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×ÅÁÈØÎÂÑÜÊÅ ÍÀÁËÈÆÅÍÍß ÔÓÍÊÖ²É ÁÀÃÀÒÜÎÕ ÇÌ²ÍÍÈÕ
ÑÒÅÏÅÍÅÂÈÌ ÂÈÐÀÇÎÌ

Àíîòàö³ÿ. Çàïðîïîíîâàíî ìåòîä ïîáóäîâè ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ
ïîõèáêîþ ôóíêö³é áàãàòüîõ çì³ííèõ ñòåïåíåâèì âèðàçîì. Â³í ïîëÿãàº â ïîáóäîâ³ ïðî-
ì³æíîãî ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ïîë³íîìîì çíà÷åíü êîðåíÿ
â³äïîâ³äíîãî ñòåïåíÿ â³ä íàáëèæóâàíî¿ ôóíêö³¿. Ïàðàìåòðè íàáëèæåííÿ ïîë³íîìîì
îá÷èñëåíî ÿê ãðàíè÷íå ñåðåäíüîñòåïåíåâå íàáëèæåííÿ çà ³òåðàö³éíîþ ñõåìîþ ç âèêî-
ðèñòàííÿì ìåòîäó íàéìåíøèõ êâàäðàò³â ç³ çì³ííîþ âàãîâîþ ôóíêö³ºþ. Íàâåäåíî òåñòîâ³
ïðèêëàäè, ÿê³ ï³äòâåðäæóþòü øâèäêó çá³æí³ñòü ìåòîäó ïîáóäîâè ÷åáèøîâñüêîãî íàáëè-
æåííÿ ôóíêö³é îäí³º¿, äâîõ ³ òðüîõ çì³ííèõ ñòåïåíåâèì âèðàçîì.

Êëþ÷îâ³ ñëîâà: ÷åáèøîâñüêå íàáëèæåííÿ ôóíêö³é áàãàòüîõ çì³ííèõ, ñòåïåíåâèé âèðàç,
ñåðåäíüîñòåïåíåâå íàáëèæåííÿ, ìåòîä íàéìåíøèõ êâàäðàò³â, çì³ííà âàãîâà ôóíêö³ÿ.

ÂÑÒÓÏ

Ñòåïåíåâ³ âèðàçè âèêîðèñòîâóþòü äëÿ îïèñó çàëåæíîñòåé ó ð³çíèõ ãàëóçÿõ íàóêè
é òåõí³êè [1–3], çîêðåìà îá’ºìíîãî êîåô³ö³ºíòà ìàñîïåðåäà÷³ [4], çàëåæíîñò³
íàâàíòàæåííÿ, ñïðè÷èíåíîãî òðàíñïîðòíèìè çàñîáàìè íà äîðîæíº ïîêðèòòÿ, â³ä
òîâùèíè ïîêðèòòÿ, òåìïåðàòóðè é õàðàêòåðèñòèê ìàòåð³àëó [5] òîùî.

×åáèøîâñüêå íàáëèæåííÿ ñòåïåíåâèìè âèðàçàìè çàñòîñîâóþòü äëÿ îïèñó
ñïåö³àëüíèõ ìàòåìàòè÷íèõ ôóíêö³é [6], à òàêîæ ó ìîäåëþâàíí³ ñïåö³àëüíèõ
êëàñ³â ô³çè÷íèõ, õ³ì³÷íèõ, á³îëîã³÷íèõ ³ åêîíîì³÷íèõ ïðîöåñ³â [7–9].
Íàáëèæåííÿ ñòåïåíåâèìè âèðàçàìè âèêîðèñòîâóþòü äëÿ îïèñó òåðìîìåòðè÷íî¿
õàðàêòåðèñòèêè ãåðìàí³ºâîãî ì³êðîñåíñîðà [10–12], òåðì³ñòîð³â [13, 14],
êàë³áðóâàëüíî¿ êðèâî¿ âèòðàòîì³ðà [15], à òàêîæ ôóíêö³îíàëüíèõ çàëåæíîñòåé
ó ïî÷àòêîâèõ óìîâàõ çàäà÷³ ïðîñòîðîâî¿ òåïëîïðîâ³äíîñò³ [16, 17]. Çàñòîñóâàííÿ
ñòåïåíåâî¿ çàëåæíîñò³ ïèòîìèõ ³îí³çàö³éíèõ âòðàò åíåðã³¿ çàðÿäæåíèõ ÷àñòèíîê
â³ä ¿õíüî¿ åíåðã³¿ äàº çìîãó îòðèìàòè äîñòîâ³ðí³ êîåô³ö³ºíòè åíåðãåòè÷íîãî
êàë³áðóâàííÿ äëÿ êîìá³íîâàíèõ ñïåêòðîìåòð³â [18].

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Íåõàé ôóíêö³ÿ n çì³ííèõ f X f x x xn( ) ( , , , )� 1 2 � , íåïåðåðâíà â äåÿê³é
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çà ñèñòåìîþ ë³í³éíî íåçàëåæíèõ, íåïåðåðâíèõ íà D ä³éñíèõ ôóíêö³é � i X( ) ,

i m�1, , à ai , i m� 0, , — íåâ³äîì³ ïàðàìåòðè { }a Ai i
m
� �

0
, A R m
 �1. Âèðàç

S a Xm ( ; )* íàçèâàòèìåìî ÷åáèøîâñüêèì íàáëèæåííÿì ôóíêö³¿ f X( ) ç â³ä-

íîñíîþ ïîõèáêîþ íà ìíîæèí³ òî÷îê � , ÿêùî â³í çàäîâîëüíÿº óìîâó
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Ó ïðàö³ [7] ïîáóäîâó ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ
äëÿ ôóíêö³¿ îäí³º¿ çì³ííî¿ ñòåïåíåâèì âèðàçîì (1) çâåäåíî äî îá÷èñëåííÿ
ïàðàìåòð³â ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ïîë³íîìîì.
Àíàëîã³÷íî, ÷åáèøîâñüêå íàáëèæåííÿ ñòåïåíåâèì âèðàçîì (1) ç â³äíîñíîþ
ïîõèáêîþ çâîäèìî äî ïîáóäîâè íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ
óçàãàëüíåíèì ïîë³íîìîì
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ôóíêö³¿ f X f Xs
b( ) ( ( )) /� 1 íà ìíîæèí³ òî÷îê � ùîäî íåâ³äîìèõ ïàðàìåòð³â

a0 ³ ai , i m�1, . ×åáèøîâñüêå íàáëèæåííÿ ôóíêö³¿ áàãàòüîõ çì³ííèõ f Xs ( )

ïîë³íîìîì (4) îá÷èñëþºìî ÿê ãðàíè÷íå íàáëèæåííÿ ó íîðì³ ïðîñòîðó L p äëÿ
p � � ìåòîäîì, îïèñàíèì ó ïðàöÿõ [19–21].

ÌÅÒÎÄ ÎÁ×ÈÑËÅÍÍß ÏÀÐÀÌÅÒÐ²Â ×ÅÁÈØÎÂÑÜÊÎÃÎ ÍÀÁËÈÆÅÍÍß
ÔÓÍÊÖ²¯ ÁÀÃÀÒÜÎÕ ÇÌ²ÍÍÈÕ ÑÒÅÏÅÍÅÂÈÌ ÂÈÐÀÇÎÌ

Ó ïðàö³ [7] òåîðåòè÷íî îá´ðóíòîâàíî ìîæëèâ³ñòü çâåäåííÿ ïîáóäîâè
÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ôóíêö³¿ îäí³º¿ çì³ííî¿
ñòåïåíåâèì âèðàçîì (1) äî ïîáóäîâè íàáëèæåííÿ çíà÷åíü êîðåíÿ
â³äïîâ³äíîãî ñòåïåíÿ ö³º¿ ôóíêö³¿ ïîë³íîìîì. Òàêà ìîæëèâ³ñòü º é ó ðàç³
ïîáóäîâè ÷åáèøîâñüêîãî íàáëèæåííÿ ôóíêö³é áàãàòüîõ çì³ííèõ ñòåïåíåâèì
âèðàçîì (1).

Òåîðåìà 1. Íåõàé äîäàòíà íåïåðåðâíà ôóíêö³ÿ n çì³ííèõ f X( ) çàäàíà íà
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P a Xm ( ; ) (4) ôóíêö³¿ f Xs ( ) íà ìíîæèí³ òî÷îê �, à ïàðàìåòð a0 îá÷èñëþºòüñÿ çà
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äå X max — òî÷êà, â ÿê³é â³äíîñíà ïîõèáêà íàáëèæåííÿ ôóíêö³¿ f X( )
âèðàçîì

S a X P a Xm m
b( ; ) ( ( ; ))�

äîñÿãàº íàéá³ëüøîãî çíà÷åííÿ íà ìíîæèí³ òî÷îê �, à X min — òî÷êà, â ÿê³é
çíà÷åííÿ â³äíîñíî¿ ïîõèáêè íàéìåíøå.
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Äîâåäåííÿ. Ó ïðàö³ [22] äëÿ ôóíêö³é áàãàòüîõ çì³ííèõ òåîðåòè÷íî
îá´ðóíòîâàíî, ùî òî÷êè H-ìíîæèíè ÷åáèøîâñüêîãî íàáëèæåííÿ óçàãàëüíåíèì
ïîë³íîìîì (4) çá³ãàþòüñÿ ç òî÷êàìè H-ìíîæèíè ÷åáèøîâñüêîãî íàáëèæåííÿ
âèðàçîì �( ( ; ))P a Xm , äå �( )z — ñòðîãî ìîíîòîííà ôóíêö³ÿ. Îñê³ëüêè

ñòåïåíåâà ôóíêö³ÿ º ñòðîãî ìîíîòîííîþ, òî öÿ âëàñòèâ³ñòü ñïðàâäæóºòüñÿ äëÿ
âèðàçó (1). Â³äïîâ³äíî äî [22] òî÷êè H-ìíîæèíè ÷åáèøîâñüêîãî íàáëèæåííÿ
ôóíêö³é áàãàòüîõ çì³ííèõ º àíàëîãàìè òî÷îê àëüòåðíàíñó ÷åáèøîâñüêîãî
íàáëèæåííÿ ôóíêö³é îäí³º¿ çì³ííî¿. Â òî÷êàõ H-ìíîæèíè ïîõèáêà íàáëèæåííÿ
ôóíêö³é íàáóâàº íàéá³ëüøîãî çà ìîäóëåì çíà÷åííÿ. ¥ðóíòóþ÷èñü íà
ðåçóëüòàòàõ ïðàö³ [22] ùîäî çàçíà÷åíî¿ âëàñòèâîñò³ òî÷îê H-ìíîæèíè
÷åáèøîâñüêîãî íàáëèæåííÿ, ïðèïóñòèìî, ùî H-ìíîæèíà òî÷îê ÷åáèøîâñüêîãî
íàáëèæåííÿ ñòåïåíåâèì âèðàçîì (1) ñêëàäàºòüñÿ ç ( )m � 2 -õ òî÷îê

H Í i k Í i l k l mi i� � � � � �� �{ }, , , , , ,1 1 2 , (6)

äå Í � — òî÷êè, â ÿêèõ ïîõèáêà íàáëèæåííÿ äîäàòíà, à Í � — òî÷êè, â ÿêèõ
ïîõèáêà íàáëèæåííÿ â³ä’ºìíà. Â³äïîâ³äíî äî õàðàêòåðèñòè÷íî¿ âëàñòèâîñò³
÷åáèøîâñüêîãî íàáëèæåííÿ [22] ïàðàìåòðè íàáëèæåííÿ ñòåïåíåâèì
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Îñê³ëüêè ôóíêö³ÿ f X( ) äîäàòíà, òî äîáóâøè êîð³íü ñòåïåíÿ b ³ç ë³âî¿ òà
ïðàâî¿ ÷àñòèí ñèñòåìè ð³âíÿíü (8), îòðèìàºìî

P a H f H P a H f H i k

P a
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(9)

äå f X f Xs
b( ) ( ( )) /� 1 .

Ñèñòåìà ð³âíÿíü (9) çá³ãàºòüñÿ ³ç ñèñòåìîþ ð³âíÿíü äëÿ âèçíà÷åííÿ

ïàðàìåòð³â ai , i m�1, , ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ

ôóíêö³¿ f Xs ( ) óçàãàëüíåíèì ïîë³íîìîì (4). Ñïðàâä³, âèõîäÿ÷è ç òîãî, ùî òî÷êè
H-ìíîæèíè ÷åáèøîâñüêîãî íàáëèæåííÿ ñòåïåíåâèì âèðàçîì (1) çá³ãàþòüñÿ ç
òî÷êàìè H-ìíîæèíè ÷åáèøîâñüêîãî íàáëèæåííÿ óçàãàëüíåíèì ïîë³íîìîì (4),
ïàðàìåòðè ÷åáèøîâñüêîãî íàáëèæåííÿ óçàãàëüíåíèì ïîë³íîìîì (4) ôóíêö³¿
f Xs ( ) ç â³äíîñíîþ ïîõèáêîþ çàäîâîëüíÿþòü ñèñòåìó ð³âíÿíü
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äå � � | — ïîõèáêà íàáëèæåííÿ. Àíàëîã³÷íî äî âèëó÷åííÿ íåâ³äîìèõ a0 ³ � ³ç
ñèñòåìè ð³âíÿíü (7) âèëó÷èìî íåâ³äîì³ a0 ³ � ³ç ñèñòåìè ð³âíÿíü (10). Ï³ñëÿ
âèëó÷åííÿ öèõ íåâ³äîìèõ îòðèìóºìî ñèñòåìó ð³âíÿíü, ÿêà çá³ãàºòüñÿ ³ç
ñèñòåìîþ ð³âíÿíü (9).

Îñê³ëüêè ñèñòåìà ð³âíÿíü (9) äëÿ âèçíà÷åííÿ çíà÷åíü ïàðàìåòð³â

ai , i m�1, , ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ôóíêö³¿ f X( ) íà

ìíîæèí³ òî÷îê � ñòåïåíåâèì âèðàçîì (1) çá³ãàºòüñÿ ³ç ñèñòåìîþ ð³âíÿíü (10)

â³äíîñíî çíà÷åíü ïàðàìåòð³â ai , i m�1, , ÷åáèøîâñüêîãî íàáëèæåííÿ ôóíêö³¿

f Xs ( ) ïîë³íîìîì (4), îá÷èñëåííÿ çíà÷åíü öèõ ïàðàìåòð³â íàáëèæåííÿ
ñòåïåíåâèì âèðàçîì (1) çâîäèòüñÿ äî îá÷èñëåííÿ çíà÷åíü â³äïîâ³äíèõ
ïàðàìåòð³â ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ôóíêö³¿ f Xs ( )
ïîë³íîìîì (4) íà ìíîæèí³ òî÷îê �.

Çíà÷åííÿ ïàðàìåòðà a0 ìîæíà âèçíà÷èòè ÿê ðîçâ’ÿçîê îäíîïàðàìåòðè÷íî¿
çàäà÷³ ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ôóíêö³¿ f X( )
âèðàçîì a S a Xm0 ( ; ) íà ìíîæèí³ òî÷îê � :

max
( ; )

( )
min

X

m

a

a S a X

f X�
� � ��

�
1 0

0

. (11)

Ðîçâ’ÿçîê çàäà÷³ (11) â³äíîñíî çíà÷åííÿ ïàðàìåòðà a0 îá÷èñëþºòüñÿ çà
ôîðìóëîþ (5).

Îòæå, çíà÷åííÿ ïàðàìåòð³â ai , i m�1, , ÷åáèøîâñüêîãî íàáëèæåííÿ ç

â³äíîñíîþ ïîõèáêîþ âèðàçîì (1) çá³ãàþòüñÿ ç³ çíà÷åííÿìè îäíîéìåííèõ
ïàðàìåòð³â ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ôóíêö³¿ f Xs ( ) íà
ìíîæèí³ òî÷îê � óçàãàëüíåíèì ïîë³íîìîì P a Xm ( ; ) , à çíà÷åííÿ ïàðàìåòðà a0

îá÷èñëþºòüñÿ çà ôîðìóëîþ (5). Òåîðåìó äîâåäåíî.
Â³äïîâ³äíî äî òåîðåìè 1 ïîáóäîâà ÷åáèøîâñüêîãî íàáëèæåííÿ ñòåïåíåâèì

âèðàçîì (1) çâîäèòüñÿ äî îá÷èñëåííÿ ïàðàìåòð³â ÷åáèøîâñüêîãî íàáëèæåííÿ
ôóíêö³¿ f Xs ( ) ïîë³íîìîì (4). Îá÷èñëåííÿ ïàðàìåòð³â ÷åáèøîâñüêîãî
íàáëèæåííÿ ôóíêö³¿ áàãàòüîõ çì³ííèõ f Xs ( ) ïîë³íîìîì (4) ìîæíà ðåàë³çóâàòè
ìåòîäîì, îïèñàíèì ó ïðàöÿõ [19, 20]. Öåé ìåòîä ïîëÿãàº â ïîñë³äîâí³é ïîáóäîâ³
ñåðåäíüîñòåïåíåâèõ íàáëèæåíü ç âèêîðèñòàííÿì ³òåðàö³éíîãî ïðîöåñó íà îñíîâ³
ìåòîäó íàéìåíøèõ êâàäðàò³â

� r s m

X
a A

X f X P a X( )( ( ) ( ; )) min� � ���
�

�	 2

�

, r � 0 1, , � , (12)

ç âàãîâîþ ôóíêö³ºþ

�� � �r r r i

i

r

X X X X X( ) ( ) | ( ) | ( ) ( ) |� ��
�

�1 0
1

� � ,

r p� �1 2, ,� , p � 3 4, , . . . , (13)

äå
�0 2

1
( )

( )
X

f Xs

� , � k
m k

s

X
P a X

f X
( )

( ; )

( )

,� � �
1

1
, k r�1, ,

à P a Xm k, ( ; ) — íàáëèæåííÿ ôóíêö³¿ f Xs ( ) ìåòîäîì íàéìåíøèõ êâàäðàò³â

ç âàãîâîþ ôóíêö³ºþ � k X( ) , ÿêå â³äïîâ³äàº ñåðåäíüîñòåïåíåâîìó íàáëèæåí-
íþ ñòåïåíÿ k � 2 .
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Çàâåðøåííÿ ïîáóäîâè ñåðåäíüîñòåïåíåâèõ íàáëèæåíü ç âèêîðèñòàííÿì
³òåðàö³é (12) ìîæíà êîíòðîëþâàòè äîñÿãíåííÿì äåÿêî¿ çàäàíî¿ òî÷íîñò³ �

� � � ��r r r� � �1 | , (14)

äå
�r

X

m r

s

P a X

f X
� �

�
max

( ; )

( )

,

�
1 .

Â³äïîâ³äíî äî òåîðåìè 1 çíà÷åííÿ ïàðàìåòð³â ai , i m�1, , ÷åáèøîâñüêîãî

íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ôóíêö³¿ f X( ) íà ìíîæèí³ òî÷îê �
ñòåïåíåâèì âèðàçîì (1) çá³ãàþòüñÿ ç³ çíà÷åííÿìè îäíîéìåííèõ ïàðàìåòð³â
îòðèìàíîãî íàáëèæåííÿ P a Xm r, ( ; ) . Çíà÷åííÿ ïàðàìåòðà a0 âèçíà÷àºìî çà

ôîðìóëîþ (5). Îñê³ëüêè îäíîïàðàìåòðè÷íà çàäà÷à ÷åáèøîâñüêîãî íàáëèæåííÿ
ç â³äíîñíîþ ïîõèáêîþ ôóíêö³¿ f X( ) âèðàçîì a S a Xm0 ( ; ) íà ìíîæèí³

òî÷îê � (11) åêâ³âàëåíòíà çàäà÷³ ÷åáèøîâñüêîãî íàáëèæåííÿ

max
~ ( ( ; ))

( )
min~

X

m
b

a

a P a X

f X�
� � ��

�
1 0

0

â³äíîñíî ïàðàìåòðà ~a0 , òî ÷åáèøîâñüêå íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ
ôóíêö³¿ f X( ) âèðàçîì S a Xm ( ; ) íà ìíîæèí³ òî÷îê � çá³ãàºòüñÿ ç íàáëè-

æåííÿì âèðàçîì ~ ( ( ; ))a P a Xm
b

0 . Âèêîðèñòàííÿ öüîãî ôàêòó ï³ä ÷àñ ïðàê-

òè÷íî¿ ðåàë³çàö³¿ îá÷èñëåííÿ ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèá-
êîþ ôóíêö³¿ f X( ) âèðàçîì S a Xm ( ; ) íà ìíîæèí³ òî÷îê � äåùî çìåíøóº
çàãàëüíèé îáñÿã îá÷èñëåíü.

Ðåçóëüòàòè îá÷èñëåííÿ ïàðàìåòð³â ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ
ïîõèáêîþ ñòåïåíåâèì âèðàçîì (1) äëÿ òåñòîâèõ ïðèêëàä³â ï³äòâåðäæóþòü
øâèäêó çá³æí³ñòü ó ðàç³ íàáëèæåííÿ ôóíêö³é îäí³º¿, äâîõ ³ òðüîõ çì³ííèõ.

Ïðèêëàä 1. Çíàéäåìî ÷åáèøîâñüêå íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ

ôóíêö³¿ îäí³º¿ çì³ííî¿ y x x x( ) � 1 + 2 + 0.3 33
, çàäàíî¿ â òî÷êàõ xi , i � 0 20, , äå

x ii � 01. , ñòåïåíåâèì âèðàçîì S a õ à à õ à õ2 0 1 2
23 1( ; ) � � � .

Ç âèêîðèñòàííÿì çàïðîïîíîâàíîãî ìåòîäó äëÿ � � 0003. â óìîâ³ (14) äëÿ

ôóíêö³¿ y x x xs ( ) �1 + 2 + 0.3 3 îòðèìàíî ÷åáèøîâñüêå íàáëèæåííÿ ïîë³íîìîì

P a x x x2
2( ; ) � 0.7555142273 +1.58744604 +1.023276474 (15)

çà 4 ³òåðàö³¿ (12). Öåé ïîë³íîì çàáåçïå÷óº â³äíîñíó ïîõèáêó íàáëèæåííÿ
2.5%. Â³äïîâ³äíî ÷åáèøîâñüêå íàáëèæåííÿ ôóíêö³¿ y x( ) ñòåïåíåâèì âèðàçîì

S a x x x2
2( ; ) �1.00011938 0.7555142273 +1.58744604 +1.023276474

3
(16)

çàáåçïå÷óº â³äíîñíó ïîõèáêó íàáëèæåííÿ 0.837%. Ãðàô³êè ïîõèáêè íàáëè-
æåíü âèðàçàìè (15) ³ (16) ïðåäñòàâëåíî íà ðèñ. 1.

Íàâåäåí³ íà ðèñ. 1 êðèâ³ ïîõèáêè àïðîêñèìàö³¿ â³äïîâ³äàþòü õàðàêòåðèñòè÷í³é
âëàñòèâîñò³ ÷åáèøîâñüêîãî íàáëèæåííÿ. Âîíè ìàþòü ïî ÷îòèðè åêñòðåìàëüí³ òî÷êè
(òî÷êè àëüòåðíàíñó), â ÿêèõ çíà÷åííÿ ïîõèáêè íàáëèæåííÿ çà ìîäóëåì çá³ãàþòüñÿ ó
ìåæàõ çàäàíî¿ òî÷íîñò³, à çíàê â³äõèëåííÿ ó öèõ òî÷êàõ ÷åðãóºòüñÿ [7, 23]. Íàâåäåí³
ãðàô³êè â³äïîâ³äàþòü òàêîæ òâåðäæåííþ [22] ùîäî òî÷îê H-ìíîæèíè
÷åáèøîâñüêîãî íàáëèæåííÿ. Åêñòðåìàëüí³ òî÷êè ïîõèáêè íàáëèæåííÿ
ïîë³íîìîì (16) çá³ãàþòüñÿ ç åêñòðåìàëüíèìè òî÷êàìè (òî÷êàìè àëüòåðíàíñó)
ïîõèáêè íàáëèæåííÿ âèðàçîì (15).
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Â åêñòðåìàëüíèõ òî÷êàõ ïîõèáêà íàáëèæåííÿ ïîë³íîìîì (16) íàáóâàº òàêèõ
çíà÷åíü:

(0, –0.007819691), (0.3, 0.008367812729),

(1.2, –0.008367814281), (2.0, 0.00804602296). (17)

Ðîçá³æí³ñòü çíà÷åíü ïîõèáêè íàáëèæåííÿ â åêñòðåìàëüíèõ òî÷êàõ (17)
ìîæíà çìåíøèòè, ï³äâèùèâøè òî÷í³ñòü îá÷èñëåííÿ � â óìîâ³ (14). ×åáèøîâñüêå
íàáëèæåííÿ ôóíêö³¿ y x( ) ñòåïåíåâèì âèðàçîì S a x2 ( ; )

S a x x x2
21000056769 37552451826 1585929135 102( ; ) . . .� � � 4672066

3
(18)

äëÿ � � 000003. îòðèìàíî çà 95 ³òåðàö³é ç ïîõèáêîþ 0.8237%. Ðîçá³æí³ñòü
çíà÷åíü ïîõèáêè íàáëèæåííÿ (18) çà ìîäóëåì â åêñòðåìàëüíèõ òî÷êàõ

(0, –0.008214532), (0.3, 0.008236717686),

(1.2, –0.008236717711), (2.0, 0.00823243693) (19)

çìåíøèëàñÿ. Ç (17) ³ (19) âèïëèâàº, ùî åêñòðåìàëüí³ òî÷êè ïîõèáêè
íàáëèæåííÿ ôóíêö³¿ y x( ) íå çì³íèëèñÿ. Çíàê ïîõèáêè â öèõ òî÷êàõ
÷åðãóºòüñÿ, ³ â³äïîâ³äíî äî õàðàêòåðèñòè÷íî¿ âëàñòèâîñò³ ÷åáèøîâñüêîãî
íàáëèæåííÿ ôóíêö³¿ îäí³º¿ çì³ííî¿ [7] ö³ òî÷êè â³äïîâ³äàþòü òî÷êàì
àëüòåðíàíñó.

Ïðèêëàä 2. Äëÿ ôóíêö³¿ äâîõ çì³ííèõ

z x y x y x y2
2 2 3 31( , ) ( ) ( )/� � �2 + 2.9 +1.3 , (20)

çàäàíî¿ â òî÷êàõ ( , )x yi j , i � 0 20, , j � 0 20, , äå x ii � 01. , y jj � 01. , çíàéäåìî

÷åáèøîâñüêå íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ñòåïåíåâèì âèðàçîì

S a x ó à à x y à x y2 2 0 1 2
2 21, ( ; , ) ( ) ( )/� � � � � . (21)

Ç âèêîðèñòàííÿì çàïðîïîíîâàíîãî ìåòîäó çà äåñÿòü ³òåðàö³é (12) ç âàãîâîþ

ôóíêö³ºþ (13) äëÿ � � 0003. îòðèìàíî ïðîì³æíå íàáëèæåííÿ ôóíêö³¿ z x y
2

2� ( , )

ïîë³íîìîì

Ð a x ó x ó2 2 212987898 1480066091 300416468, ( ; , ) . . ( ) .� � � � 9 2 2( )x ó� (22)
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Ðèñ. 1. Ãðàô³êè â³äíîñíî¿ ïîõèáêè íàáëèæåííÿ: ôóíêö³¿ y xs ( ) ïîë³íîìîì (15) (a), ôóíêö³¿ y x( )
ñòåïåíåâèì âèðàçîì (16) (á)

à á

��� ���

x



ç â³äíîñíîþ ïîõèáêîþ 6.89%. Íàáëèæåííÿ ôóíêö³¿ z x y2 ( , ) ñòåïåíåâèì
âèðàçîì

S a x ó
x ó

2 2
0998262731

212987898 1480066091
, ( ; , )

.

. . ( )
�

� � � �3004164689 2 2. ( )x ó
(23)

çàáåçïå÷óº â³äíîñíó ïîõèáêó íàáëèæåííÿ 3.443%. Ãðàô³êè ïîâåðõîíü ïîõèá-
êè íàáëèæåíü ïîë³íîìîì (22) ³ âèðàçîì (23) ïðåäñòàâëåíî íà ðèñ. 2.

Âèãëÿä ïîâåðõîíü ïîõèáîê íàáëèæåíü, íàâåäåíèõ íà ðèñ. 2, ï³äòâåðäæóº
òåîðåòè÷íèé âèñë³ä ùîäî òî÷îê H-ìíîæèíè [22]. Â³äïîâ³äíî äî öüîãî âèñë³äó
åêñòðåìàëüí³ òî÷êè (òî÷êè H-ìíîæèíè) â³äíîñíî¿ ïîõèáêè â³äòâîðåííÿ çíà÷åíü

ôóíêö³¿ z x y
2

2� ( , ) ïîë³íîìîì (22) çá³ãàþòüñÿ ç åêñòðåìàëüíèìè òî÷êàìè ïîõèáêè

â³äòâîðåííÿ çíà÷åíü ôóíêö³¿ z x y2 ( , ) ñòåïåíåâèì âèðàçîì (23).

Íàáëèæåííÿ ôóíêö³¿ z x y2 ( , ) ñòåïåíåâèì âèðàçîì S a x ó2 2, ( ; , )

S a x ó

x
2 2

09982553944

2135126121 1471201916
, ( ; , )

.

. . (

�
� � ó x ó) . ( )� �3006350333 2 2

äëÿ � � 000001. îòðèìàíî çà 72 ³òåðàö³¿ ç ïîõèáêîþ 3.41%.

Ïðèêëàä 3. Ïîáóäóºìî ÷åáèøîâñüêå íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ
ôóíêö³¿ òðüîõ çì³ííèõ

z x y t x y t3
2 2 2 34 7 0367( , , ) ( . . ( ))� � � � ,

çàäàíî¿ â òî÷êàõ ( , , )x y ti j r , i � 0 10, , j � 0 10, , r � 0 10, , äå x ii � 0 1. , y jj � 01. ,

t rr � 01. , ñòåïåíåâèì âèðàçîì

S a x ó t à à x y t3 1 0 1
31, ( ; , , ) ( ( ))� � � � .

Ç âèêîðèñòàííÿì çàïðîïîíîâàíîãî ìåòîäó äëÿ � � 0003. çà 8 ³òåðàö³é
îòðèìàíî äëÿ ôóíêö³¿ z x y t3 ( , , ) íàáëèæåííÿ ñòåïåíåâèì âèðàçîì

S a x ó t3 1 09982998304 4572627443 0357254136, ( ; , , ) . ( . .� � 2 3( ))x y t� � ,

ÿêèé çàáåçïå÷óº â³äíîñíó ïîõèáêó 8.068%.
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Ðèñ. 2. Ãðàô³êè ïîâåðõîíü â³äíîñíî¿ ïîõèáêè íàáëèæåííÿ: ôóíêö³¿ z x y2
2� ( , ) ïîë³íîìîì (22) (a),

ôóíêö³¿ z x y2 ( , ) ñòåïåíåâèì âèðàçîì (23) (á)

à á

���
���



ÂÈÑÍÎÂÊÈ

Ìåòîä ïîáóäîâè ÷åáèøîâñüêîãî íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ òàáëè÷íî

çàäàíî¿ ôóíêö³¿ áàãàòüîõ çì³ííèõ f X( ) ñòåïåíåâèì âèðàçîì (1) ðåàë³çîâàíî ³ç

çàñòîñóâàííÿì ïðîì³æíîãî ÷åáèøîâñüêîãî íàáëèæåííÿ ôóíêö³¿ f X f Xs
b( ) ( )�

ç â³äíîñíîþ ïîõèáêîþ óçàãàëüíåíèì ïîë³íîìîì (4). ×åáèøîâñüêå íàáëè-

æåííÿ ïîë³íîìîì îá÷èñëåíî ÿê ãðàíè÷íå ñåðåäíüîñòåïåíåâå íàáëèæåííÿ

ç âèêîðèñòàííÿì ìåòîäó íàéìåíøèõ êâàäðàò³â ç³ çì³ííîþ âàãîâîþ ôóíêö³ºþ.

Çàïðîïîíîâàíèé ìåòîä çàáåçïå÷óº ìîæëèâ³ñòü ïîáóäîâè ÷åáèøîâñüêîãî

íàáëèæåííÿ ñòåïåíåâèì âèðàçîì ç íåîáõ³äíîþ òî÷í³ñòþ. Ðåçóëüòàòè òåñòîâèõ

ïðèêëàä³â ï³äòâåðäæóþòü øâèäêó çá³æí³ñòü ìåòîäó ïîáóäîâè ÷åáèøîâñüêîãî

íàáëèæåííÿ ç â³äíîñíîþ ïîõèáêîþ ñòåïåíåâèì âèðàçîì ôóíêö³é îäí³º¿, äâîõ

³ òðüîõ çì³ííèõ.
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P.S. Malachivskyy, L.S. Melnychok, Ya.V. Pizyur
CHEBYSHEV APPROXIMATION OF THE MULTIVARIABLE FUNCTIONS
BY POWER EXPRESSION

Abstract. A method of constructing the Chebyshev approximation with the smallest relative
error of multivariable functions by a power expression is proposed. It consists in constructing
an intermediate Chebyshev approximation of the function, which is the root of the
corresponding power of the given function by a polynomial. The parameters of the polynomial
approximation are calculated as the limiting mean-power approximation according to the
iterative scheme using the least squares method with a variable weight function. Test examples
are given that confirm the fast convergence of the method of constructing the Chebyshev
approximation using the power expression of functions of one, two, and three variables.

Keywords: Chebyshev approximation of the multivariable functions, power expression,
mean-power approximation, least squares method, variable weight function.
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