³ïîðÿäêîâî¿ äðîáîâî¿ ïîõ³äíî¿ Õ³ëüôåðà íàðàç³ îäåð-

æàíî íèçêó ö³êàâèõ ðåçóëüòàò³â, çîêðåìà â [27–29].

Ó ö³é ðîáîò³ çàïðîâàäæåíî íîâ³ óçàãàëüíåííÿ á³ïîðÿäêîâî¿ äðîáîâî¿

ïîõ³äíî¿ Õ³ëüôåðà, à ñàìå: á³ïîðÿäêîâî¿ äðîáîâî¿ ïîõ³äíî¿ Õ³ëüôåðà ôóíêö³¿

ùîäî ³íøî¿ ôóíêö³¿ òà ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà ôóíêö³¿

ùîäî ³íøî¿ ôóíêö³¿. Âèçíà÷åíî îñíîâí³ êîìïîçèö³éí³ âëàñòèâîñò³ îïåðàòîð³â

á³ïîðÿäêîâèõ äðîáîâèõ ïîõ³äíèõ òà ³íòåãðàë³â, îäåðæàíî çàìêíåí³ ðîçâ’ÿçêè çà-

äà÷ òèïó Êîø³ äëÿ ë³í³éíèõ ð³âíÿíü ç á³ïîðÿäêîâîþ ïîõ³äíîþ Õ³ëüôåðà ôóíêö³¿

ùîäî ³íøî¿ ôóíêö³¿ òà ïðîïîðö³éíîþ á³ïîðÿäêîâîþ ïîõ³äíîþ Õ³ëüôåðà ôóíêö³¿

ùîäî ³íøî¿ ôóíêö³¿.

ÏÎÏÅÐÅÄÍ² Â²ÄÎÌÎÑÒ²: ÏÎÕ²ÄÍÀ Õ²ËÜÔÅÐÀ
ÒÀ Á²ÏÎÐßÄÊÎÂÀ ÏÎÕ²ÄÍÀ Õ²ËÜÔÅÐÀ

ßêùî � � � � � ��� � � � � �( , ), [ , ], ( ) [ , ],0 1 0 1 01u t C T , òî äðîáîâà ïîõ³äíà

Õ³ëüôåðà ïîðÿäêó � òèïó � ôóíêö³¿ u t( ) âèçíà÷àºòüñÿ ó òàêèé ñïîñ³á [19]:
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� ( ) — äðîáîâà ïîõ³äíà Ð³ìàíà–Ë³óâ³ëëÿ ïîðÿäêó � â³ä ôóíêö³¿ u t( ),

I u tv
0� ( ) — äðîáîâèé ³íòåãðàë Ð³ìàíà–Ë³óâ³ëëÿ ïîðÿäêó v � � â³ä ôóíêö³¿

u t C T( ) [ , ]� 1 0 , ÿêèé âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿì [2]
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 — ãàìà-ôóíêö³ÿ Åéëåðà [30].

Ç óðàõóâàííÿì ñï³ââ³äíîøåíü H D D
0

0
0� ��� �,

, H D D
0

1
0� ��� �,

äîõîäèìî âèñ-

íîâêó, ùî äðîáîâà ïîõ³äíà Õ³ëüôåðà ìîæå ïîäàâàòèñü, ÿê ³íòåðïîëÿíò çà ïàðà-

ìåòðîì � �[ , ]0 1 ùîäî ïîõ³äíèõ Êàïóòî òà Ð³ìàíà–Ë³óâ³ëëÿ îäíîãî ïîðÿäêó

[3, 16–19, 22, 31–33].

Á³ïîðÿäêîâà ïîõ³äíà Õ³ëüôåðà óçàãàëüíþº ïîíÿòòÿ ñòàíäàðòíî¿ ïîõ³äíî¿

Õ³ëüôåðà íà îñíîâ³ ³íòåðïîëÿö³éíî¿ êîíöåïö³¿, çóìîâëåíî¿ âèêîðèñòàííÿì

ïîõ³äíèõ Êàïóòî ³ Ð³ìàíà–Ë³óâ³ëëÿ ð³çíèõ ïîðÿäê³â ³ âèçíà÷àºòüñÿ òàêèì

ñï³ââ³äíîøåííÿì [26]:
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Ó ðàç³ ÿêùî äëÿ ïîðÿäê³â ïîõ³äíî¿ âèêîíóþòüñÿ íåð³âíîñò³ n n� � �1 1 2� �,

( , [ , ])n� �N � 0 1 , òî á³ïîðÿäêîâà ïîõ³äíà Õ³ëüôåðà âèçíà÷àºòüñÿ çã³äíî ç òàêèì

ñï³ââ³äíîøåííÿì [28]:
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Çàçíà÷èìî, ùî îñê³ëüêè ç ð³âíîñò³ (2) âèïëèâàº ñï³ââ³äíîøåííÿ
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òî îïåðàòîð á³ïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà ìîæå òðàêòóâàòèñü, ÿê ³íòåðïî-

ëÿíò ì³æ îïåðàòîðàìè ïîõ³äíèõ ð³çíèõ ïîðÿäê³â: Êàïóòî ïîðÿäêó �1 òà

Ð³ìàíà–Ë³óâ³ëëÿ ïîðÿäêó � 2 (çàãàëîì � �1 2� ). Âî÷åâèäü, ùî â îêðåìîìó âè-

ïàäêó (äëÿ � � �1 2� � ) ç (2) îòðèìóºìî ñï³ââ³äíîøåííÿ (1) ³ á³ïîðÿäêîâà

ïîõ³äíà Õ³ëüôåðà ïåðåòâîðþºòüñÿ â çâè÷àéíó îäíîïîðÿäêîâó ïîõ³äíó Õ³ëüôå-

ðà. Çàóâàæèìî, ùî äëÿ á³ïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà â³äîìî [26] ïåðåòâî-

ðåííÿ Ëàïëàñà � ( p � ïàðàìåòð ïåðåòâîðåííÿ, u t L( ) ( , ) )� � �0 :
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� �0
10 0� � �const, , , ( [ , ], ))u f C T � , ÿêèé çàïèøåìî ó âèãëÿä³ [26]

u t t E t t E

t
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��� � �� �
� � � �

� �
0

1 1
1

1

0

2

1 � �
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( ( ))� � � � �� � �2 1 2 ,

äå E� �, ( )
 – äâîïàðàìåòðè÷íà ôóíêö³ÿ Ì³òòàã-Ëåôôëåðà [1, 2, 32].

Óçàãàëüíåííÿì ïîíÿòòÿ ïîõ³äíî¿ Õ³ëüôåðà º òàêîæ äðîáîâà ïîõ³äíà Õ³ëüôå-

ðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿. Ïîõ³äíó Õ³ëüôåðà ïîðÿäêó � òèïó � ôóíêö³¿ u t( )

ùîäî ³íøî¿ ôóíêö³¿ g t( ) âèçíà÷èìî òàêèì ÷èíîì [13, 16–18, 20–24]:
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ùîäî ôóíêö³¿ g, ÿêèé âèçíà÷àºòüñÿ òàêèì ÷èíîì [2]:

I u t
u g

g t g
d

g

t

0 1
0

1
� �

�
�

�
�;

( ):
( )

( ) ( )

( ( ) ( ))

�

��

� �

�
�

	
. (4)

Çàçíà÷èìî, ùî äðîáîâà ïîõ³äíà Õ³ëüôåðà ôóíêö³¿ u t( ) ùîäî ³íøî¿ ôóíêö³¿

�( )t çàçâè÷àé íàçèâàºòüñÿ �-Õ³ëüôåð ïîõ³äíîþ [16, 17] ³ çíàõîäèòüñÿ â ìå-
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æàõ îêðåìîãî íàïðÿìêó äðîáîâîãî ÷èñëåííÿ, îòðèìàâøè íåôîðìàëüíó íàçâó

«�-äðîáîâå ÷èñëåííÿ» [22–25].

Ç óðàõóâàííÿì ñï³ââ³äíîøåíü H
g g

D D
0

0
0� ��

;
,

;
,

� � H
g

C
g

D D
0

1

0
1

� ��
; ;

� � � äîõî-

äèìî âèñíîâêó, ùî îïåðàòîð äðîáîâî¿ ïîõ³äíî¿ Õ³ëüôåðà (3) ôóíêö³¿ ùîäî

³íøî¿ ôóíêö³¿ ìîæå ïîäàâàòèñü ÿê ³íòåðïîëÿíò ì³æ òàêèìè îïåðàòîðàìè äðî-

áîâèõ ïîõ³äíèõ îäíîãî ïîðÿäêó ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿: Êàïóòî C
g

D
0� ;
�

òà Ð³ìàíà–Ë³óâ³ëëÿ D
g0� ;

� . Çàçíà÷èìî, ùî ð³çíîìàí³òí³ çàäà÷³, ïîâ’ÿçàí³

ç ïîõ³äíîþ Õ³ëüôåðà (3) ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿, ðîçâ’ÿçóâàëèñü â áàãàòüîõ

ïðàöÿõ, çîêðåìà â [13, 14, 16–18, 20–25]. Óçàãàëüíþþ÷è ïîíÿòòÿ ïîõ³äíî¿

Õ³ëüôåðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ íà ñèòóàö³¿, ÿê³ äàþòü çìîãó åôåêòèâíî

ìîäåëþâàòè äèíàì³êó ïðîöåñ³â ó ðàç³ çàñòîñóâàííÿ ³íòåðïîëÿö³éíî¿ êîíöåïö³¿

ñòîñîâíî ïîõ³äíèõ Êàïóòî òà Ð³ìàíà–Ë³óâ³ëëÿ ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ íå

ëèøå îäíîãî ïîðÿäêó �, àëå é ð³çíèõ ïîðÿäê³â � �1 2, ( )� �1 2� , ä³éäåìî ïîíÿò-

òÿ á³ïîðÿäêîâî¿ äðîáîâî¿ ïîõ³äíî¿ Õ³ëüôåðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿, ÿêó

âèçíà÷èìî ñï³ââ³äíîøåííÿì

H
g g

D u t I
g t

d

dt
I

0 0

1

0
1 2 1

1
� �

��
�

�



��

�

�
��;

, ;

;

( )
( ):

( )

� � � � �
�
� �
;

( ) ( )
( )

g
u t

1 1 2� �
, (5)

äå u g C T g t, ( [ , ], ), ( )� � �1 0 0� ( [ , ] )� �t T0 ; I
g0� ;

� — îïåðàòîð äðîáîâîãî

³íòåãðóâàííÿ ïîðÿäêó � â³ä ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿, ÿêèé âèçíà÷åíèé

çã³äíî ç (4); � �1 2, — ïîðÿäêè ïîõ³äíî¿; � — òèï ïîõ³äíî¿

( , , [ , ] )0 1 0 11 2� � �� � � .

Äðîáîâó ïîõ³äíó ôóíêö³¿ u t( ), âèçíà÷åíó çã³äíî ç (5), íàäàë³ (ç ìåòîþ ñêî-

ðî÷åííÿ çàïèñó) íàçèâàòèìåìî á³ïîðÿäêîâîþ g -Õ³ëüôåð ïîõ³äíîþ. Ïðè öüîìó

âèêîíóºòüñÿ ñï³ââ³äíîøåííÿ

H
g

g

C
g

D
D

D
0

0

0

1 2

2

1

0

1
�

�

�

�
�

�

�
�
�

��
;

, ; ;

;

, ,

, ,

� � �
�

�

�

�

³ îïåðàòîð á³ïîðÿäêîâî¿ g -Õ³ëüôåð ïîõ³äíî¿ ìîæíà ðîçãëÿäàòè ÿê ³íòåðïîëÿíò

ùîäî îïåðàòîð³â ïîõ³äíèõ ð³çíèõ ïîðÿäê³â: äðîáîâî¿ ïîõ³äíî¿ Êàïóòî ïîðÿä-

êó �1 ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ òà ïîõ³äíî¿ Ð³ìàíà–Ë³óâ³ëëÿ ïîðÿäêó � 2

ôóíêö³¿ ùîäî ³íøî¿ ôóíê³¿ (çàãàëîì � �1 2� ). Âî÷åâèäü, äëÿ � � �1 2� �
çã³äíî ç (5) îäåðæóºìî ñï³ââ³äíîøåííÿ (3). Îòæå, çàãàëüíîïðèéíÿòà îäíîïî-

ðÿäêîâà äðîáîâà ïîõ³äíà Õ³ëüôåðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ º îêðåìèì âè-

ïàäêîì á³ïîðÿäêîâî¿ äðîáîâî¿ ïîõ³äíî¿ Õ³ëüôåðà, âèçà÷åíî¿ çã³äíî ç (5).

Çâ³äñè ìîæíà ä³éòè âèñíîâêó, ùî íà îñíîâ³ ïîíÿòòÿ á³ïîðÿäêîâî¿ äðîáîâî¿

ïîõ³äíî¿ Õ³ëüôåðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ ìîæëèâå ìîäåëþâàííÿ äè-

íàì³êè øèðøîãî êëàñó åâîëþö³éíèõ ïðîöåñ³â ïîð³âíÿíî ç ìîäåëþâàííÿì íà

îñíîâ³ ïîíÿòòÿ îäíîïîðÿäêîâî¿ äðîáîâî¿ g -Õ³ëüôåð ïîõ³äíî¿. Çàçíà÷èìî òà-

êîæ, ùî âàð³þþ÷è «ïðîáí³» ôóíêö³¿ g t( ), ìîæíà (â äåÿêîìó âèçíà÷åíîìó

ñåíñ³) êåðóâàòè ïðîöåñîì ìîäåëþâàííÿ, âèáèðàþ÷è â³äïîâ³äíèì ÷èíîì

ôóíêö³¿ g t( ) ç ìåòîþ îòðèìàííÿ çàçäàëåã³äü çàäàíèõ äèíàì³÷íèõ ðåæèì³â.

Âèçíà÷èìî, íàñàìê³íåöü, ïîíÿòòÿ á³ïîðÿäêîâî¿ g -Õ³ëüôåð ïîõ³äíî¿ äëÿ çà-

ãàëüíîãî âèïàäêó n n n� � � � �1 0 11 2� � �, ( ), [ , ]N . Çà îçíà÷åííÿì ìàºìî

H
g g

n
n

D u t I
g t

d

dt
I

0 0 0
1 2 1

1
� �

�
��

�
�



�

�

�
�

;

, ;

;

( )
( ) :

( )

� � � � �
;

( ) ( )
( )

g

n
u t

1 2� �� �
.
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ÄÅßÊ² ÂËÀÑÒÈÂÎÑÒ² Á²ÏÎÐßÄÊÎÂÎ¯ ÄÐÎÁÎÂÎ¯ ÏÎÕ²ÄÍÎ¯ Õ²ËÜÔÅÐÀ ÔÓÍÊÖ²¯
ÙÎÄÎ ²ÍØÎ¯ ÔÓÍÊÖ²¯. ÇÀÄÀ×À ÒÈÏÓ ÊÎØ²

Óâåäåìî ïîçíà÷åííÿ � � � � � � � � � � � �� � � � � � � � �2 1 2 2 2 11 1( ), ( ) ( ) ³

ç óðàõóâàííÿì öèõ ïîçíà÷åíü çàïèøåìî ñï³ââ³äíîøåííÿ (5) ó âèãëÿä³

H
g g g

D u t I
g t

d

dt
I

0 0 0
11 2

1
� �

�
�
��

�
�



�

�

�
�

;

, ;

; ;
( ) :

( )

� � � � � � u t I D u t
g g

( ) ( )
; ;

� �
�

�0 0
� � � ,

äå D
g0� ;

� – îïåðàòîð äðîáîâî¿ ïîõ³äíî¿ Ð³ìàíà–Ë³óâ³ëëÿ ïîðÿäêó � ôóíêö³¿

ùîäî ³íøî¿ ôóíêö³¿ [2]. Çóïèíèìîñü äîêëàäí³øå íà äâîõ âàæëèâèõ âëàñòèâîñ-

òÿõ á³ïîðÿäêîâî¿ g -Õ³ëüôåð ïîõ³äíî¿, ÿê³ ñòîñóþòüñÿ êîìïîçèö³¿ äðîáîâèõ

îïåðàòîð³â äèôåðåíö³þâàííÿ òà ³íòåãðóâàííÿ.

Çã³äíî ç ïåðøîþ âëàñòèâ³ñòþ êîìïîçèö³¿, ÿêùî f t C T( ) [ , ]� � 0 , I f t
g0

1
�
� �

;
( )�

�C Tg�, [ , ]1 0 äëÿ 0 1 0 11 2� � �� � �, , [ , ], òî ìàº ì³ñöå òàêå ñï³ââ³äíîøåííÿ:

I D f t f t
I f

g t
g

H

g

g

0 0

0
1

1 2

0

� �
�
�

� �
; ;

, ; ;
( ) ( )

( )

( )
( ( )� � � �

�

�	
� �g ( ))0 1� . (6)

Çã³äíî ç äðóãîþ êîìïîçèö³éíîþ âëàñòèâ³ñòþ çà óìîâ f t C T( ) [ , ]� �1 0� ,

I f t C T
g g0

1
1
1

0�
� �

��
; ,

( ) [ , ]� �
�

ìàºìî

H
g g

D I f t f t
0 0

1 2

� � �
;

, ;

;
( ) ( )

� � � � , t T� ( , ]0 (7)

(òóò � � �1 2 0 1 0 1, ( , ), [ , ]� � ³ âàãîâèé ïðîñò³ð C Tg� , [ , ]1 0 âèçíà÷àºòüñÿ

â³äïîâ³äíî äî [18, 20, 22, 31]:

C T f T f t C T f t C Tg g� �, ,[ , ] { : ( , ] ; ( ) [ , ], ( ) [ , ]}1 0 0 0 0� � � �� � ,

C T f T g t g f t C Tg�
�

, [ , ] { : ( , ] ; ( ( ) ( )) ( ) [ , ]})0 0 0 0� � �� � .

Äîâåäåííÿ ñï³ââ³äíîøåííÿ (6) ãðóíòóºòüñÿ íà òàêèõ ïåðåòâîðåííÿõ

ç óðàõóâàííÿì ðåçóëüòàò³â ðîáîòè [31]:

I D f t I I D f t I
g

H
g g g g0 0 0 0 0

1 2

� � � �
�

�� �
; ;

, ;

; ; ;
( ) ( )� � � � � � � �

0 0� � � �
; ;

( ) ( )
g g

D f t f t� �

� ��
�

�
I f

g t g
g0

1

1
0

0
;

( )

( )
( ( ) ( ))

�

�

�	
.

Äëÿ äîâåäåííÿ ñï³ââ³äíîøåííÿ (7) ñêîðèñòàºìîñü ðåçóëüòàòàìè ðîá³ò

[16, 31]. Óíàñë³äîê öüîãî ìàºìî

H
g g g

D I f t I
g t

d

dt
I

0 0 0 0
1 2

1
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�
��

�
�



�

�

�
�

;

, ;

; ;
( )

( )

� � � � � �
;
( ) ( )

g
f t1� � �� �

� � �
��

�
�
� �

� �

I D f t f t
I f

g
g g

g

0 0

0
1 0

; ;

;
( ) ( )

( )

( )
( (� � � �

� �

� �	
t g f t) ( )) ( )� �� �0 1� � .

Ðîçãëÿíåìî çàäà÷ó òèïó Êîø³ äëÿ ë³í³éíîãî ð³âíÿííÿ ç á³ïîðÿäêîâîþ

g -Õ³ëüôåð ïîõ³äíîþ ç ïîñò³éíèìè êîåô³ö³ºíòàìè:

H
g

D u t u t f t
0

1 2

� � �
;

, ;
( ) ( ) ( )

� � �
� , � �1 2 0 1, ( , )� , � �[ , ]0 1 , t T� ( , )0 , (8)

I u
g0

1 1
0

2 0�
� � � �
;

( ) ( )
( )

� �
� , (9)
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äå

� 0 �const , � � 0; u t f t C T( ), ( ) ([ , ] , )� 1 0 � , I u I u t
g t g0

1 1

0 0

1 12 20�
� �

� � �
� �� �

;

( ) ( )

;

( ) ( )
( ) ( )

� � � �
lim .

Ïîáóäóºìî çàìêíåíèé ðîçâ’ÿçîê çàäà÷³ (8), (9), çä³éñíþþ÷è çàì³íó

t g g t g g g t� � � � �� �1 1 0( ) ( ( ), ( ( )) , ( )� � � � � � �t T g[ , ], ( ) )0 0 0 . Ç óâåäåííÿì

ïîçíà÷åííÿ u t u g U( ) ( ( )) : ( )� ��1 � � îäåðæóºìî

I u t I U
g0 0� ��

; ;
( ) ( )�

�
� � , H

g
HD u t D U

0 0
1 2 1 2

� ��
;

, ;

;

, ;
( ) ( )

� � �
�

� � � � .

Äàë³ ïîâåðí³ìîñÿ äî âèõ³äíî¿ çàäà÷³ òà, ïîçíà÷èâøè F f g f t( ): ( ( )) ( )� �� ��1 ,

çâîäèìî çàäàíó çàäà÷ó äî íàñòóïíî¿ çàäà÷³ ç³ ñòàíäàðòíîþ á³ïîðÿäêîâîþ

ïîõ³äíîþ Õ³ëüôåðà â³ä ôóíêö³¿ U ( )� :

HD U U F
0

1 2

� � �
;

, ;
( ) ( ) ( )

�
� � �

� � � � , (10)

I U
0
1

00�
� � �

;
( )

�
� � . (11)

Âèêîðèñòîâóþ÷è ðåçóëüòàòè ðîáîòè [26], çàïèøåìî ðîçâ’ÿçîê çàäà÷³ (10),

(11) ó âèãëÿä³

U E E f g( ) ( ) ( ) ( ( ) ) (, ,� � � �� � � � � ��
� �

� �
�

� �
�� � � � � �� ��0

1 1

0

�1 ( ))� �d , (12)

äå E� �, ( )
 � âèçíà÷åíà â [1, 2, 32] ôóíêö³ÿ Ì³òòàã-Ëåôôëåðà.

Ïîâåðòàþ÷èñü ó ñï³ââ³äíîøåíí³ (12) äî ïî÷àòêîâî¿ çì³ííî¿ t òà âèêîíóþ÷è

ï³äñòàíîâêó � �� g ( ), îñòàòî÷íî îäåðæóºìî ðîçâ’ÿçîê çàäà÷³ (8), (9) ó âèãëÿä³

u t g t E g t( ) ( ( )) ( ( )),� � ��� ��
� �

�
0

1

� � � ��� ( ( ) ( )) ( ( ( ) ( )) ) ( ) ( ),g t g E g t g f dg

t

� � � � ��
� �

�1

0

. (13)

Çàçíà÷èìî, ùî ç ñï³ââ³äíîøåííÿ (13) ïðè g t t( ) � âèïëèâàº ðîçâ’ÿçîê [26]

â³äïîâ³äíî¿ äî (8), (9) çàäà÷³ òèïó Êîø³ äëÿ ð³âíÿííÿ ç á³ïîðÿäêîâîþ

ïîõ³äíîþ Õ³ëüôåðà H D u t
0

1 2

�
� � �, ;

( ) , à äëÿ � � �1 2� � ñï³ââ³äíîøåííÿ (13)

âèçíà÷àº ðîçâ’ÿçîê [13, 14, 18] çàäà÷³ âèãëÿäó (8), (9) çà íàÿâíîñò³ îäíîïîðÿä-

êîâî¿ g-Õ³ëüôåð ïîõ³äíî¿ H
g

D u t
0� ;

;
( )

� �
øóêàíî¿ ôóíêö³¿.

Äàë³ ðîçãëÿíåìî ³íøèé ñïîñ³á ïîáóäîâè ðîçâ’ÿçêó çàäà÷³ (8), (9), ÿêèé ãðóí-

òóºòüñÿ íà âèêîðèñòàíí³ ìåòîäó ïîñë³äîâíèõ íàáëèæåíü Ï³êàðà [18, 25, 33].

Çàñòîñîâóþ÷è äî îáîõ ÷àñòèí ð³âíîñò³ (8) ³íòåãðàëüíèé îïåðàòîð I
g0� ;

� ç âè-

êîðèñòàííÿì ñï³ââ³äíîøåííÿ (6), âñòàíîâèìî, ùî ðîçãëÿäóâàíà çàäà÷à åêâ³âà-

ëåíòíà òàêîìó ³íòåãðàëüíîìó ð³âíÿííþ Âîëüòåððà:

u t g t
u dg

g t g
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Çâ³äñè çã³äíî ç ìåòîäîì ïîñë³äîâíèõ íàáëèæåíü ìàºìî
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Äàë³ ç (14), (15) îäåðæóºìî
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Ïðîäîâæóþ÷è öåé ïðîöåñ ³íäóêö³ºþ, îòðèìàºìî ñï³ââ³äíîøåííÿ
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Ïåðåõîäÿ÷è ó ñï³ââ³äíîøåíí³ (16) äî ãðàíèö³ çà óìîâè m � � , ç óðàõóâàííÿì

îçíà÷åííÿ äâîïàðàìåòðè÷íî¿ ôóíêö³¿ Ì³òòàã-Ëåôôëåðà [1, 2, 32], îäåðæóºìî

ðîçâ’ÿçîê çàäà÷³ (8), (9) ó âèãëÿä³ (13).

Çóïèíèìîñü íà ðîçâ’ÿçàíí³ àíàëîãó çàäà÷³ (8), (9) äëÿ âèïàäêó

1 2 0 11 2� � �� � �, ( [ , ] ). Ó öüîìó ðàç³ á³ïîðÿäêîâà g-Õ³ëüôåð äðîáîâà ïîõ³äíà

âèçíà÷àºòüñÿ òàêèì ÷èíîì:

H
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( )

( )

� � � � �
�
� �
;

( ) ( )
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g
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1 2 2� �
(17)

³ çàäà÷à òèïó Êîø³ äëÿ ë³í³éíîãî ð³âíÿííÿ ç³ ñòàëèìè êîåô³ö³ºíòàìè, ÿêå

ì³ñòèòü g-Õ³ëüôåð äðîáîâó ïîõ³äíó (17), ôîðìóëþºòüñÿ ó âèãëÿä³

H
g

D u t u t f t
0 1 2

1 2 1 2 0 1� � � � �
;

, ;
( ) ( ) ( ), ( , ( , ], [ , ] )

� � �
� � � � , (18)

lim
t g

I u t
� � �

� � �
0 0

2 1
0

2

;

( ) ( )
( )

� �
� , lim

t gg t

d

dt
I u t

� � �
� �

�
�

0 0

2 1
1

1
2

( )
( )

;

( ) ( )� �
� , (19)

äå � � �0 1 0, , , ( )� �const u t — øóêàíà ôóíêö³ÿ.

Àíàëîã³÷íî äî âèêëàäåíîãî âèùå, âèêîíóþ÷è â (18), (19) çàì³íó

t g g t g g g t t T g� � � � � � � �� �1 1 0 0 0 0( ) ( ( ), ( ( )) , ( ) [ , ], ( )� � � � ) òà ïîçíà÷àþ÷è

u t u g U( ) ( ( )): ( )� ��1 � � , f t f g F( ) ( ( )): ( )� ��1 � � , çâîäèìî çàäà÷ó (18), (19)
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( ) . (21)

Ç âèêîðèñòàííÿì ìåòîäèêè ³íòåãðàëüíîãî ïåðåòâîðåííÿ Ëàïëàñà çàëà÷à

(20), (21) ðîçâ’ÿçàíà â ïðàö³ [28]. Â³äïîâ³äíî äî ö³º¿ ðîáîòè ìàºìî
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1E f g d , (22)

äå � � � � � � � � �� � � � � �( ), ( )2 1 2 1 2 , E� �, ( )
 — ôóíêö³ÿ Ì³òòàã-Ëåôôëå-

ðà [1, 2, 32].

Ïîâåðòàþ÷èñü ó (22) äî ïî÷àòêîâî¿ çì³ííî¿ t òà âèêîðèñòîâóþ÷è ï³äñòà-

íîâêó � �� g( ), îäåðæóºìî øóêàíèé ðîçâ’ÿçîê çàäà÷³ (18), (19) ó âèãëÿä³

u t g t E g t( ) ( ( )) ( ( ))
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ÏÐÎÏÎÐÖ²ÉÍÀ Á²ÏÎÐßÄÊÎÂÀ ÄÐÎÁÎÂÀ ÏÎÕ²ÄÍÀ Õ²ËÜÔÅÐÀ ÔÓÍÊÖ²¯
ÙÎÄÎ ²ÍØÎ¯ ÔÓÍÊÖ²¯

Ïðîïîðö³éíèé äèôåðåíö³àëüíèé îïåðàòîð ïîðÿäêó � ôóíêö³¿ f ùîäî ôóíêö³¿ g

âèçíà÷àºòüñÿ òàê [24, 25]:

G f t f t
f t

g t
g
� � � �( ) ( ) ( )

( )

( )
( [ , ])� � �

�

�
�1 0 1 . (23)

Â³äïîâ³äíî äî (23) ïðîïîðö³éíèé ³íòåãðàë äëÿ � � �� � �( , ], , ( )0 1 0� Re

ôóíêö³¿ f ùîäî ôóíêö³¿ g ìàº âèãëÿä [24, 25]
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�1 f dg( ) ( )� � . (24)

Çàóâàæèìî, ùî ç ñï³ââ³äíîøåííÿ (24) äëÿ � �1 îäåðæóºìî ñï³ââ³äíîøåí-

íÿ (4). ßêùî 0 1 0 1 0 0� � � � � �� �, ( , ], , [ , ] ( ( ) )f g C T g t , òî óçàãàëüíåíà ïðî-

ïîðö³éíà (ë³âà) äðîáîâà ïîõ³äíà ïîðÿäêó � ôóíêö³¿ f ùîäî ³íøî¿ ôóíêö³¿ g âè-

çíà÷àºòüñÿ òàê [24]:
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1
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	 g t
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" #

# �
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�

�� e g t g f dg
g t gt

�

� �
�� � �

1

0

( ( ) ( ))

( ( ) ( )) ( ) ( ). (25)

Çàóâàæèìî, ùî àíàëîã³÷íî âèçíà÷àºòüñÿ ³ â³äïîâ³äíà ïðàâà äðîáîâà ïîõ³äíà

[24] ³, çîêðåìà, äëÿ � � �1, ( )g t t ñï³ââ³äíîøåííÿ (25) âèçíà÷àº ñòàíäàðòíó äðî-

áîâó ïîõ³äíó Ð³ìàíà–Ë³óâ³ëëÿ ôóíêö³¿ f ïîðÿäêó � [1, 2].
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Ïðîïîðö³éíà g -Õ³ëüôåð äðîáîâà ïîõ³äíà ïîðÿäêó � òèïó � ôóíêö³¿ ùîäî

³íøî¿ ôóíêö³¿ �
� �H

g
D u t

0� ;
,

( ) º óçàãàëüíåííÿì ïîõ³äíî¿, âèçíà÷åíî¿ çã³äíî ç (3),

³ â³äîáðàæàºòüñÿ òàêèì [25] ñï³ââ³äíîøåííÿì:
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, (26)

äå � � � � � � �� � � � � �( ), ( , ), [ , ], ( , ]1 0 1 0 1 0 1 .

Äëÿ ïîõ³äíî¿, âèçíà÷åíî¿ çã³äíî ç (26), ìàºìî
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ùî äàº çìîãó ðîçãëÿäàòè [22] ïðîïîðö³éíó g -Õ³ëüôåð äðîáîâó ïîõ³äíó çàäà-

íîãî ïîðÿäêó ÿê ³íòåðïîëÿíò ñòîñîâíî ïðîïîðö³éíèõ ïîõ³äíèõ öüîãî æ ïî-

ðÿäêó Êàïóòî òà Ð³ìàíà–Ë³óâ³ëëÿ ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿.

Óçàãàëüíþþ÷è ïîíÿòòÿ ïðîïîðö³éíî¿ g -Õ³ëüôåð äðîáîâî¿ ïîõ³äíî¿ îäíîãî

ïîðÿäêó â ìåæàõ ³íòåðïîëÿö³éíî¿ êîíöåïö³¿, çàïðîâàäèìî äî ðîçãëÿäó ïðî-

ïîðö³éíó á³ïîðÿäêîâó g -Õ³ëüôåð äðîáîâó ïîõ³äíó ñï³ââ³äíîøåííÿì
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äå 0 1 0 1 0 11 2� � � �� � � �, , [ , ], ( , ], f g C T g t, ( [ , ]), ( )� � �1 0 0 ( ( , ])� �t T0 .

Îñê³ëüêè çã³äíî ç îçíà÷åííÿì (27) ìàº ì³ñöå ñï³ââ³äíîøåííÿ
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òî îïåðàòîð ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿ g-Õ³ëüôåð äðîáîâî¿ ïîõ³äíî¿ çóìîâ-

ëþº ³íòåðïîëÿö³þ ñòîñîâíî îïåðàòîð³â ïðîïîðö³éíèõ ïîõ³äíèõ

Ð³ìàíà–Ë³óâ³ëëÿ òà Êàïóòî ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿ çàãàëîì ð³çíèõ ïî-

ðÿäê³â (íà â³äì³íó â³ä îäíîïîðÿäêîâî¿ ïðîïîðö³éíî¿ g-Õ³ëüôåð ïîõ³äíî¿ (26)),

ùî äàº çìîãó ñïîä³âàòèñÿ íà ðîçøèðåííÿ îáëàñò³ çàñòîñóâàíü ö³º¿ ïîõ³äíî¿,

çîêðåìà, â ïðèêëàäíèõ äîñë³äæåííÿõ. Íåîáõ³äíî çàçíà÷èòè, ùî ïîíÿòòÿ á³ïî-

ðÿäêîâî¿ g -Õ³ëüôåð ïîõ³äíî¿ (ñï³ââ³äíîøåííÿ (5)) º îêðåìèì âèïàäêîì ïîíÿò-

òÿ ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿ g -Õ³ëüôåð ïîõ³äíî¿ (ñï³ââ³äíîøåííÿ (27)),

îñê³ëüêè äëÿ � �1 ìàºìî
1 0 0

1 2 1 2H
g

H
g

D u t D u t� ��
;

, ;

;

, ;
( ) ( )

� � � � � �
.

Äëÿ ââåäåíî¿ çã³äíî ç ñï³ââ³äíîøåííÿì (27) ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿

g -Õ³ëüôåð äðîáîâî¿ ïîõ³äíî¿ ìàþòü ì³ñöå ïîä³áí³ ïðåäñòàâëåíèì âèùå

(ñï³ââ³äíîøåííÿ (6), (7)) ôîðìóëè êîìïîçèö³¿ äðîáîâèõ îïåðàòîð³â äèôå-

ðåíö³þâàííÿ òà ³íòåãðóâàííÿ. Ç óðàõóâàííÿì çàçíà÷åíèõ âèùå îáìåæåíü òà

óìîâ 0 1 0 11 2� � �� � �, , [ , ], � � � �( , ], ( )0 1 0g t â³äïîâ³äí³ ôîðìóëè ìîæíà çà-

ïèñàòè ó âèãëÿä³
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g -Õ³ëüôåð äèôåðåíö³þâàííÿ, âèçíà÷åí³ çã³äíî ç (24), (27).

Äîâåäåííÿ ñï³ââ³äíîøåííÿ (28) ãðóíòóºòüñÿ íà âèêîðèñòàíí³ ðåçóëüòàò³â
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Äëÿ äîâåäåííÿ (29), ñêîðèñòàâøèñü ëåìàìè 3.3 òà 3.6 ç ïðàö³ [22], îòðè-
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ÏÅÐÅÒÂÎÐÅÍÍß ËÀÏËÀÑÀ ÏÐÎÏÎÐÖ²ÉÍÎ¯ Á²ÏÎÐßÄÊÎÂÎ¯ ÏÎÕ²ÄÍÎ¯ Õ²ËÜÔÅÐÀ.
ÇÀÄÀ×À ÒÈÏÓ ÊÎØ² ÄËß Ð²ÂÍßÍÍß Ç ÏÐÎÏÎÐÖ²ÉÍÎÞ Á²ÏÎÐßÄÊÎÂÎÞ
g-Õ²ËÜÔÅÐ ÏÎÕ²ÄÍÎÞ

Äëÿ îòðèìàííÿ ôîðìóëè ïåðåòâîðåííÿ Ëàïëàñà ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿

ïîõ³äíî¿ Õ³ëüôåðà ôóíêö³¿ åêñïîíåíö³àëüíîãî ïîðÿäêó ñêîðèñòàºìîñü â³äîìèì

[23] ñï³ââ³äíîøåííÿì äëÿ ïåðåòâîðåííÿ Ëàïëàñà ïðîïîðö³éíîãî äðîáîâîãî

³íòåãðàëà �
�I f t
0� ( ) äëÿ 0 1 0 1� � �� �, ( , ]:

� �{ {�
�

�� �
I f t

p
f t

0

1

1
� �

� �
( )}

( )
( )},

äå p — ïàðàìåòð ïåðåòâîðåííÿ �.

Ç óðàõóâàííÿì öüîãî ñï³ââ³äíîøåííÿ òà ñï³ââ³äíîøåííÿ (27) (çà óìîâè

g t t( ) � ) ìàºìî

� �{ {�
� � �

�
� � �

�
�H

tD f t I G I
0 0

1

0

1 11 2 1

� �
�

�
� ��, ; ( ) ( ) (

( )} ( (
�2)

( )))}f t �

�
� �

�
� �

� �1

1
1 0

1 1

1

2

( )
( ( ))}

( )

( ) ( )

� � � �

�
�

� �

p
G I f tt�{

�
� �

� � �
� �

� �1

1
1

1 0

1 1

1

2

( )
[( ) ( )}

( )

( ) ( )

� �
� �

� � �
�

p
p I f t�{

$ %%
$

I f
0

1 1 2 0�
� � � �( ) ( )

( )]
�

�
� �

� �

� �
�

� � �

1

1

1

1
1 1 11 2( ) ( )

( ) ( ) ( )� � �� � �
p

p

p

% %

% $
�{ ( )}f t % %

$
I f

0

1 1 2 0�
� � �

�

�
�
�

 

!
"
"
�( ) ( )

( )
�

� � � � � � � ��
�
�( ) ( ) ( )% % % %p p I f1 1 0

0
1� � � �

�
�

�{ ( )}f t

� � � � � � ��
�
�( ) ( ( ) ( ))% % % % %p p I f1 1 0

0
1� �

�
�

�{ ( )}f t , (30)

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2024, òîì 60, ¹ 4 45



äå � � � � �� � �2 1 2( ), � � � �� � �2 21( ), 0 1 0 11 2� � �� � �, , [ , ], � �( , ]0 1 ,

�
�

�
�I f I f t

t0
1

0
1

0
0�

�
�
�

� �
� �( ) ( ) .

Çàçíà÷èìî, ùî ó ðàç³ � �1ç (30) âèïëèâàº ñï³ââ³äíîøåííÿ äëÿ ïåðåòâîðåííÿ

Ëàïëàñà ñòàíäàðòíî¿ á³ïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà [26]. Âèêîðèñòàºìî îäåð-

æàíå äëÿ ïåðåòâîðåííÿ Ëàïëàñà ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà

ñï³ââ³äíîøåííÿ (30) ç ìåòîþ âèçíà÷åííÿ ðîçâ’ÿçêó çàäà÷³ òèïó Êîø³ âèãëÿäó

�
� � � �H

g
D u t u t f t

0
1 2

� � �
;

, ;
( ) ( ) ( ) ( , ( , ), [ , ], ( , ])� � � �1 2 0 1 0 1 0 1� � � , (31)

�
� �I u t

g t0
1

0
0�

�

� �
�

;
( ) , (32)

äå u t( ) — øóêàíà ôóíêö³ÿ, � � �0 � �const, , g f C T, [ , ]� 1 0 , � � �g t g( ) , ( )0 0 0.

Ïåðåéäåìî äî íîâî¿ çì³ííî¿ � � g t( ) ( ( ), ( ( )) )t g g g� �� �1 1� � � òà ââåäåìî

ïîçíà÷åííÿ U u g u t F f g f t( ): ( ( )) ( ), ( ): ( ( )) ( )� � � �� � � �� �1 1 . Òîä³ ðîçãëÿäóâà-

íà çàäà÷à çâîäèòüñÿ äî òàêî¿:
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00�
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Çàñòîñîâóþ÷è äî çàäà÷³ (33), (34) ³íòåãðàëüíå ïåðåòâîðåííÿ Ëàïëàñà ùîäî

çì³ííî¿ t òà âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (30), ìàòèìåìî
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äå �
�1 — îïåðàòîð îáåðíåíîãî ïåðåòâîðåííÿ Ëàïëàñà ùîäî �.
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Íà îñíîâ³ òåîðåìè ìíîæåííÿ çîáðàæåíü [34] òà â³äïîâ³äíî äî ñï³ââ³äíî-

øåíü (36), (37) îäåðæóºìî ç (35)
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Ôîðìóëà (38) âèçíà÷àº øóêàíèé çàìêíåíèé ðîçâ’ÿçîê çàäà÷³ (31), (32).

Ïîêëàäàþ÷è â ñï³ââ³äíîøåíí³ (38), çîêðåìà, � � �1 2� � , îòðèìóºìî ðîçâ’ÿçîê

â³äïîâ³äíî¿ çàäà÷³ òèïó Êîø³ äëÿ ð³âíÿííÿ ç îäíîïîðÿäêîâèì ïðîïîðö³éíèì

äðîáîâèì g-Õ³ëüôåð îïåðàòîðîì ó âèãëÿä³
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(Ñë³ä çàçíà÷èòè, ùî ñï³ââ³äíîøåííÿ (39) îäåðæàíå â ðîáîò³ [25, ëåìà 3.1].)

Â³äì³òèìî òàêîæ, ùî êîëè â ñï³ââ³äíîøåíí³ (38) ïîêëàñòè � �1, òî öåé ðîç-

â’ÿçîê ïåðåòâîðþºòüñÿ â ðîçâ’ÿçîê (13) çàäà÷³ (8), (9).

ÂÈÑÍÎÂÊÈ

Ó ðîáîò³ ðîçãëÿíóòî äåÿê³ óçàãàëüíåííÿ á³ïîðÿäêîâî¿ [26] äðîáîâî¿ ïîõ³äíî¿

Õ³ëüôåðà. Çîêðåìà, ââåäåíî ïîíÿòòÿ á³ïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà ôóíêö³¿

ùîäî ³íøî¿ ôóíêö³¿ òà ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿ äðîáîâî¿ ïîõ³äíî¿ Õ³ëüôå-

ðà ôóíêö³¿ ùîäî ³íøî¿ ôóíêö³¿. Íàâåäåíî îñíîâí³ êîìïîçèö³éí³ âëàñòèâîñò³

äëÿ îïåðàòîð³â á³ïîðÿäêîâèõ äðîáîâèõ ïîõ³äíèõ òà ³íòåãðàë³â, îäåðæàíî ôîð-

ìóëó ïåðåòâîðåííÿ Ëàïëàñà ïðîïîðö³éíî¿ á³ïîðÿäêîâî¿ ïîõ³äíî¿ Õ³ëüôåðà,

ïîáóäîâàíî çàìêíåí³ ðîçâ’ÿçêè çàäà÷ òèïó Êîø³ äëÿ ë³í³éíèõ ð³âíÿíü ç çàçíà-

÷åíèìè óçàãàëüíåíèìè á³ïîðÿäêîâèìè äðîáîâèìè ïîõ³äíèìè.
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V.M. Bulavatsky

ON SOME GENERALIZATIONS OF THE BI-ORDINAL HILFER’S FRACTIONAL DERIVATIVE

Abstract. The article is devoted to the generalization of the concept of bi-ordinal Hilfer’s
fractional derivative, previously introduced in an author’s work. In particular, the concept of
the bi-ordinal Hilfer’s derivative of a function with respect to another function and
proportional bi-ordinal Hilfer derivative of a function with respect to another function are
introduced, the main compositional properties for operators of bi-ordinal fractional derivatives
and integrals are given, a formula for the Laplace transform of the proportional bi-ordinal
Hilfer derivative is obtained, and closed-form solutions to the Cauchy-type problems for linear
equations with the mentioned generalized bi-ordinal Hilfer’s fractional derivatives are
constructed.

Keywords: Hilfer’s fractional derivative, bi-ordinal Hilfer’s fractional derivative, bi-ordinal
Hilfer’s fractional derivative of a function with respect to another function, proportional
bi-ordinal Hilfer’s fractional derivative, composite properties, Laplace transform, Cauchy-type
problems, closed-form solutions.
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