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Àíîòàö³ÿ. Ðîçãëÿíóòî ïðîáëåìó çáëèæåííÿ êåðîâàíèõ îá’ºêò³â ç ð³çíîþ ³íåðö³éí³ñòþ
â ³ãðîâèõ çàäà÷àõ äèíàì³êè. Äëÿ òàêèõ êåðîâàíèõ îá’ºêò³â õàðàêòåðíèì º íåâèêîíàííÿ
óìîâè Ïîíòðÿã³íà íà äåÿêîìó ³íòåðâàë³ ÷àñó. Äëÿ ðîçâ’ÿçàííÿ ïðîáëåìè óâåäåíî
ñïåö³àëüí³ áàãàòîçíà÷íå â³äîáðàæåííÿ ³ ìàòðè÷íà ôóíêö³ÿ äëÿ âèð³âíþâàííÿ ðåñóðñ³â êå-
ðóâàííÿ ãðàâö³â, à ïîò³ì äîäàòêîâèé ðåñóðñ êîìïåíñóºòüñÿ çà ðàõóíîê ò³ëåñíî¿ ñêëàäîâî¿
öèë³íäðè÷íî¿ òåðì³íàëüíî¿ ìíîæèíè. Çà äîïîìîãîþ íèæíüî¿ ðîçâ’ÿçóâàëüíî¿ ôóíêö³¿ äëÿ
îá’ºêò³â ç ð³çíîþ ³íåðö³éí³ñòþ çàïðîïîíîâàíî äâ³ ìîäèô³êîâàí³ ñõåìè ïåðøîãî ïðÿìîãî
ìåòîäó Ïîíòðÿã³íà, ùî ãàðàíòóþòü óñï³øíå çàâåðøåííÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó
â êëàñ³ êîíòðêåðóâàíü. Óâåäåíî âåðõíþ ðîçâ’ÿçóâàëüíó ôóíêö³þ òà ðîçãëÿíóòî â³äïîâ³äí³
ìîäèô³êîâàí³ ñõåìè ìåòîäó ðîçâ’ÿçóâàëüíèõ ôóíêö³é äëÿ êåðîâàíèõ îá’ºêò³â ç ð³çíîþ
³íåðö³éí³ñòþ â êëàñ³ êâàç³ñòðàòåã³é òà êîíòðêåðóâàíü. Íîâ³ òåîðåòè÷í³ ðåçóëüòàòè
ïðî³ëþñòðîâàíî íà ìîäåëüíîìó ïðèêëàä³.

Êëþ÷îâ³ ñëîâà: êåðîâàí³ îá’ºêòè ç ð³çíîþ ³íåðö³éí³ñòþ, êâàç³ë³í³éíà äèôåðåíö³àëüíà ãðà,
áàãàòîçíà÷íå â³äîáðàæåííÿ, âèì³ðíèé ñåëåêòîð, ñòðîáîñêîï³÷íà ñòðàòåã³ÿ, ðîçâ’ÿçóâàëüíà
ôóíêö³ÿ.

ÂÑÒÓÏ

Áåçï³ëîòí³ ë³òàëüí³ àïàðàòè îñòàíí³ì ÷àñîì íàáóëè øèðîêèõ ôóíêö³îíàëüíèõ
ìîæëèâîñòåé ³ ä³ñòàëè çàñòîñîâóâàííÿ ó áàãàòüîõ êîìåðö³éíèõ òà â³éñüêîâèõ
ãàëóçÿõ. Ñêëàäí³ñòü çàäà÷ âèñóâàº íà ÷³ëüíå ì³ñöå ïèòàííÿ âçàºìîä³¿ ãðóï ðó-
õîìèõ îá’ºêò³â ç ð³çíîþ ³íåðö³éí³ñòþ â óìîâàõ êîíôë³êòó. Ñåðåä áàãàòüîõ
ïóáë³êàö³é çàðóá³æíèõ àâòîð³â, òåìàòèêà ÿêèõ ïîâ’ÿçàíà ç ïèòàííÿìè êåðóâàí-
íÿ ðåàëüíî ÷èííèìè ïðîòîòèïàìè áåçï³ëîòíèõ àïàðàò³â ç ð³çíîþ ³íåðö³éí³ñòþ,
â³äçíà÷èìî ïðàö³ [1–9]. Ó öèõ ðîáîòàõ ðîçãëÿäàþòüñÿ çàäà÷³ ãðóïîâî¿ âçàºìîä³¿
ï³ä ÷àñ ðîçâ’ÿçàííÿ çàäà÷ çáëèæåííÿ êåðîâàíèõ îá’ºêò³â òà ñòðàòåã³é ïåðåõîï-
ëåííÿ ö³ëåé ç áàãàòüìà ó÷àñíèêàìè. Àíàë³ç çàçíà÷åíèõ ðîá³ò ñâ³ä÷èòü, ùî
â íèõ äîñë³äæóþòüñÿ åâðèñòè÷í³ ìåòîäè çáëèæåííÿ êîíôë³êòíî-êåðîâàíèõ
îá’ºêò³â ³ âîíè ìàþòü ïðèêëàäíèé, ³íæåíåðíèé õàðàêòåð. Îòðèìàí³ â öèõ ðîáî-
òàõ ðåçóëüòàòè ï³äêð³ïëåí³ ÿê åêñïåðèìåíòàìè ç âèêîðèñòàííÿì êîìï’þòåðíîãî
ìîäåëþâàííÿ, òàê ³ ïîëüîâèìè âèïðîáóâàííÿìè çà äîïîìîãîþ ÷èííèõ ïðîòî-
òèï³â áåçï³ëîòíèõ ë³òàëüíèõ àïàðàò³â òà ³íøèõ îá’ºêò³â êåðóâàííÿ ç ð³çíîþ
³íåðö³éí³ñòþ. Äëÿ òåîðåòè÷íîãî îáãðóíòóâàííÿ ðåçóëüòàò³â öèõ ³ ñõîæèõ ðîá³ò
çàïðîïîíîâàíî ìåòîäèêó ôîðìóâàííÿ ñòðàòåã³é êåðóâàííÿ, ùî äàº ìîæëèâ³ñòü
ðîçðîáèòè åôåêòèâíèé ìàòåìàòè÷íèé àïàðàò, ïðèäàòíèé äëÿ çàñòîñóâàííÿ â ðå-
àëüíèõ óìîâàõ ùîäî âèð³øåííÿ ïðîáëåìè çáëèæåííÿ êîíôë³êòíî-êåðîâàíèõ
îá’ºêò³â ç ð³çíîþ ³íåðö³éí³ñòþ òà ñòðàòåã³é ïåðåõîïëåííÿ ö³ëåé â ³ãðîâèõ çàäà-
÷àõ äèíàì³êè ç áàãàòüìà ó÷àñíèêàìè.

Ðîáîòà ïðèñâÿ÷åíà äîñë³äæåííþ ïðîáëåìè çáëèæåííÿ êåðîâàíèõ îá’ºêò³â
ç ð³çíîþ ³íåðö³éí³ñòþ òà ïåðåõîïëåííÿ ö³ëåé â ³ãðîâèõ çàäà÷àõ äèíàì³êè íà
îñíîâ³ ñó÷àñíî¿ âåðñ³¿ ìåòîäó ðîçâ’ÿçóâàëüíèõ ôóíêö³é [10–12]. Äëÿ êåðîâàíèõ
îá’ºêò³â ç ð³çíîþ ³íåðö³éí³ñòþ õàðàêòåðíèì º òå, ùî íà äåÿêîìó ³íòåðâàë³ ÷àñó
íå âèêîíóºòüñÿ óìîâà Ïîíòðÿã³íà [13, 14]. Äëÿ ðîçâ’ÿçàííÿ çàäà÷³ ââåäåíî
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ñïåö³àëüí³ áàãàòîçíà÷íå â³äîáðàæåííÿ ³ ìàòðè÷íà ôóíêö³ÿ äëÿ âèð³âíþâàííÿ ðå-
ñóðñ³â êåðóâàííÿ ãðàâö³â, à ïîò³ì äîäàòêîâèé ðåñóðñ êîìïåíñóºòüñÿ çà ðàõóíîê
ò³ëåñíî¿ ñêëàäîâî¿ öèë³íäðè÷íî¿ òåðì³íàëüíî¿ ìíîæèíè. Çà äîïîìîãîþ íèæíüî¿
ðîçâ’ÿçóâàëüíî¿ ôóíêö³¿ äëÿ îá’ºêò³â ç ð³çíîþ ³íåðö³éí³ñòþ çàïðîïîíîâàíî äâ³
ìîäèô³êîâàí³ ñõåìè ïåðøîãî ïðÿìîãî ìåòîäó Ïîíòðÿã³íà [13], ùî ãàðàíòóþòü
óñï³øíå çàâåðøåííÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó â êëàñ³ êîíòðêåðóâàíü.
Óâåäåíî âåðõíþ ðîçâ’ÿçóâàëüíó ôóíêö³þ òà íàâåäåíî â³äïîâ³äí³ ìîäèô³êîâàí³
ñõåìè ìåòîäó ðîçâ’ÿçóâàëüíèõ ôóíêö³é äëÿ êåðîâàíèõ îá’ºêò³â ç ð³çíîþ
³íåðö³éí³ñòþ â êëàñ³ êâàç³ñòðàòåã³é òà êîíòðêåðóâàíü. Íîâ³ òåîðåòè÷í³ ðåçóëüòà-
òè ïðî³ëþñòðîâàíî íà ìîäåëüíîìó ïðèêëàä³.

Ðîáîòà ïðîäîâæóº äîñë³äæåííÿ [10–12], äîòè÷íà äî ïóáë³êàö³é [13–20] ³ ïî-
øèðþº êëàñ ³ãðîâèõ çàäà÷ çáëèæåííÿ êåðîâàíèõ îá’ºêò³â ³ç ð³çíîþ ³íåðö³éí³ñòþ,
ÿê³ ìàþòü ðîçâ’ÿçîê.

ÄÎÑÒÀÒÍ² ÓÌÎÂÈ ÃÀÐÀÍÒÎÂÀÍÎÃÎ ÐÅÇÓËÜÒÀÒÓ Â ÏÐßÌÈÕ ÌÅÒÎÄÀÕ
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Ó ñê³í÷åííîâèì³ðíîìó åâêë³äîâîìó ïðîñòîð³ R n , n � 2, ðîçãëÿíåìî
êîíôë³êòíî-êåðîâàíèé ïðîöåñ, åâîëþö³ÿ ÿêîãî îïèñàíà ð³âí³ñòþ

z t g t t u v d

t

( ) ( ) ( , ) ( ( ), ( ))� � �� � � � � �

0

, t � 0. (1)

Òóò z t R n( )� , ôóíêö³ÿ g t( ), g R R n: � � , R t t� � �{ : }0 , âèì³ðíà çà Ëåáåãîì

[9, 11] ³ îáìåæåíà äëÿ t 	 0, ìàòðè÷íà ôóíêö³ÿ � ( , )t � , t � �� 0, âèì³ðíà çà t,
à òàêîæ º ñóìîâíîþ çà � äëÿ êîæíîãî t R� � . Áëîê êåðóâàííÿ çàäàºòüñÿ

ôóíêö³ºþ �( , )u v , �:U V R n
 � , ÿêà ââàæàºòüñÿ íåïåðåðâíîþ çà ñóêóïí³ñòþ

çì³ííèõ íà ïðÿìîìó äîáóòêó íåïîðîæí³õ êîìïàêò³â U ³ V .
Êåðóâàííÿ ãðàâö³â u( )� , u R U: � � , ³ v( )� , v R V: � � , º âèì³ðíèìè

ôóíêö³ÿìè ÷àñó.

Êð³ì ïðîöåñó (1) çàäàíî òåðì³íàëüíó ìíîæèíó M * , ùî ìàº öèë³íäðè÷íèé
âèãëÿä

M M M* � �0 , (2)

äå M 0 — ë³í³éíèé ï³äïðîñò³ð ç R n , à M — êîìïàêò ç îðòîãîíàëüíîãî äîïîâ-

íåííÿ L äî ï³äïðîñòîðó M 0 ó R n .

Ö³ë³ ïåðøîãî ( )u ³ äðóãîãî ( )v ãðàâö³â ïðîòèëåæí³. Ïåðøèé ãðàâåöü (ïåðå-
ñë³äóâà÷) íàìàãàºòüñÿ âèâåñòè òðàºêòîð³þ ïðîöåñó (1) íà òåðì³íàëüíó ìíîæèíó
(2) çà íàéêîðîòøèé ÷àñ, à äðóãèé ãðàâåöü (âò³êà÷) — ìàêñèìàëüíî â³äòÿãíóòè

ìîìåíò ïîïàäàííÿ òðàºêòîð³¿ íà ìíîæèíó M * àáî âçàãàë³ óíèêíóòè çóñòð³÷³.
Íåõàé ãðà (1), (2) òðèâàº íà ³íòåðâàë³ [ , ]0 T . Ââàæàòèìåìî, ùî çàäàíà ñòðà-

òåã³ÿ çáëèæåííÿ, ÿêùî âèçíà÷åíî â³äîáðàæåííÿ U g T vt( ( ), ( ))� , ÿêå íà îñíîâ³
³íôîðìàö³¿ ïðî g T( ) ³ vt ( )� ôîðìóº âèì³ðíó ôóíêö³þ

u t u g T vt( ) ( ( ), ( ))� � , t T�[ , ]0 , u t U( )� , (3)

äå v v s s tt ( ) { ( ): [ , ]}� � � 0 — ïåðåä³ñòîð³ÿ êåðóâàííÿ äðóãîãî ãðàâöÿ äî ìîìåí-
òó t. ßêùî çàì³ñòü â³äîáðàæåííÿ U g T vt( ( ), ( ))� çàä³ÿòè â³äîáðàæåííÿ
U g T v t( ( ), ( )), òî ââàæàòèìåìî, ùî çàäàíà ñòðîáîñêîï³÷íà ñòðàòåã³ÿ çáëèæåííÿ,
ÿêà âèçíà÷àº êîíòðêåðóâàííÿ ó âèãëÿä³ âèì³ðíî¿ ôóíêö³¿

u t u g T v t( ) ( ( ), ( ))� , t T�[ , ]0 , u t U( )� . (4)
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Êåðóâàííÿ u t u z vt( ) ( , ( ))� �0 ðåàë³çóº êâàç³ñòðàòåã³þ, à êîíòðêåðóâàííÿ [13]
u t u z v t( ) ( , ( ))� 0 ïðèçíà÷àºòüñÿ ñòðîáîñêîï³÷íîþ ñòðàòåã³ºþ Õàºêà [17]. Ïðè

öüîìó ìàº áóòè âèêîíàíà óìîâà «ô³çè÷íî¿ çä³éñíåííîñò³»: ÿêùî v t v t1 2( ) ( )�

ìàéæå âñþäè äëÿ t � 0, òî u z v u z vt t( , ( )) ( , ( ))0
1

0
2� � � ìàéæå âñþäè äëÿ t � 0,

v t Vi ( )� , v i ( )� — âèì³ðíà ôóíêö³ÿ, i �1 2, .

Ñôîðìóëþºìî íåîáõ³äí³ ôàêòè ç îïóêëîãî àíàë³çó [15, 19] ó âèãëÿä³ ëåìè.

Ëåìà 1. Íåõàé X R n� — îïóêëèé êîìïàêò, � �( ) — íåâ³ä’ºìíà îáìåæåíà

âèì³ðíà ÷èñëîâà ôóíêö³ÿ. Òîä³ � � � � � �( ) ( )
0 0

T T

Xd d X� �� , T 	 0. Äî òîãî æ ÿêùî

0�X , f X( ) ( )� � �� ³ � � �( )d
0

1
T

� � , òî f d X

T

( )� �

0
� � , f ( )� — âèì³ðíà ôóíêö³ÿ,

��[ , ]0 T .

Ïîçíà÷èìî � îïåðàòîð îðòîãîíàëüíîãî ïðîºêòóâàííÿ ç R n ó L. Ïîêëàäåìî
� �( , ) { ( , ): }U v u v u U� � ³ ðîçãëÿíåìî áàãàòîçíà÷í³ â³äîáðàæåííÿ

W t v t U v( , , ) ( , ) ( , )� � � �� � , W t W t v
v V

( , ) ( , , )� ��
�
�

íà ìíîæèíàõ 
 � 
V ³ 
 � â³äïîâ³äíî, äå 
 ��� � � � � �{( , ): }t t� �0 , � —
äåÿêå äîäàòíå ÷èñëî. Ïðèïóñòèìî, ùî áàãàòîçíà÷íå â³äîáðàæåííÿ W t v( , , )�
ìàº çàìêíåí³ çíà÷åííÿ íà ìíîæèí³ 
 � 
V .

Óìîâà 1 (óìîâà Ïîíòðÿã³íà). Áàãàòîçíà÷íå â³äîáðàæåííÿ W t( , )� íàáóâàº

íåïîðîæí³õ çíà÷åíü íà ìíîæèí³ 
 �, � — äåÿêå äîäàòíå ÷èñëî.
Ç óðàõóâàííÿì ïðèïóùåíü ïðî ìàòðè÷íó ôóíêö³þ � ( , )t � ìîæíà ä³éòè âèñ-

íîâêó, ùî çà áóäü-ÿêîãî ô³êñîâàíîãî t 	 0 âåêòîð-ôóíêö³ÿ � � �� ( , ) ( , )t u v áóäå
L B� -â³ì³ðíîþ çà ( , ) [ , ]� v t V� 
0 ³ íåïåðåðâíîþ çà u U� . Òîìó íà ï³äñòàâ³ òåî-
ðåìè ïðî ïðÿìèé îáðàç [9] äëÿ áóäü-ÿêîãî ô³êñîâàíîãî t 	 0 áàãàòîçíà÷íå â³äîá-
ðàæåííÿ W t v( , , )� º L B� -â³ì³ðíèì çà ( , ) [ , ]� v t V� 
0 . ßêùî óìîâà Ïîíòðÿã³íà
âèêîíàíà, òî íà ìíîæèí³ 
 ³ñíóº ïðèíàéìí³ îäèí ñåëåêòîð � �0 ( , )t â³äîáðàæåííÿ
W t( , )� , � � �0 ( , ) ( , )t W t� . Òàêèé ñåëåêòîð íàçèâàòèìåìî ñåëåêòîðîì Ïîíòðÿã³íà.
Ñôîðìóëþºìî óìîâó Ïîíòðÿã³íà â åêâ³âàëåíòíîìó âèãëÿä³.

Íà ìíîæèí³ 
 �, äå � — äåÿêå äîäàòíå ÷èñëî, ³ñíóº ñåëåêòîð Ïîíòðÿã³íà
� �0 ( , )t , äëÿ ÿêîãî ñïðàâåäëèâå âêëþ÷åííÿ

0 0� �
�
�

v V

W t v t[ ( , , ) ( , )]� � � .

Óìîâà Ïîíòðÿã³íà º êëþ÷îâîþ äëÿ ïåðøîãî ìåòîäó Ïîíòðÿã³íà, ³ ÿêùî âîíà
íå âèêîíàíà, òî ìåòîä íå ïðàöþº. Ñôîðìóëþºìî ìîäèô³êîâàíó óìîâó Ïîí-
òðÿã³íà äëÿ êåðîâàíèõ îá’ºêò³â ç ð³çíîþ ³íåðö³éí³ñòþ.

Íåõàé � �( , )t , �:
 � � L, — äåÿêà (ìàéæå âñþäè) îáìåæåíà âèì³ðíà çà t ³
ñóìîâíà çà �, ��[ , ]0 t , äëÿ êîæíîãî t 	 0 ôóíêö³ÿ, ÿêó íàçèâàòèìåìî ôóíêö³ºþ
çñóâó, 
 �� � � � � � �{( , ): }t t� �0 , � — äåÿêå äîäàòíå ÷èñëî. Íåõàé M1 —

îïóêëèé êîìïàêò ³ç îðòîãîíàëüíîãî äîäàòêó L äî ï³äïðîñòîðó M 0 ó R n òàêèé,

ùî äëÿ m M� 1 ìàòèìåìî � �m M1 ³ M M M m L m M M2 1 1� � � � � � �{ : }
� � ��

�
�

m M
M m

1

( ) , äå ñèìâîë � âèçíà÷àº ãåîìåòðè÷íó ð³çíèöþ Ì³íêîâñüêîãî

[13, 14]. Íàçèâàòèìåìî äîïóñòèìèìè ôóíêö³þ çñóâó � �( , )t ³ ìíîæèíè M1 , M 2 ,

äëÿ ÿêèõ ñïðàâåäëèâ³ çàçíà÷åí³ óìîâè òà âëàñòèâîñò³.
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Ðîçãëÿíåìî êîìïàêòíîçíà÷íå âèì³ðíå áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� ,

V t V( ) � , ³ íåïåðåðâíó ìàòðè÷íó ôóíêö³þ B ( )� ³ç çíà÷åííÿìè ïîðÿäêó k, äå k —

ðîçì³ðí³ñòü âåêòîðà v V t� �( )� , ( , )t � �
�, � — äåÿêå äîäàòíå ÷èñëî. Çàçíà÷è-

ìî, ùî äëÿ â³äîáðàæåííÿ V ( )� ³ñíóº âèì³ðíèé ñåëåêòîð vs ( )� . Äàë³ ïðèïóñêàòè-

ìåìî, øî áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� º êîìïàêòíîçíà÷íèì âèì³ðíèì â³äîá-

ðàæåííÿì, à ìàòðè÷íà ôóíêö³ÿ B ( )� º íåïåðåðâíîþ ôóíêö³ºþ.
Ïîçíà÷èìî W t v t U B t vB ( , , ) ( , ) ( , ( ) )� � � � �� �� , � � �B t u v v u B t( , , , ) ( , (� � �

� �� �) ) ( , )v u v , ( , )t � �
�, u U� , v V� , v V t� �( )� ³ ðîçãëÿíåìî äëÿ ( , )t � �
�,

v V� , v V t� �( )� áàãàòîçíà÷íå â³äîáðàæåííÿ

� �B Bt v v t t U v v M( , , , ) { : ( , ) ( , , , ) }� � � � � � �� � � �0 1 .

ßêùî íà ìíîæèí³ 
 � 
 
 �V V t( )� âèêîíàíî óìîâó �B t v v( , , , )� ��, òî

ðîçãëÿíåìî ñêàëÿðíó ôóíêö³þ � � � � �B Bt v v t v v( , , , ) inf : ( , , , )� �{ }� , ( , )t � �
�,
v V� , v V t� �( )� . Â³äïîâ³äíî äî ðîáîòè [20] áàãàòîçíà÷íå â³äîáðàæåííÿ

�B t v v( , , , )� º çàìêíåíîçíà÷íèì, L B B� � -âèì³ðíèì çà ñóêóïí³ñòþ ( , , )� v v ,
( , )t � �
�, v V� , v V t� �( )� , à ôóíêö³ÿ � �B t v v( , , , ) º L B B� � -âèì³ðíîþ çà

ñóêóïí³ñòþ ( , , )� v v , ( , )t � �
�, v V� , v V t� �( )� ³ òîìó âîíà ñóïåðïîçèö³éíî

âèì³ðíà [20], òîáòî � � � �B t v v( , , ( ), ( )) âèì³ðíà çà �, ( , )t � �
�, çà áóäü-ÿêèõ
âèì³ðíèõ ôóíêö³é v( )� ³ v ( )� , v V( )� � , v V t( ) ( )� �� � . Çàçíà÷èìî òàêîæ, ùî

ôóíêö³ÿ sup
v V v V t

B t v v
� � �, ( )

( , , , )
�

� � âèì³ðíà çà �, ��[ , ]0 t .

Äëÿ ôóíêö³¿ çñóâó � ( , )� � ïîçíà÷èìî � � � �( ) ( , ( ), ( , )) ( )t t g t t g t� � � �

�� � � �( , )t d

t

0

òà ðîçãëÿíåìî äëÿ ( , )t � �
�, �	 �, v V t� �( )� áàãàòîçíà÷íå â³äîá-

ðàæåííÿ
A( , , ) { :[ ( , , ) ( , )] [ ( )] }t v W t v t M tB� 	 � � � 	 �� � � � ��0 2� . (5)

ßêùî íà ìíîæèí³ 
 � 
 �V t( )� âèêîíàíî óìîâó A( , , )t v� ��, òî ðîçãëÿíå-

ìî íèæíþ ñêàëÿðíó ðîçâ’ÿçóâàëüíó ôóíêö³þ [10]

	 � 	 	 �� � �( , , ) inf : ( , , )}t v t v{ A , ( , )t � �
�, v V t� �( )� .

Ó ðîáîò³ [20] ïîêàçàíî, ùî áàãàòîçíà÷íå â³äîáðàæåííÿ A( , , )t v� º çàìêíå-
íîçíà÷íèì, L B� -âèì³ðíèì çà ñóêóïí³ñòþ ( , )� v , ( , )t � �
�, v V t� �( )� , à íè-

æíÿ ðîçâ’ÿçóâàëüíà ôóíêö³ÿ º L B� -âèì³ðíîþ çà ñóêóïí³ñòþ ( , )� v , ( , )t � �
�,
v V t� �( )� , ³ òîìó âîíà ñóïåðïîçèö³éíî âèì³ðíà [20], òîáòî 	 � �* ( , , ( ))t v

âèì³ðíà çà �, ( , )t � �
�, äëÿ áóäü-ÿêî¿ âèì³ðíî¿ ôóíêö³¿ v Vt( ) ( )� � � . Çàçíà÷èìî

òàêîæ, ùî íèæíÿ ðîçâ’ÿçóâàëüíà ôóíêö³ÿ íàï³âíåïåðåðâíà çíèçó çà çì³ííîþ v

òà ôóíêö³ÿ sup ( , , )
( )v V t

t v
� �

�
�

	 � âèì³ðíà çà �, ( , )t � �
�.

Óìîâà 2. ²ñíóþòü äåÿêå äîäàòíå ÷èñëî �, à òàêîæ áàãàòîçíà÷íå â³äîáðàæåííÿ

V ( )� , V t V( ) � , t �[ , ]0 � , ìàòðè÷íà ôóíêö³ÿ B ( )� , äîïóñòèì³ ôóíêö³ÿ çñóâó � ( , )� � ,

ìíîæèíè M1, M 2 òàê³, ùî äëÿ ( , )t � �
�, v V� , v V t� �( )� ñïðàâåäëèâ³

ñï³ââ³äíîøåííÿ �B t v v( , , , )� ��, A( , , )t v� ��, � �B t U v v( , , , )� �

� � �B t v v M( , , , ) 1, s t v v d
v V v V t

B

t

up
� � �
� �

, ( )

( , , , )
�

� � �

0

1.
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Ðîçãëÿíåìî ìíîæèíó

T g t t t v d

v V t

t

�
� �

�� � � � �( ( ), ( , )) [ , ]: sup ( , , )
( )

� 	 � �
�

0 1
0

� �
�
�
�

��

�
�
�

��
. (6)

ßêùî íåð³âí³ñòü â ô³ãóðíèõ äóæêàõ ñï³ââ³äíîøåííÿ (6) íå âèêîíóºòüñÿ äëÿ
æîäíèõ t �[ , ]0 � , òî ïîêëàäåìî T g( ( ), ( , ))� � � ��� .

Òåîðåìà 1. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2), äåÿêîãî äî-
äàòíîãî ÷èñëà � ³ äîïóñòèìî¿ ôóíêö³¿ çñóâó � ( , )� � ìíîæèíà T g� � � �( ( ), ( , ))� íå
º ïîðîæíüîþ, T T g� � � �� ( ( ), ( , ))� òà ³ñíóþòü áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� ,

ìàòðè÷íà ôóíêö³ÿ B ( )� , äîïóñòèì³ ìíîæèíè M1, M 2 òàê³, ùî �( )T M� 2 ³ âèêî-
íàíà óìîâà 2. Òîä³ ãðà ìîæå áóòè çàê³í÷åíîþ â ìîìåíò T ç âèêîðèñòàííÿì êåðó-
âàííÿ âèãëÿäó (4).

Äîâåäåííÿ. Íåõàé v( )� — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

��[ , ]0 T . Çàçíà÷èìî ñïîñ³á âèáîðó êåðóâàííÿ ïåðåñë³äóâà÷åì.
Ðîçãëÿíåìî äëÿ v V T� �( )� , ��[ , ]0 T êîìïàêòíîçíà÷íå áàãàòîçíà÷íå â³äîá-

ðàæåííÿ

U v u U T u B T v T T v� �� � � � �( , ) { : ( , ) ( , ( ) ) ( , ) ( , , )[� � � � � � � 	 �� M T2 � �( )]}.

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) òà íèæíüî¿ ðîçâ’ÿçó-
âàëüíî¿ ôóíêö³¿ 	 �* ( , , )T v êîïàêòíîçíà÷íå â³äîáðàæåííÿ U v� ( , )� º
L B� -âèì³ðíèì [20] çà v V T� �( )� , ��[ , ]0 T . Òîìó çà óìîâ òåîðåìè ïðî

âèì³ðíèé âèá³ð ñåëåêòîðà [18] áàãàòîçíà÷íå â³äîáðàæåííÿ U v� ( , )� ì³ñòèòü
L B� -âèì³ðíèé ñåëåêòîð u v� ( , )� , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ
ôóíêö³ºþ [20].

Íåõàé vs ( )� º âèì³ðíèì ñåëåêòîðîì â³äîáðàæåííÿ V ( )� . Ïîêëàäåìî äëÿ

��[ , ]0 T êåðóâàííÿ ïåðøîãî ãðàâöÿ u u v� ��( ) ( , ( ))� � � , äå

v
v v V T

v v V Ts

( ) ( ), ( ) ( ),
( ), ( ) ( ).

�
� � �

� � �
�

� �

 �

�
�

ÿêùî
ÿêùî�

Ç óðàõóâàííÿì ôîðìóëè (1) îòðèìàºìî

� � � � � � � �z T T T u v v dB

T

( ) ( , ) ( , ( ), ( ), ( ))� � ��� �

0

� � � ���� � � � � � � � � �( ) ( ( , ) ( ( ), ( ), ( )) ( , ))T T u B T v T d

T

�

0

. (7)

Óíàñë³äîê óìîâè 2 ùîäî âèçíà÷åííÿ ìîìåíòó T ìàºìî

0 1�M , � � � �
 � � � � � � �� ( , ) ( ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MBB � �� 1, ��[ , ]0 T ,

� � � � � � �
�

B
v V v V T

TT

BT v v d T v( , , ( ), ( )) sup ( , , ,
, ( )

�
� � �
��
00

v d) � � 1.

Òîä³ ç óðàõóâàííÿì ëåìè 1 ñïðàâåäëèâå âêëþ÷åííÿ

� � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB

T

� ���
0

1M

òà çà ïðèïóùåííÿì ìàºìî

� � ��� � � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB

0
1

T

M .
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Ç óðàõóâàííÿì âèáîðó êåðóâàííÿ òà çà âèçíà÷åííÿì ìîìåíòó T ìàºìî

0 2� �M T�( ), � � � � � � � � 	 � ��( , ) ( ( ), ( ) ( )) ( , ) ( , , ( ))[T u B T v T T v M� �� � � �2 �( )]T ,

	 � � � 	 � �
�

�
� �

�� ��� ( , , ( )) sup ( , , , )
( )

T v d T v v d
v V T

TT

00

1.

Òîä³ ç óðàõóâàííÿì ëåìè 1 ñïðàâåäëèâå âêëþ÷åííÿ

( ( , ) ( ( ), ( ), ( )) ( , )) ( )� � � � � � � � � �� T u B T v T d M T

T

� � � � ��
0

2 .

Îòæå, ñï³ââ³äíîøåííÿ (7) âèçíà÷àº

� � �z T M T M T M M M( ) ( ) ( )� � � � � � �1 2 1 2 ³ z T M( ) *� ,

ùî é çàâåðøóº äîâåäåííÿ òåîðåìè.
Íàñë³äîê. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2), äåÿêîãî

äîäàòíîãî ÷èñëà � ³ äîïóñòèìî¿ ôóíêö³¿ çñóâó � ( , )� � ìíîæèíà T g� � � �( ( ), ( , ))�
íå º ïîðîæíüîþ, T T g� � � �� ( ( ), ( , ))� òà ³ñíóþòü áàãàòîçíà÷íå â³äîáðàæåííÿ
V ( )� , ìàòðè÷íà ôóíêö³ÿ B ( )� , äîïóñòèì³ ìíîæèíè M1, M 2 òàê³, ùî �( )T M� 2 ³

âèêîíàíà óìîâà 2. Òîä³ ìàþòü ì³ñöå íåð³âíîñò³

� � � � � � � � � �M B BT T u v v d
1

0

� ( , ) ( , ( ), ( ), ( )) (�
!

"

#
#

$

%

&
&
���

T

T v v d, , ( ), ( ))� � � �

0

T

� ,

� �[ ( )]M T2�




 � �
!

"

#
#

$

%

&
&
�� �[ ( , ) ( ( ), ( ) ( )) ( , )]� � � � � � � � �

0

T

T u B T v T d� 	 � � ��� ( , , ( ))T v d

0

T

,

äå � � �X f t f t X( ( )) { : ( ) }� � �inf 0 — ôóíêö³îíàë Ì³íêîâñüêîãî, X R n� —

îïóêëèé êîìïàêò, 0�X , f t( ) — âèì³ðíà ôóíêö³ÿ.
Äîâåäåííÿ. Íåõàé v( )� — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

��[ , ]0 T . Çà âèáîðîì êåðóâàííÿ â äîâåäåíí³ òåîðåìè 1 ìàþòü ì³ñöå âêëþ÷åííÿ

� � � � � � � � � � �� ( , ) ( , ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� �� 1 ,

� � � �� � � � � 	 
 
 � � �� ( , ) ( ( ( ) ( )) ( , ) , ( ))[T u B T v T v M� �� � � �T 2 ( )]T .

Òîä³ ç óðàõóâàííÿì ëåìè 1 ñïðàâåäëèâ³ âêëþ÷åííÿ

� � � � � � � � � � �� ( , ) ( , ( ), ( ), ( )) ( , , ( ), (T T u v v d T v vB B� ���
0

T

� �))d M1
0

T

� ,

[ ( , ) ( ( ( ) ( )) ( , )] , (� � � �� � � � � � 	 
 
 � �� T u B T v T d v

T

� �� � ��
0

T )) [ ( )]d M T� �2
0

��
T

.

Ç âèçíà÷åííÿì ôóíêö³îíàëó Ì³íêîâñüêîãî ìàºìî íåîáõ³äíèé ðåçóëüòàò.
Óìîâà 3. ²ñíóþòü äåÿêå äîäàòíå ÷èñëî �, áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� ,

V t V( ) � , t �[ , ]0 � , ìàòðè÷íà ôóíêö³ÿ B ( )� , äîïóñòèì³ ôóíêö³ÿ çñóâó � ( , )� � , ìíî-

æèíè M1, M 2 òàê³, ùî âèêîíàíà óìîâà 2 ³ äëÿ ( , )t � �
� ñïðàâåäëèâå âêëþ÷åííÿ

0� � �
� � � �

��
v V t

B
v V t

W t v t t v
( ) ( )

{[ ( , , ) ( , )] sup ( , ,
� �

� � � 	 � )[ ( )]}M t2 � � .
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Òåîðåìà 2. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2), äåÿêîãî äî-
äàòíîãî ÷èñëà � ³ äîïóñòèìî¿ ôóíêö³ÿ çñóâó � ( , )� � ìíîæèíà T g� � � �( ( ), ( , ))� íå
º ïîðîæíüîþ, T T g� � � �� ( ( ), ( , ))� òà ³ñíóþòü áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� ,

ìàòðè÷íà ôóíêö³ÿ B ( )� , äîïóñòèì³ ìíîæèíè M1, M 2 òàê³, ùî �( )T M 2 , âèêî-

íàíà óìîâà 3 ³ sup ( , , )
( )v V T

T

T v d
� �

� ��
�

	 � � 1
0

. Òîä³ ãðà ìîæå áóòè çàê³í÷åíîþ â ìî-

ìåíò T ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).
Äîâåäåííÿ. Íåõàé v( )� º äîâ³ëüíèì âèì³ðíèì ñåëåêòîðîì êîìïàêòà V ,

à vs ( )� º âèì³ðíèì ñåëåêòîðîì â³äîáðàæåííÿ V ( )� . Ïîêëàäåìî äëÿ ��[ , ]0 T

v
v v V T

v v V Ts

( )
( ), ( ) ( ),
( ), ( ) ( ).

�
� � �

� � �
�

� �

 �

�
�

ÿêùî
ÿêùî�

Çàçíà÷èìî ñïîñ³á âèáîðó êåðóâàííÿ ïåðåñë³äóâà÷åì. Äëÿ öüîãî ðîçãëÿíåìî
êîìïàêòíîçíà÷íå â³äîáðàæåííÿ

U v u U T u B T v T� � � � � �
�

( , ) { : ( , ) ( , ( ) ) ( , )� � � � � � ��

� �
� �

�sup ( , , ) [ ( )]},
( )v V T

T v M T
�

	 � �2 ��[ , ]0 T . (8)

Áàãàòîçíà÷íå â³äîáðàæåííÿ U v�
�

( , )� ìàº íåïîðîæí³ îáðàçè. Ç óðàõóâàííÿì
âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) ³ ôóíêö³¿ sup ( , , )

( )v V T

T v
� �

�
�

	 � êîïàêòíîç-

íà÷íå â³äîáðàæåííÿ U v�
�

( , )� , ��[ , ]0 T , äëÿ v V T� �( )� º L B� -âèì³ðíèì [20].

Òîìó çà óìîâ òåîðåìè ïðî âèì³ðíèé âèá³ð ñåëåêòîðà [18] âîíî ìàº õî÷à á îäèí
L B� -âèì³ðíèé ñåëåêòîð u v�

�

( , )� , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ
ôóíêö³ºþ [20]. Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ u u v� ��

� �

( ) ( , ( ))� � � , ��[ , ]0 T .
Çã³äíî ç ôîðìóëîþ (1) äëÿ âèáðàíîãî êåðóâàííÿ îòðèìàºìî

� � � � � � � � �z T T T u v v dB( ) ( , ) ( , ( ), ( ), ( ))� � � ��� �
�

0

T

� � � ���� � � � � � � � � �( ) ( ( , ) ( ( ), ( ), ( )) ( , ))T T u B T v T d

T

�
�

0

. (9)

Óíàñë³äîê óìîâè 2 ìàòèìåìî

0 1�M , � � � � � � � � � � �� ( , ) ( , ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� ��
�

1 ,

��[ , ]0 T ;

� � � � � � �
�

B

T

v V v V T
BT v v d T v v( , , ( ), ( )) sup ( , , , )

, ( )0 0
� �

� � �

T

d� �� 1.

Òîä³ ç óðàõóâàííÿì ëåìè 1 îòðèìàºìî

� � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB � ��� �

0
1

T

M

òà çà ïðèïóùåííÿì ìàºìî

� � � ��� � � � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB
�

0
1

T

M .
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Ç óðàõóâàííÿì îñòàííüîãî âêëþ÷åííÿ ñï³ââ³äíîøåííÿ (8), (9) âèçíà÷àþòü

� � 	 � � �
�

z T T T v M T d
v V T

T

( ) ( ) sup ( , , )[ ( )]
( )

� � � � �
� �

��M1 2
0

� � � � �
� �

��M1
0

2� 	 � � �
�

( ) sup ( , , ) [ ( )]
( )

T T v d M T
v V T

T

� � �
'

(
)
)

*

+
,
,
�

� �
��M1

0

1� 	 � �
�

( ) sup ( , , )
( )

T T v d
v V T

T

�
'

(

)
)

*

+

,
,

� � �
� �

�� sup ( , , )
( )v V T

T

T v d M M M M
�

	 � �

0
2 1 2 .

Òóò âðàõîâàíî ëåìó 1 ³ âêëþ÷åííÿ M M M1 2� � .
ßêùî íà ìíîæèí³ 
 � 
 �V t( )� âèêîíàíî óìîâó A( , , )t v� �� ³ �( )T M 2 ,

òî ðîçãëÿíåìî âåðõíþ ñêàëÿðíó ðîçâ’ÿçóâàëüíó ôóíêö³þ [4]

	 � 	 	 �� � �( , , ) sup{ : ( , , )}t v t vA , ( , )t � �
� , v V t� �( )� .

Ó ðîáîò³ [20] ïîêàçàíî, ùî âåðõíÿ ðîçâ’ÿçóâàëüíà ôóíêö³ÿ º
L B� -âèì³ðíîþ çà ñóêóïí³ñòþ ( , )� v , ( , )t � �
�, v V t� �( )� , òîìó âîíà ñó-

ïåðïîçèö³éíî âèì³ðíà [20], òîáòî 	 � �� ( , , ( ))t v âèì³ðíà çà �, ( , )t � �
�, äëÿ

áóäü-ÿêî¿ âèì³ðíî¿ ôóíêö³¿ v Vt( ) ( )� � � . Çàçíà÷èìî òàêîæ, ùî âåðõíÿ ðîçâ’ÿçó-

âàëüíà ôóíêö³ÿ íàï³âíåïåðåðâíà çâåðõó çà çì³ííîþ v òà ôóíêö³ÿ
inf

v V t

t v
� �

�

( )
( , , )

�
	 � âèì³ðíà çà �, ( , )t � �
�. Çàóâàæèìî, ùî âåðõíÿ ðîçâ’ÿçóâàëüíà

ôóíêö³ÿ â çàãàëüíîìó âèïàäêó ìîæå áóòè âèçíà÷åíà ç âèêîðèñòàííÿì îáåðíåíî-
ãî ôóíêö³îíàëà Ì³íêîâñüêîãî [14] äåÿêèõ áàãàòîçíà÷íèõ â³äîáðàæåíü, ùî äàº
äîäàòêîâ³ ìîæëèâîñò³ â äîñë³äæåíí³.

Óìîâà 4. ²ñíóþòü äåÿêå äîäàòíå ÷èñëî �, áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� ,

V t V( ) � , t �[ , ]0 � , ìàòðè÷íà ôóíêö³ÿ B ( )� , äîïóñòèì³ ôóíêö³ÿ çñóâó � ( , )� � , ìíî-

æèíè M1, M 2 òàê³, ùî âèêîíàíà óìîâà 2 ³ äëÿ ( , )t � �
� ñïðàâåäëèâå âêëþ÷åííÿ

0� � �
� � � �

�
�

v V t
B

v V t

W t v t t v
( ) ( )

{[ ( , , ) ( , )] inf ( , ,
� �

� � � 	 � )[ ( )]}M t2 � � .

Ðîçãëÿíåìî ìíîæèíó

T g t t t v d
v V t

t
�

� �

�� � � � �( ( ), ( , )) [ , ]: inf ( , , )
( )

� 	 � �
�

0 1
0

� �
�
�
�

��

�
�
�

��
. (10)

ßêùî íåð³âí³ñòü â ô³ãóðíèõ äóæêàõ ñï³ââ³äíîøåííÿ (10) íå âèêîíóºòüñÿ

äëÿ æîäíèõ t �[ , ]0 � , òî ïîêëàäåìî T g� � � � ��( ( ), ( , ))� .

Òåîðåìà 3. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2), äåÿêîãî äî-
äàòíîãî ÷èñëà � ³ äîïóñòèìî¿ ôóíêö³¿ çñóâó � ( , )� � ìíîæèíà T g� � � �( ( ), ( , ))� íå º

ïîðîæíüîþ, T T g� � � �� ( ( ), ( , ))� òà ³ñíóþòü áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� ,
ìàòðè÷íà ôóíêö³ÿ B ( )� , äîïóñòèì³ ìíîæèíè M1, M 2 òàê³, ùî �( )T M 2 , òî âè-

êîíàíà óìîâà 4 ³ inf ( , , )
( )v V T

T

T v d
� �

�
� �

�

	 � �

0

1. Òîä³ ãðà ìîæå áóòè çàê³í÷åíîþ

â ìîìåíò T ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).
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Äîâåäåííÿ. Íåõàé v( )� — äîâ³ëüíèé âèì³ðíèé ñåëåêòîð êîìïàêòà V ,

à vs ( )� — âèì³ðíèé ñåëåêòîð â³äîáðàæåííÿ V ( )� . Ïîêëàäåìî äëÿ ��[ , ]0 T

v
v v V T

v v V Ts

( ) ( ), ( ) ( ),
( ), ( ) ( ).

�
� � �

� � �
�

� �

 �

�
�

ÿêùî
ÿêùî�

Çàçíà÷èìî ñïîñ³á âèáîðó êåðóâàííÿ ïåðåñë³äóâà÷åì. Äëÿ öüîãî ðîçãëÿíåìî
êîìïàêòíå â³äîáðàæåííÿ

�
U v u U T u B T v T� � � � � �( , ) { : ( ( , ) ( , ( ) ) ( , ))� � � � � � ��

� �
� �

�inf ( , , )[ ( )]}
( )v V T

t v M T
�

	 � �2 , ��[ , ]0 T . (11)

Áàãàòîçíà÷íå â³äîáðàæåííÿ
�

U v� ( , )� ìàº íåïîðîæí³ îáðàçè. Ç óðàõóâàííÿì

âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1) ³ ôóíêö³¿ sup ( , , )
( )v V T

T v
� �

�
�

	 � êîìïàêòíîç-

íà÷íå â³äîáðàæåííÿ
�

U v� ( , )� , ��[ , ]0 T , äëÿ v V T� �( )� º L B� -âèì³ðíèì [20].

Òîìó çà óìîâ òåîðåìè ïðî âèì³ðíèé âèá³ð ñåëåêòîðà [18] â³í ì³ñòèòü õî÷à á

îäèí L B� -âèì³ðíèé ñåëåêòîð
�
u v� ( , )� , ÿêèé º ñóïåðïîçèö³éíî âèì³ðíîþ

ôóíêö³ºþ [20]. Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ
� �
u u v� ��( ) ( , ( ))� � � ,

��[ , ]0 T .
Çã³äíî ç ôîðìóëîþ (1) äëÿ âèáðàíîãî êåðóâàíÿ îòðèìàºìî

� � � � �
 � � � �z T T T u v v d

T

( ) ( , ) ( ( ), ( ), ( ))� � � ��
� � B

�

0

� � � ��
�� � � � � � � � � �( ) ( ( , ) ( ( ), ( ) ( )) ( , ))T T u B T v T d

T

�
�

0

. (12)

Óíàñë³äîê óìîâè 2 ìàòèìåìî

0 1�M , � � � � � � � � � � �� ( , ) ( , ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� ���
1 ,

��[ , ]0 T ;

� � � � � � �
�

B

T

v V v V T
BT v v d T v v( , , ( ), ( )) sup ( , , , )

, ( )0 0
� �

� � �

T

d� �� 1.

Òîä³ ç óðàõóâàííÿì ëåìè 1 îòðèìàºìî

� � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB � ��
�

�

0
1

T

M

òà çà ïðèïóùåííÿì ìàºìî

� � ��
� � � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB

�

0
1

T

M .

Ç óðàõóâàííÿì îñòàííüîãî âêëþ÷åííÿ ñï³ââ³äíîøåííÿ (11), (12) âèçíà÷àþòü

� � 	 � � �
�

z T T T v M T d
v V T

T

( ) ( ) sup ( , , )[ ( )]
( )

� � � � �
� �

��M1 2
0
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� � � � �
� �

��M1
0

2� 	 � � �
�

( ) sup ( , , ) [ ( )]
( )

T T v d M T
v V T

T

� � �
'

(
)
)

*

+
,
,
�

� �
��M1

0

1� 	 � �
�

( ) sup ( , , )
( )

T T v d
v V T

T

�
'

(

)
)

*

+

,
,

� � �
� �

�� sup ( , , )
( )v V T

T

T v d M M M M
�

	 � �

0
2 1 2 .

Òóò âðàõîâàíî ëåìó 1 ³ âêëþ÷åííÿ M M M1 2� � .

ÄÎÑÒÀÒÍ² ÓÌÎÂÈ ÃÀÐÀÍÒÎÂÀÍÎÃÎ ÐÅÇÓËÜÒÀÒÓ Â ÌÅÒÎÄ² ÐÎÇÂ’ßÇÓÂÀËÜÍÈÕ
ÔÓÍÊÖ²É ÄËß ÊÎÍÔË²ÊÒÍÎ-ÊÅÐÎÂÀÍÈÕ ÎÁ’ªÊÒ²Â Ç Ð²ÇÍÎÞ ²ÍÅÐÖ²ÉÍ²ÑÒÞ

Òåîðåìà 4. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2), äåÿêîãî äîäàò-
íîãî ÷èñëà � ³ äîïóñòèìî¿ ôóíêö³¿ çñóâó � ( , )� � ìíîæèíà

T g T g�
�� � � � � �( ( ), ( , )) ( ( ), ( , ))� �� íå º ïîðîæíüîþ, T T g� � � �� ( ( ), ( , ))� �

�T g� � � �( ( ), ( , ))� òà ³ñíóþòü áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� , ìàòðè÷íà

ôóíêö³ÿ B ( )� , äîïóñòèì³ ìíîæèíè M1, M 2 òàê³, ùî �( )T M 2 , âèêîíàíà

óìîâà 3 ³ ñïðàâåäëèâà íåð³âí³ñòü sup ( , , )
( )v V T

T

T v d
� �

� ��
�

	 � � 1
0

. Òîä³ ãðà ìîæå

áóòè çàê³í÷åíîþ â ìîìåíò T ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (3).
Äîâåäåííÿ. Íåõàé v( )� º äîâ³ëüíèì âèì³ðíèì ñåëåêòîðîì êîìïàêòà V ,

à vs ( )� º âèì³ðíèì ñåëåêòîðîì â³äîáðàæåííÿ V ( )� . Ââàæàòèìåìî äëÿ ��[ , ]0 T

v
v v V T

v v V Ts

( ) ( ), ( ) ( ),
( ), ( ) ( ).

�
� � �

� � �
�

� �

 �

�
�

ÿêùî
ÿêùî�

Çàçíà÷èìî ñïîñ³á âèáîðó êåðóâàííÿ ïåðåñë³äóâà÷åì. Çàïðîâàäèìî êîí-
òðîëüíó ôóíêö³þ

h t T v d T v d

t

v V Tt

T

( ) ( , , ( )) sup ( , , )
( )

� � ��

� �
�� �1

0

	 � � � 	 � �
�

, t T�[ , ]0 .

Çà âèçíà÷åííÿì T ìàºìî

h T v d
v V T

( ) sup ( , , )
( )

0 1 0
0

� � 	
� �

��
�

	 � �
-

,

h T T v d T v d

T

v V T

( ) ( , , ( )) inf ( , , )
( )

� � � � ��

� �

�
�1 1
0

	 � � � 	 � �
�

0
0

T

� .

Óíàñë³äîê íåïåðåðâíîñò³ ôóíêö³¿ h t( ) ³ñíóº òàêèé ìîìåíò ÷àñó
t* , t T* ( , ]� 0 , ùî h t( )* � 0. Çàçíà÷èìî, ùî ìîìåíò ïåðåìèêàííÿ t* çàëåæèòü â³ä
ïåðåä³ñòîð³¿ êåðóâàííÿ äðóãîãî ãðàâöÿ v v s s tt�

� � � �( ) { ( ): [ , ]}0 .
Ïðîì³æêè ÷àñó [ , )0 t� , [ , ]t T� íàçèâàòèìåìî àêòèâíèì ³ ïàñèâíèì

â³äïîâ³äíî. Çàïèøåìî ñïîñ³á êåðóâàííÿ ïåðøîãî ãðàâöÿ íà êîæíîìó ïðîì³æêó.
Äëÿ öüîãî ðîçãëÿíåìî êîìïàêòí³ â³äîáðàæåííÿ

U v u U T u B T v T� � � � � �( , ) { : ( ( , ) ( , ( ) ) ( , ))� � � � � � ��

� ��	 � �( , , )[ ( )]}T v M T2 , �� �[ , )0 t , (13)
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U v u U T u B T v T� � � � � �( , ) { : ( ( , ) ( , ( ) ) ( , ))� � � � � � ��

� �
� �

�sup ( , , )[ ( )]}
( )v V T

T v M T
�

	 � �2 , �� �[ , ]t T . (14)

Áàãàòîçíà÷í³ â³äîáðàæåííÿ U v� ( , )� ³ U v� ( , )� ìàþòü íåïîðîæí³ îáðàçè.

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1), ôóíêö³é 	 �* ( , , )T v ³

sup ( , , )
( )v V T

T v
� �

�
�

	 � êîïàêòíîçíà÷í³ â³äîáðàæåííÿ U v� ( , )� , ��[ , )*0 t , ³ U v� ( , )� ,

��[ , ]*t T , äëÿ v V T� �( )� º L B� -âèì³ðíèìè [20]. Òîìó çà óìîâ òåîðåìè ïðî

âèì³ðíèé âèá³ð ñåëåêòîðà [18] êîæíå â³äîáðàæåííÿ ì³ñòèòü õî÷à á ïî îäíîìó

L B� -âèì³ðíîìó ñåëåêòîðó u v� ( , )� ³ u v� ( , )� , ÿê³ º ñóïåðïîçèö³éíî âèì³ðíèìè

ôóíêö³ÿìè [20]. Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ íà àêòèâíîìó ïðîì³æêó

u u v� ��( ) ( , ( ))� � � , �� �[ , )0 t , à íà ïàñèâíîìó ïðîì³æêó ïîêëàäåìî u� �( )�

� �u v( , ( ))� � , �� �[ , ]t T .
Â³äïîâ³äíî äî ôîðìóëè (1) äëÿ âèáðàíèõ êåðóâàíü îòðèìàºìî

� � � � �
 � � � �z T T T u v v d

t

( ) ( , ) ( ( ), ( ), ( ))� � �
'

(

)
)

��
�

� � B

0

� �
*

+

,
,
��

�

� � � � �
 � � � �� ( , ) ( ( ), ( ), ( ))T T u v v d

t

T

B

� � � � ��
�

�� � � � � �� � � � �( ) ( ( , ) ( ( ), ( ( )) ( , ))T T u B T v T d

t

�

0

� � ��

�

� ( ( , ) ( ( ), ( ( )) ( , ))� � � � �� � � � �� T u B T v T d

t

T

. (15)

Óíàñë³äîê óìîâè 2 ìàòèìåìî

0 1�M , � � � � � � �
�

B
v V v V T

TT

BT v v d T v( , , ( ), ( )) sup ( , , ,
, ( )

�
� � �
��
00

v d) � � 1,

� � � � � � � � � � �� ( , ) ( , ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� ��
1 , �� �[ , )0 t ,

� � � � � � � � � � �� ( , ) ( , ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� �� 1 , �� �[ , ]t T .

Òîä³ ç óðàõóâàííÿì ëåìè 1 îòðèìàºìî

� � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB

t

� ��
�

�
0

� � ��

�

� � � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB

t

T

M1

òà çà ïðèïóùåííÿì ìàòèìåìî

� � �
'

(

)
)

�
�

� � � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v dB

t

0

� �
*

+

,
,
��

�

� � � � � � � � �� ( , ) ( , ( ), ( ), ( ))T T u v v d MB

t

T

1.
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Ç óðàõóâàííÿì îñòàííüîãî âêëþ÷åííÿ ñï³ââ³äíîøåííÿ (13)–(15) âèçíà÷àþòü

� � 	 � � � �z T M T T v M T d

t

( ) ( ) ( , , ( ))[ ( )]� � � � ��
�

�1 2
0

� � �
� �

�

�

� sup ( , , )[ ( )]
( )v V Tt

T

T v M T d
�

	 � � �2

� � � � ��

� �
�

�

�M T T v d M T

t

v V T
1 2

0

� 	 � � � � 	
�

( ) ( , , ( )) [ ( )] sup
( )t

T

T v d M T

�

� � �( , , ) [ ( )]� � �2

� � � ��

� �
�

�

�

� �M T T v d T

t

v V Tt

T

1
0

1� 	 � � � 	 �
�

( ) ( , , ( ) ) sup ( ,
( )

, )v d�
'

(

)
)

*

+

,
,
�

� �
'

(

)
)

�

� �
�

�

�

� �	 � � � 	 � �
�

( , , ( ) ) sup ( , , )
( )

T v d T v d

t

v V Tt

T

0

*

+

,
,

� � �M M M M2 1 2 .

Òóò âðàõîâàíî ëåìó 1, ð³âí³ñòü h t( )� � 0 ³ âêëþ÷åííÿ M M M1 2� � .
Òåîðåìà 5. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2), äåÿêîãî

äîäàòíîãî ÷èñëà � ³ äîïóñòèìî¿ ôóíêö³¿ çñóâó � ( , )� � ìíîæèíà

T g T g�
�� � � � � �( ( ), ( , )) ( ( ), ( , ))� �� íå º ïîðîæíüîþ, T T g� � � �� ( ( ), ( , ))� �

�T g� � � �( ( ), ( , ))� òà ³ñíóþòü áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� , ìàòðè÷íà ôóíêö³ÿ

B ( )� , äîïóñòèì³ ìíîæèíè M1, M 2 òàê³, ùî �( )T M 2 , âèêîíàí³ óìîâà 3, óìî-

âà 4 ³ ñïðàâåäëèâà íåð³âí³ñòü sup ( , , )
( )v V T

T

T v d
� �

� ��
�

	 � � 1
0

. Òîä³ ãðà ìîæå áóòè

çàê³í÷åíîþ â ìîìåíò T ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).
Äîâåäåííÿ. Íåõàé v( )� º äîâ³ëüíèì âèì³ðíèì ñåëåêòîðîì êîìïàêòà V ,

à vs ( )� º âèì³ðíèì ñåëåêòîðîì â³äîáðàæåííÿ V ( )� . Ââàæàòèìåìî, ùî äëÿ

��[ , ]0 T

v
v v V T

v v V Ts

( ) ( ), ( ) ( ),
( ), ( ) ( ).

�
� � �

� � �
�

� �

 �

�
�

ÿêùî
ÿêùî�

Çàçíà÷èìî ñïîñ³á âèáîðó êåðóâàííÿ ïåðåñë³äóâà÷åì. Çàïðîâàäèìî êîí-
òðîëüíó ôóíêö³þ

h t T v d
v V T

t

v V Tt

T

( ) inf ( , , ) sup (
( ) ( )

� � �
� �

�

� �
�� �1

0
� �

	 � � 	 T v d, , )� �, t T�[ , ]0 .

Çà âèçíà÷åííÿì T ìàºìo

h T v d
v V T

T

( ) sup ( , , )
( )

0 1 0
0

� � 	
� �

��
�

	 � � ,

h T T v d
v V T

T

( ) inf ( , , )
( )

� � �
� �

�
�1 0
0 �

	 � � .

Óíàñë³äîê íåïåðåðâíîñò³ ôóíêö³¿ h t( ) ³ñíóº òàêèé ìîìåíò ÷àñó t� ,
t T� �( , ]0 , ùî h t( )� � 0. Çàçíà÷èìî, ùî ìîìåíò ïåðåìèêàííÿ t� íå çàëåæèòü â³ä
ïåðåä³ñòîð³¿ êåðóâàííÿ äðóãîãî ãðàâöÿ v v s s tt�

� � � �( ) { ( ): [ , ]}0 .
Ïðîì³æêè ÷àñó [ , )0 t� , [ , ]t T� íàçèâàòèìåìî àêòèâíèì ³ ïàñèâíèì

â³äïîâ³äíî. Çàïèøåìî ñïîñ³á êåðóâàííÿ ïåðøîãî ãðàâöÿ íà êîæíîìó ïðîì³æêó.
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Äëÿ öüîãî ðîçãëÿíåìî êîìïàêòí³ â³äîáðàæåííÿ

~
( , ) { : ( ( , ) ( , ( ) ) ( , ))U v u U T u B T v T� � � � � �� � � � � � ��

� �
� �

�inf ( , , )[ ( )]}
( )v V T

T v M T
�

	 � �2 , �� �[ , )0 t , (16)

~
( , ) { : ( ( , ) ( , ( ) ) ( , ))U v u U T u B T v T� � � � � �� � � � � � ��

� �
� �

�sup ( , , )[ ( )]}
( )v V T

T v M T
�

	 � �2 , �� �[ , ]t T . (17)

Áàãàòîçíà÷í³ â³äîáðàæåííÿ
~

( , )U v� � ³
~

( , )U v� � ìàþòü íåïîðîæí³ îáðàçè.

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1), ôóíêö³é
inf ( , , )
( )v V T

T v
� �

�
�

	 � ³ sup ( , , )
( )v V T

T v
� �

�
�

	 � êîìïàêòíîçíà÷í³ â³äîáðàæåííÿ

~
( , )U v� � , �� �[ , )0 t , ³

~
( , )U v� � , �� �[ , ]t T , äëÿ v V T� �( )� º L B� -âèì³ðíèìè

[20]. Òîìó çà òåîðåìîþ ïðî âèì³ðíèé âèá³ð ñåëåêòîðà [18] êîæíå â³äîáðàæåííÿ

ì³ñòèòü õî÷à á ïî îäíîìó L B� -âèì³ðíîìó ñåëåêòîðó ~ ( , )u v� � ³ ~ ( , )u v� � , ÿê³ º

ñóïåðïîçèö³éíî âèì³ðíèìè ôóíêö³ÿìè [20]. Ïîêëàäåìî êåðóâàííÿ ïåðøîãî

ãðàâöÿ íà àêòèâíîìó ïðîì³æêó ~ ( ) ~ ( , ( ))u u v� ��� � � , �� �[ , )0 t , à íà ïàñèâíîìó

ïðîì³æêó ~ ( ) ~ ( , ( ))u u v� ��� � � , ��[ , ]*t T .
Çã³äíî ç ôîðìóëîþ (1) äëÿ âèáðàíèõ êåðóâàíü îòðèìàºìî

� � � � �
 � � � �z T T T u v v d

t

( ) ( , ) ( ~ ( ), ( ), ( ))� � �
'

(

)
)

��
�

� � B

0

� �
*

+

,
,
��

�

� � � � �
 � � � �� ( , ) ( ~ ( ), ( ), ( ))T T u v v d

t

T

B

� � � � ��
�

�� � � � � �� � � � �( ) ( ( , ) (~ ( ), ( ( )) ( , ))T T u B T v T d

t

�

0

� � ��

�

� ( ( , ) (~ ( ), ( ( )) ( , ))� � � � �� � � � �� T u B T v T d

t

T

. (18)

Óíàñë³äîê óìîâè 2 ìàºìî

0 1�M , � � � � � � �
�

B
v V v V T

TT

BT v v d T v( , , ( ), ( )) sup ( , , ,
, ( )

�
� � �
��
00

v d) � � 1,

� � � � � � � � � � �� ( , ) ( , ~ ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� ��
1 , �� �[ , )0 t ,

� � � � � � � � � � �� ( , ) ( , ~ ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� �� 1 , �� �[ , ]t T .

Òîä³ ç óðàõóâàííÿì ëåìè 1 îòðèìàºìî

� � � � � � � ��( , ) ( , ~ ( ), ( ), ( ))T T u v v dB

t

� ��
�

�
0

� � ��

�

� � � � � � � � ��( , ) ( , ~ ( ), ( ), ( ))T T u v v d MB

t

T

1

³ âíàñë³äîê ìàºìî
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� �
'

(

)
)

��
�

� � � � �
 � � � �� ( , ) ( ~ ( ), ( ), ( ))T T u v v d

t

B

0

� �
*

+

,
,
��

�

� � � � �
 � � � �� ( , ) ( ~ ( ), ( ), ( ))T T u v v d M

t

T

B 1.

Ç óðàõóâàííÿì îñòàííüîãî âêëþ÷åííÿ ñï³ââ³äíîøåííÿ (16)–(18) âèçíà÷àþòü

� � 	 � � �
�

z T M T T v M T d
v V T

t

( ) ( ) inf ( , , )[ ( )]
( )

� � � � �
� �

�
�

�1 2
0

� � �
� �

�

�

� sup ( , , )[ ( )]
( )v V Tt

T

T v M T d
�

	 � � �2

� � � � �
� �

�
�

�M T T v d M T
v V T

t

1 2
0

� 	 � � �
�

( ) inf ( , , ) [ ( )]
( )

� � �
� �

�

�

� sup ( , , ) [ ( )]
( )v V Tt

T

T v d M T
�

	 � � �2

� � � �
� �

�

� �
�

�

�M T T v d
v V T v V T

t

1
0

1� 	 � � 	
� �

( ) inf ( , , ) sup
( ) ( )t

T

T v d

�

�
'

(

)
)

*

+

,
,
�( , , )� �

� �
� �

�

� �
�

�

�

� �inf ( , , ) sup ( , ,
( ) ( )v V T

t

v V Tt

T

T v d T
� �

	 � � 	 �

0

v d M M M M) �
'

(

)
)

*

+

,
,

� � �2 1 2 .

Òóò âðàõîâàíî ëåìó 1, ð³âí³ñòü h t( )* � 0 ³ âêëþ÷åííÿ M M M1 2� � .
Òåîðåìà 6. Íåõàé äëÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó (1), (2), äåÿêîãî

äîäàòíîãî ÷èñëà � ³ äîïóñòèìî¿ ôóíêö³¿ çñóâó � ( , )� � ìíîæèíà

T g T g�
�� � � � � �( ( ), ( , )) ( ( ), ( , ))� �� íå º ïîðîæíüîþ, T T g� � � �� ( ( ), ( , ))� �

� T g� � � �( ( ), ( , ))� òà ³ñíóþòü áàãàòîçíà÷íå â³äîáðàæåííÿ V ( )� , ìàòðè÷íà

ôóíêö³ÿ B ( )� , äîïóñòèì³ ìíîæèíè M1, M 2 òàê³, ùî �( )T M 2 , âèêîíàíà óìî-

âà 4 ³ ñïðàâåäëèâà íåð³âí³ñòü inf ( , , )
( )v V T

T

T v d
� �

�
� 	

�
	 � �

0

1. Òîä³ ãðà ìîæå áóòè

çàê³í÷åíîþ â ìîìåíò T ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (3).
Äîâåäåííÿ. Íåõàé v( )� º äîâ³ëüíèì âèì³ðíèì ñåëåêòîðîì êîìïàêòà V ,

à vs ( )� º âèì³ðíèì ñåëåêòîðîì â³äîáðàæåííÿ V ( )� . Ïîêëàäåìî äëÿ ��[ , ]0 T

v
v v V T

v v V Ts

( ) ( ), ( ) ( ),
( ), ( ) ( ).

�
� � �

� � �
�

� �

 �

�
�

ÿêùî
ÿêùî�

Çàçíà÷èìî ñïîñ³á âèáîðó êåðóâàííÿ ïåðåñë³äóâà÷åì.
Çàïðîâàäèìî êîíòðîëüíó ôóíêö³þ

h t T v d T v d

t

v V T
t

T

( ) ( , , ( )) inf ( , , )
( )

� � ��
� �

�
� �	 � � � 	 � �

�0

1, t T�[ , ]0 .
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Çà âèçíà÷åííÿì T ìàºìî

h T v d
v V T

( ) inf ( , , )
( )

0 1 0
0

� � 	
� �

�
�

�
	 � �

T

,

h T T v d T v d

T

v V T

( ) ( , , ( ) ) sup ( , , )
( )

� � ��
� �

�� �	 � � � 	 � �
�0 0

1
T

� �1 0.

Óíàñë³äîê íåïåðåðâíîñò³ ôóíêö³¿ h t( ) ³ñíóº òàêèé ìîìåíò ÷àñó
t� , t T� �( , ]0 , ùî h t( )� � 0. Çàçíà÷èìî, ùî ìîìåíò ïåðåìèêàííÿ t� çàëåæèòü â³ä
ïåðåä³ñòîð³¿ êåðóâàííÿ äðóãîãî ãðàâöÿ v v s s tt�

� � � �( ) { ( ): [ , ]}0 .
Ïðîì³æêè ÷àñó [ , )*0 t , [ , ]*t T íàçèâàòèìåìî àêòèâíèì ³ ïàñèâíèì â³äïîâ³äíî.

Çàïèøåìî ñïîñ³á êåðóâàííÿ ïåðøîãî ãðàâöÿ íà êîæíîìó ïðîì³æêó. Äëÿ öüîãî
ðîçãëÿíåìî êîìïàêòí³ â³äîáðàæåííÿ

U v u U T u B T v T� � � � � �
�

( , ) { : ( ( , ) ( , ( ) ) ( , ))� � � � � � ��

� ��	 � � �( , , ( ))[ ( )]}T v M T2 , �� �[ , )0 t , (19)

U v u U T u B T v T
�

� � � � � �( , ) { : ( ( , ) ( , ( ) ) ( , ))� � � � � � ��

� �
� �

�inf ( , , )[ ( )]}
( )v V T

T v M T
�

	 � �2 , �� �[ , ]t T . (20)

Áàãàòîçíà÷í³ â³äîáðàæåííÿ U v�
�

( , )� ³ U v
�

� ( , )� ìàþòü íåïîðîæí³ îáðàçè.

Ç óðàõóâàííÿì âëàñòèâîñòåé ïàðàìåòð³â ïðîöåñó (1), ôóíêö³é 	 � �� ( , , ( ))T v

³ inf ( , , )
( )v V T

T v
� �

�

�
	 � êîìïàêòíîçíà÷í³ â³äîáðàæåííÿ U v�

�

( , )� , �� �[ , )0 t , ³

U v
�

� ( , )� , �� �[ , ]t T , äëÿ v V T� �( )� º L B� -âèì³ðíèìè [20]. Òîìó çà òåîðåìîþ

ïðî âèì³ðíèé âèá³ð ñåëåêòîðà [18] êîæíå â³äîáðàæåííÿ ì³ñòèòü õî÷à á ïî îäíî-

ìó L B� -âèì³ðíîìó ñåëåêòîðó u v�
�

( , )� ³ u v�
�

( , )� , ÿê³ º ñóïåðïîçèö³éíî âèì³ðíè-

ìè ôóíêö³ÿìè [20]. Ïîêëàäåìî êåðóâàííÿ ïåðøîãî ãðàâöÿ íà àêòèâíîìó

ïðîì³æêó u u v� ��
� �

( ) ( , ( ))� � � , �� �[ , )0 t , à íà ïàñèâíîìó ïðîì³æêó u� �
�

( )�

� �u v
�

( , ( ))� � , ��[ , ]*t T .

Çã³äíî ç ôîðìóëîþ (1) äëÿ âèáðàíèõ êåðóâàíü îòðèìàºìî

� � � � �
 � � � �z T T T u v v d

t

( ) ( , ) ( ( ), ( ), ( ))� � �
'

(

)
)

��

�

� � B
�

0

� �
*

+

,
,
��

�

� � � � �
 � � � �� ( , ) ( ( ), ( ), ( ))T T u v v d

t

T

B
�

� � � � ��

�

�� � � � � �� � � � �( ) ( ( , ) ( ( ), ( ( )) ( , ))T T u B T v T d

t

�
�

0

� � ��

�

� ( ( , ) ( ( ), ( ( )) ( , ))� � � � �� � � � �� T u B T v T d

t

T

�

. (21)
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Óíàñë³äîê óìîâè 2 ìàºìî

0 1�M , � � � � � � �
�

B
v V v V T

TT

BT v v d T v( , , ( ), ( )) sup ( , , ,
, ( )

�
� � �
��
00

v d) � � 1,

� � � � � � � � � � �� ( , ) ( , ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� ��
�

1 , �� �[ , )0 t ,

� � � � � � � � � � �� ( , ) ( , ( ), ( ), ( )) ( , , ( ), ( ))T T u v v T v v MB B� ��
�

1 , �� �[ , ]t T .

Òîä³ ç óðàõóâàííÿì ëåìè 1 îòðèìàºìî

� � � � � � � ��( , ) ( , ( ), ( ), ( ))T T u v v dB

t

� ��

�

� �

0

� � ��

�

� � � � � � � � ��( , ) ( , ( ), ( ), ( ))T T u v v d MB

t

T

�

1

³ âíàñë³äîê öüîãî ìàºìî

� �
'

(

)
)

��

�

� � � � �
 � � � �� ( , ) ( ( ), ( ), ( ))T T u v v d

t

B
�

0

� �
*

+

,
,
��

�

� � � � �
 � � � �� ( , ) ( ( ), ( ), ( ))T T u v v d M

t

T

B
�

1.

Ç óðàõóâàííÿì îñòàííüîãî âêëþ÷åííÿ ñï³ââ³äíîøåííÿ (19)–(21) âèçíà÷àþòü

� � 	 � � � �z T M T T v M T d

t

( ) ( ) ( , , ( ))[ ( )]� � � � ��

�

�1 2
0

� � �
� �

�

�

� inf ( , , )[ ( )]
( )v V T

t

T

T v M T d
�

	 � � �2

� � � � ��

�

�M T T v d M T

t

1 2
0

� 	 � � � �( ) ( , , ( )) [ ( )]

� � �
� �

�

�

� inf ( , , ) [ ( )]
( )v V T

t

T

T v d M T
�

	 � � �2

� � � ��
� �

�
�

�

� �M T T v d T

t

v V T
t

T

1
0

1� 	 � � � 	 �
�

( ) ( , , ( ) ) inf ( ,
( )

, )v d�
'

(

)
)

*

+

,
,
�

� �
'

(

)
)

�
� �

�
�

�

� �	 � � � 	 � �
�

( , , ( )) inf ( , , )
( )

T v d T v d

t

v V T
t

T

0

*

+

,
,

� � �M M M M2 1 2 .

Òóò âðàõîâàíî ëåìó 1, ð³âí³ñòü h t( )� � 0 ³ âêëþ÷åííÿ M M M1 2� � .

ÌÎÄÅËÜÍÈÉ ÏÐÈÊËÀÄ

Äèíàì³êà ïåðåñë³äóâà÷à ³ âò³êà÷à çàäàºòüñÿ ð³âíÿííÿìè â³äïîâ³äíî

��x u� , x R n� , n � 2, u S r� � ,

�y v� , y R n� , n � 2, v S� 0
� , � �	 	 	r 0, (22)
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S R
b
a n� — ê³ëüöå ç öåíòðîì â íóë³, çîâí³øí³ì ðàä³óñîì a ³ âíóòð³øí³ì

ðàä³óñîì b.
Ïåðåñë³äóâàííÿ ââàæàòèìåìî çàâåðøåíèì, ÿêùî | | | |x y� � �.
Âèõ³äíà çàäà÷à (22) çâîäèòüñÿ äî êîíôë³êòíî-êåðîâàíîãî ïðîöåñó â òàêèé

ñïîñ³á. Óâåäåìî íîâ³ çì³íí³
( , )z z z1 2 � ,

z x y z x1 2� � �, �. (23)

Ïðîäèôåðåíö³þºìî çà ÷àñîì ñï³ââ³äíîøåííÿ (23). Ç óðàõóâàííÿì âèõ³äíèõ
ð³âíÿíü (22) îòðèìàºìî

�z z v1 2� � ,

�z u2 � . (24)

Òåðì³íàëüíà ìíîæèíà M z z S* { : }� �1 0
� , M z z0 1 0� �{ : }, M z z� �{ : 1

� �S z0 2 0� , }. Ïîçíà÷èìî M S1 1 0
1� � , M S M M S S2 2 0

1
1 0

1
1 0

1� � � � � �� � �

� �( )� �1 0
1S , � � �2 1� � , � ��	 . Òîä³

L z z� �{ : }2 0 , � �
!

"
#

$

%
&

E 0

0 0
, �z z� 1 , A

E
�
!

"
#

$

%
&

0

0 0
.

Îáëàñò³ âèçíà÷åííÿ êåðóâàíü ìàþòü âèãëÿä

U
u

u S r� !

"
#
$

%
& �

�
�
�

�
�
�

0 : � , V
v

v S� !

"
#
$

%
& �

�
�
�

�
�
�0 0

: � , V
v

v S� !

"
#
$

%
& �

�
�
�

�
�
�0

: , S S
r

�
� �
�

/ , V V� .

Ôóíäàìåíòàëüíà ìàòðèöÿ îäíîð³äíî¿ ñèñòåìè (24) ìàº âèãëÿä

e
E t EAt � !

"
#

$

%
&0 0
. Òîä³ îòðèìàºìî � �e U t SAt

r� , � �e V SAt � 0 , �e V SAt � ,

M S L� �
0
� .

Óìîâó Ïîíòðÿã³íà íå âèêîíàíî äëÿ 0 � � �( ) /t � � �:

� � �� � � �
e U e V t S SA t A t

r
( ) ( ) ( )� �� � � � ��

0
.

Âèçíà÷èìî ôóíêö³þ çñóâó � ( )t . 0 ³ ïîêëàäåìî � �( )t e z z t zAt� � �1 2 ,

B t
t E t

E t
( ) ( / ) ( ) , ( ) / ,

, ( ) / ,
� �

� � � �
� 	

�
�
�

�
� � � � � �

� � �
0

V t
V t

V t
( ) , ( ) / ,

, ( ) / .
� � � � �

� 	
�
�
�

� � � �
� � �

0

Òîä³ ìàºìî äëÿ v S� , 0 � �t � �
/ 0 � � �( ) /t � � �,

W t v e U B t vB
A t( , , ) [ ( ) ]( )� � ��� � �� ,

0� � � � �
�

� �
�

v S
B

A t A tW t v t e U e B t V[ ( , , ) ( , )] ( )( ) ( )� � � � � �� � ( ) { }t � �� 0 . (25)

Îòæå, 0 0 2 0
1� � � � � �A ( , , ) { : [ ( )] [( ) ]}t v S t t S vr� 	 	 � � �

�
� ,

	 � 	 	 � 	 ��
�

�� � � �( , , ) inf : ( , , )} sup ( , , )t v t v t v
v S

{ A 0,

sup ( , , )
v S

t

t v d
�

� �� 	 � � 0
0

(26)
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³ ñïðàâåäëèâå ñï³ââ³äíîøåííÿ

T z t t v d
v V t

t

( , ) [ , / ]: sup ( , , )
( )

0 0 1
0

� � �
�
�
�

��

�

� �
��� � 	 � �

�
�
�

��
��.

Ó ðåçóëüòàò³ îá÷èñëåíü ìàºìî

� �

� � �

�
� � �

( , , , )
(| | | | ( / ) ( ))| | | |

, ( ) / ,
t v v

v t v
t

�
� �

� � �
1

0

0. ( ) / ,t � 	

�

�
�

�� � � �

max ( , , , )
( )

, ( ) / ,

, (,v S v S

t v v

t
t

t� �
�

� �
� � �

0
1

0

0
�

� �

� � �

�
� � �

� 	

�

�
�

�� � � �) / .

Îñê³ëüêè äëÿ v S� 0
� , v S�

� � � �
B t U

v v
e

v
BA t� !

"
#
$

%
&
!

"
#
$

%
&

!

"
#

$

%
&�

!

"
#
$

%
& �

�, , , ( )

0 0 0
( )t

v
� !

"
#
$

%
&

!

"
#

$

%
&��

0

�
� � � � �

� 	
�
�
�

v t v t

t

( )( / ) , ( ) / ,
{ }, ( ) / .

� � � � � �
� � �

0
0

òî
� � � � �

B t U
v v

t v v S� !

"
#
$

%
&
!

"
#
$

%
&

!

"
#

$

%
&�, , , ( , , , )

0 0 0
1 . (27)

ßêùî � � �1
2 2� / , òî äëÿ âñ³õ t � 0 ñïðàâåäëèâà íåð³âí³ñòü

( / )� � �t t2
12 0� � � . (28)

Òîìó äëÿ � � �1
2 2� / ³ äëÿ âñ³õ t � 0 âèêîíóºòüñÿ íåð³âí³ñòü

max ( , , )
( / )

,v S v S

t

t v v d
t t

� �
� �

�
��

00

2

1

2
1

�
� � �

� �

�
. (29)

Íåõàé 0 � �t � �/ . Îñê³ëüêè äëÿ 0 � � �( ) /t � � �, � � �1
2 2� / óíàñë³äîê

ñï³ââ³äíîøåíü (26), (27), (29) âèêîíàíî óìîâè 1 ³ 2, òî äëÿ ïî÷àòêîâîãî ïîëî-

æåííÿ z 0 ³ ìîìåíòó T , ùî çàäîâîëüíÿº óìîâà 1, ìàºìî sup
v S

T

T v d
�

�� �	 � �( , , )
0

0,

T T z� ( , )0 0 . ßêùî � �( )T S� 2 0
1, òî âèêîíàíî âñ³ óìîâè òåîðåìè 1.

Íåõàé t 	 � �/ , à òàêîæ � �( )t S 2 0
1 . Òîä³ äëÿ t � �� � �/ âåðõíÿ ðîçâ’ÿçó-

âàëüíà ôóíêö³ÿ 	 �* ( , , )t v âèçíà÷àºòüñÿ ³ç ñï³ââ³äíîøåííÿ

	 � 	 	 � � � �� � � � � � �( , , ) sup{ : [ ( )] ( )[ ]}t v S t t S vr0 2 0
1

�

� � � � � � � �sup{ :| | ( ) ( ) | | ( )},	 � � 	 � 	� � �0 2t v t t v S ,

³ ôóíêö³ÿ 	 �* ( , , )t v º á³ëüøèì äîäàòíèì êîðåíåì êâàäðàòíîãî ð³âíÿííÿ

( | | ( ) | | ( ) ) [( , ( )) ] [ ( )� � 	 � �
 �� � 	 � ��t v t t t2
2

2 2 22� � � � � � 2 2 2 0( | | | | )]� � �v

ñòîñîâíî 	, êîëè � �( )t S 2 , v S� .
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Ó ðåçóëüòàò³ îá÷èñëåíü îòðèìàºìî

min ( , , ) , /
v S

t v t
�

� � � �	 � � � �0 , (30)

äî òîãî æ ì³í³ìóì äîñÿãàºòüñÿ íà âåêòîð³ v t t� �� � �( ( ) / | | ( ) | | ) .
Íåõàé � �( )t S 2 ³ t � 	� � �/ . Òîä³ áàãàòîçíà÷íå â³äîáðàæåííÿ A ( , , )t v� ìàº

âèãëÿä

A ( , , ) { : [ ( )] [( ) ] }t v S t t S vr� 	 	 � � � �� � � � � ��0 2 0
1

� , v S� 0
1 . (31)

Âåðõíÿ ðîâ’ÿçóâàëüíà ôóíêö³ÿ 	 �* ( , , )t v âèçíà÷àºòüñÿ ³ç ñï³ââ³äíîøåííÿ

	 � 	 	 � � ��
�� � � � � � � �( , , ) sup{ : [ ( )] ( ) }t v S t t S vr0 0

1

� � � � � �sup{ :| | ( ( )| | ( )}	 	 � 	� � �0 2v t t , v S� 0
� ,

³ ôóíêö³ÿ 	 �* ( , , )t v º á³ëüøèì äîäàòíèì êîðåíåì êâàäðàòíîãî ð³âíÿííÿ

( | | ( ) | | ( ) ) [( , ( )) ( ) ] [ ( )� � 	 � � � � 	 � �t v t t t2
2

2 2
2

22� � � � � � 2 2 0� �| | | | )v

ñòîñîâíî 	 äëÿ � �( )t S 2 , v S� 0
� .

Ó ðåçóëüòàò³ îá÷èñëåíü äëÿ t � 	� � �/ îòðèìàºìî

min ( , , )
( )

| | ( ) | |v S
t v

t

t�

� �
� �

�0 2
�

	 �
� � �

� �
(32)

³ ì³í³ìóì äîñÿãàºòüñÿ íà âåêòîð³ v
t

t
� � �

�

�

( )

| | ( )| |
.

Ç óðàõóâàííÿì ð³âíîñòåé (30), (32) çàïèøåìî

min
v e V t

t

A t

t v d
� �

�

�
� �

� ��

	 � �
( ) ( )

( , , )
0

� �
�

�
�

�

�

�
� min min

v S

t

v St

t v d t v	 � � 	 �
� �

� �
�

( , , ) ( , ,
( / )

( /0 0)

)
t

d� ��

�
� �

�
�

�

�
� � �

� �
� �

� �
( )

| | ( )| |

( / )
t

t
d

t

20

.

Ç îñòàííüî¿ ð³âíîñò³ îòðèìàºìî ð³âíÿííÿ

| | | | ( / ) ,z t z t t t1 2
2

22� � � � 	� � � � � �. (33)

Íàéìåíøèé äîäàòíèé êîð³íü ð³âíÿííÿ (33) ïîçíà÷èìî �� ( )z .

Äëÿ v S� 0
� íèæíÿ ðîçâ’ÿçóâàëüíà ôóíêö³ÿ 	 �� ( , , )t v âèçíà÷àºòüñÿ ç³

ñï³ââ³äíîøåííÿ
	 � 	 	 � � ��

�
� � � � � � ��( , , ) inf{ : [ ( )] [( ) ] }t v S t t S vr0 0

1
� .

Îäíàê äëÿ v t S r� �( )� 0 ìàºìî

	 � 	 � 	 	 � � �� �� � 	 � � �( , , ) ( , , ) sup{ : [ ( )] ( )t v t v S t t Sr 0 2 0
1

0
r

v� �}

� 	 � � � �sup{ : | | ( ( )| | ( ) }	 	 � � 	�0 2v t t r
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³ ôóíêö³ÿ 	 �* ( , , )r t v º á³ëüøèì äîäàòíèì êîðåíåì êâàäðàòíîãî ð³âíÿííÿ

( | | ( ) | | ( ) ) [ ( , ( )) ( ) ] [ ( )� � 	 � � � 	 ��t v t r t r t2
2

2 2 22� � � � � � 2 2 0� �| | | | ]v

ñòîñîâíî 	, ÿêùî � �( )t S� 2 , � � � � �/ � � �t r , v t S r� �( )� 0 .

Îòæå, îòðèìàºìî äëÿ v t S
r

� �( )�
0

	 � 	 �� �� �( , , ) ( , , )t v t vr

�
� � � � � �[( , ( )) ( ) ] [( , ( )) ( ) ( || ( ) |v t r t v t r t t� � � � � � � ��

2 2 | ( ) ( ( ) || || )

|| ( ) || ( )

2
2

2 2 2 2

2
2

2

� � �

�

� �

� �

r t v

t
.

Îñê³ëüêè ñïðàâåäëèâèì º ñï³ââ³äíîøåííÿ ( ) ( )
( )t S S Sr t r
t� � �

�
� �� �

�
� � � �

0 , òî
äëÿ v S

t r
�

�( )�
� ìàºìî

	 � 	 �
�

��
�

�� �
�

( , , ) ( , , )
( )

t v t v
v S t r

max 0.

Îòæå, äëÿ � � � � �/ � � �t r, v S�
0
� âèêîíóºòüñÿ ð³âí³ñòü

	 � 	 �� ��( , , ) ( , , )t v t vr ³ ðàçîì ç òèì îòðèìàºìî ð³âí³ñòü

max ( , , ) max ( , , )
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|( )v S v t S

rt v t v
r t

r�
�

� �
�� �

�

0 0

2
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	 � 	 �
�

� | ( ) | |� �t � 2

³ ìàêñèìóì äîñÿãàºòüñÿ íà âåêòîð³ v r t
t

t
� �( )
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| | ( )| |
�

�

�
.

Íåõàé � �( )t S 2 , t r� 	� � / , v S� 0
� . Òîä³ ìàòèìåìî

max ( , , )
( )

| | ( )| |v S
t v

r t

t�
� �
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�0 2
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� �

� �

³ ìàêñèìóì äîñÿãàºòüñÿ íà âåêòîð³ v
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� �
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| | ( )| |
.

Ç óðàõóâàííÿì ð³âíîñò³ (26) çàïèøåìî
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t

A t
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� ��
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/ .
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�

�

�
�

�

�
�
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� �

2
äëÿ

ßêùî ïàðàìåòðè ãðè çàäîâîëüíÿº õî÷à á îäíà ç íåð³âíîñòåé

2

2 2

r t

t
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t
t
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| | ( ) | |
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| | ( ) | |
/

�

�
�

� �

�
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�
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� � �
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� � � �äëÿ � r, (34)

r t

t

t

t
t r
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| | ( )| |
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| | ( )| |
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�
�

� �
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� 	
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� � �

� �
� �
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òî îòðèìàºìî
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max
v S v S

z v z v
�

�
�

�

� ��
0 0
� �

	 � �
 	 � �
( ( ), ) min ( ( ), ),

³ òîìó ñïðàâåäëèâà íåð³âí³ñòü

max

v e V z

z

A z

z v

� �

�
�

�

� � �

�

� � �

� �

� �
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( ( ) ) ( ( ) )

( ) ( /

( ( ), )
0

�

�
)

� �d

�

� �

� �
�

� � �

�

min

v e V z

z

A z

z v

� � �

� �

� �

	 � �

( ( ) ) ( ( ) )

( ) (

( ( ), )
0

/ )�

�� �d 1. (36)

Îòæå, ìàºìî

max

v e V z

z

A z

z v d

� �

�
�

� � �

�

� �

� � �

�

� �

	 � �
 �
( ( ) ) ( ( ) )

( )

( ( ), )
0

1

òà ñïðàâåäëèâå âêëþ÷åííÿ

� 	 � �
�

�

� �
�� � 	

�
�
�

��

�
�
�

�( ) ( , ) : max ( , , )
( )

z T z t t v d
v V t

t

0 0
0 ��

��.

Çà ïîáóäîâîþ äëÿ âñ³õ v S� 0
� ñïðàâåäëèâå âêëþ÷åííÿ

	 � �
 � � � � � �
�

� � �� � � �( ( ), ) [ ( ( ))] ( ( ) )z v S z z S vr2 0
1 .

Òîìó ç óðàõóâàííÿì íåð³âíîñòåé (34), (35) ìàºìî

max
v S

rz v S z z S
�

�
� � �� � �

0

2 0
1

�
	 � �
 � � � � � �( ( ), )[ ( ( ))] ( ( ) ) � v .

Òàêèì ÷èíîì, âèêîíóºòüñÿ âêëþ÷åííÿ

0
0 0

2� � � �
�

�

�
�

�
�

v S
r

v S
z S v z v

� �
� � 	 � �
 ��[[( ( ) ) ] ( ( ), )[max S z0

1 � �� �( ( ))]]

³ ñïðàâåäëèâà óìîâà 3. Íàéìåíøèé äîäàòíèé êîð³íü ð³âíÿííÿ (33) �� ( )z º ìîìåí-
òîì çàê³í÷åííÿ ãðè çà óìîâ òåîðåìè 4 ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (3).

Ïåðåâ³ðèìî ñïðàâåäëèâ³ñòü óìîâè 4. Çà ïîáóäîâîþ äëÿ âñ³õ v S� 0
� ñïðàâåä-

ëèâå âêëþ÷åííÿ

	 � �
 � � � � � �� � � �� � � �( ( ), )[ ( ( ))] ( ( ) )z v S z z S vr2 0
1 .

Òîìó ç óðàõóâàííÿì íåð³âíîñòåé (34), (35) ìàºìî

min
v S

rz v S z z S
�

� � � �� � �
0

2 0
1

�
	 � �
 � � � � � �( ( ), )[ ( ( ))] ( ( ) ) � v .

Îòæå, âèêîíóºòüñÿ âêëþ÷åííÿ

0
0 0

2� � � �
�

�

�

� �
�

v S
r

v S
z S v z v

� �
� � 	 � �
 ��[[( ( ) ) ] ( ( ), )[min S z0

1 � �� �( ( ))]]

³ ñïðàâåäëèâà óìîâà 4. Íàéìåíøèé äîäàòíèé êîð³íü ð³âíÿííÿ (33) �� ( )z º ìîìåí-
òîì çàê³í÷åííÿ ãðè çà òåîðåìàìè 3 ³ 5 ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).

Ðîçãëÿíåìî ð³âíÿííÿ

max ( , , ) max
( ) ( )

( / )

v e V t

t

v S

t

A t
t v d

� �
�

�

�

�� �
� �

� �

� �
	 � �

0 0 0
� � �	 � �( , , )t v d 1.
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Ç îñòàííüî¿ ð³âíîñò³ îòðèìàºìî ð³âíÿííÿ

| | | | ( , ) ,
( / )

z t z f t d t

t

1 2
0

2� � � 	
�

� � � � � � �
� �

, (37)

äå
f t

r t t r

r t t r
( , ) ( ) / ,

( ) .
�

� � � � � �
� � � � �

�
� � � �
� � � 	

�
�

2 äëÿ
äëÿ�

Íàéìåíøèé äîäàòíèé êîð³íü ð³âíÿííÿ (37) ïîçíà÷èìî �� ( )z . ßêùî, íàïðèê-
ëàä, äëÿ äåÿêîãî ïî÷àòêîâîãî ïîëîæåííÿ z z z0

1
0

2
0� ( , ), � � � � �/ ( )� �� z r0 , òî

�� ( )z 0 º íàéìåíøèì äîäàòíèì êîðåíåì ð³âíÿííÿ | | | | ,z t z rt1 2
2

2� � � �

� � � �/ � �t r. Çîêðåìà, äëÿ z z0
1
0 0� ( , ) ìàºìî �

�
� �

�
( )

| | | |
z

z

r

0 1
0

.

ßêùî ïàðàìåòðè ãðè çàäîâîëüíÿº õî÷à á îäíà ç íåð³âíîñòåé (34), (35), îòðè-
ìàºìî

max
v S v S

z v z v
�

� �
�

�
��

0 0
� �

	 � � 	 � �( ( ), , ) min ( ( ), , ),

³ òîìó ñïðàâåäëèâà íåð³âí³ñòü

1
0

�
� �

� �

�

� �
�

�

max
v e V z

z

A z

z v
� � �

�

� �

	 � �

( ( ) ) ( ( ) )

( ) (

( ( ), )
� �

�
/ )

� �d

�
� �

�
�

�

� �
�

�

min
v e V z

z

A z

z v
� � �

� �

� �

	 � �

( ( ) ) ( ( ) )

( ) (

( ( ), )
0

/ )�

�� d . (38)

Îòæå, ç óðàõóâàííÿì íåð³âíîñò³ (38) ìàºìî

min ( ( ), )
( ( ) ) ( ( ) )

( )

v e V z

z

A z
z v d

� �

�
�

� �
�

�

� 	
� � �

�

� �
	 � �
 �

0

1

òà ñïðàâåäëèâå âêëþ÷åííÿ

� 	 � � �
�

�
� �

�� � 	 �
�
�
�

��

�

�( ) ( , ) : max ( , , )
( )

z T z t t v d
v V t

t

0 0
0

�
�

��
��.

Ïåðåâ³ðèìî ñïðàâåäëèâ³ñòü óìîâè 4. Çà ïîáóäîâîþ äëÿ âñ³õ v S� 0
� ñïðàâåä-

ëèâå âêëþ÷åííÿ
	 � �
 � � � � � ��

� � �� � � �( ( ), )[ ( ( ))] ( ( ) )z v S z z S vr2 0
1 .

Òîìó ç óðàõóâàííÿì íåð³âíîñòåé (34), (35) ìàºìî

min
v S

rz v S z z S
�

�
� � �� � �

0

2 0
1

�
	 � �
 � � � � � �( ( ), )[ ( ( ))] ( ( ) ) � v .

Îòæå, âèêîíóºòüñÿ âêëþ÷åííÿ

0
0 0

2� � � �
�

�
�

�
��

v S
r

v S
z S v z v

� �
� � 	 � �
 ��[[( ( ) ) ] ( ( ), )[min S z0

1 � �� �( ( ))]]

³ ñïðàâåäëèâà óìîâà 4. Íàéìåíøèé äîäàòíèé êîð³íü ð³âíÿííÿ (37) �� ( )z º ìîìåí-
òîì çàê³í÷åííÿ ãðè çà óìîâ òåîðåìè 6 ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (3).

Çà ïîáóäîâîþ äëÿ âñ³õ v S� 0
� ñïðàâåäëèâå âêëþ÷åííÿ

	 � �
 � � � � � �
� � � �� � � �( ( ), )[ ( ( ))] ( ( ) )z v S z z S vr2 0

1 .

Òîìó ç óðàõóâàííÿì íåð³âíîñòåé (34), (35) ìàºìî.

max
v S

rz v S z z S
�

� � � �� � �
0

2 0
1

�
	 � �
 � � � � � �( ( ), )[ ( ( ))] ( ( ) ) � v .
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Îòæå, âèêîíóºòüñÿ âêëþ÷åííÿ

0
0 0

2� � � �
�

�
�

� ��
v S

r
v S

z S v z v
� �

� � 	 � �
 ��[[( ( ) ) ] ( ( ), )[max S z0
1 � �� �( ( ))]]

³ ñïðàâåäëèâà óìîâà 3. Íàéìåíøèé äîäàòíèé êîð³íü ð³âíÿííÿ (37) �� ( )z º ìîìåí-
òîì çàê³í÷åííÿ ãðè çà óìîâ òåîðåìè 2 ç âèêîðèñòàííÿì êåðóâàííÿ âèãëÿäó (4).

Ðîçãëÿíåìî ïî÷àòêîâå ïîëîæåííÿ z z z0
1
0

2
0� ( , ) ³ ìîìåíò T 	 � �/ òàê³, ùî

�� 	 �| | | |z T z1
0

2
0 , T T z t z t v d

v V t

t

� � � �
�
� �

� �
��( , ) [ , ( )]: sup ( , , )

( )
0 0 1

0

� 	 � �
�

�

��

�
�
�

��
.

Òîä³ ãðà ìîæå áóòè çàê³í÷åíîþ â ìîìåíò T çà óìîâ òåîðåìè 1 ç âèêîðèñòàí-
íÿì êåðóâàííÿ âèãëÿäó (4).

ÂÈÑÍÎÂÊÈ

Ðîçãëÿíóòî ïðîáëåìó çáëèæåííÿ êîíôë³êòíî-êåðîâàíèõ îá’ºêò³â ç ð³çíîþ
³íåðö³éí³ñòþ. Ñôîðìóëüîâàíî äîñòàòí³ óìîâè çàê³í÷åííÿ ãðè çà ñê³í÷åííèé
ãàðàíòîâàíèé ÷àñ ó ðàç³, êîëè óìîâà Ïîíòðÿã³íà íå âèêîíóºòüñÿ. Óâåäåíî
íèæí³ ðîçâ’ÿçóâàëüí³ ôóíêö³¿ äâîõ òèï³â, ùî â³ä³ãðàþòü êëþ÷îâó ðîëü ó ôîð-
ìóëþâàíí³ ðåçóëüòàò³â ³ äàþòü çìîãó ðåàë³çóâàòè ïîáóäîâó êåðóâàííÿ. Ö³
íèæí³ ðîçâ’ÿçóâàëüí³ ôóíêö³¿ â çàãàëüíîìó âèïàäêó ìîæíà âèçíà÷èòè ç óðà-
õóâàííÿì ôóíêö³îíàë³â Ì³íêîâñüêîãî äåÿêèõ áàãàòîçíà÷íèõ â³äîáðàæåíü, ùî
äàº äîäàòêîâ³ ìîæëèâîñò³ â äîñë³äæåíí³. Çàïðîïîíîâàíî äâ³ ìîäèô³êîâàí³
ñõåìè ïåðøîãî ïðÿìîãî ìåòîäó Ïîíòðÿã³íà, ÿê³ ãàðàíòóþòü óñï³øíå çàâåð-
øåííÿ êîíôë³êòíî-êåðîâàíîãî ïðîöåñó â êëàñ³ êîíòðêåðóâàíü. Óâåäåíî âåðõ-
íþ ðîçâ’ÿçóâàëüíó ôóíêö³þ, ùî â çàãàëüíîìó âèïàäêó ìîæå áóòè âèçíà÷åíà
ç óðàõóâàííÿì îáåðíåíîãî ôóíêö³îíàëà Ì³íêîâñüêîãî äåÿêèõ áàãàòîçíà÷íèõ
â³äîáðàæåíü. Ðîçãëÿíóòî â³äïîâ³äí³ ìîäèô³êîâàí³ ñõåìè ìåòîäó ðîçâ’ÿçóâàëü-
íèõ ôóíêö³é äëÿ êåðîâàíèõ îá’ºêò³â ç ð³çíîþ ³íåðö³éí³ñòþ â êëàñ³ êâàç³ñòðà-
òåã³é òà êîíòðêåðóâàíü. Íàâåäåíî ìîäåëüíèé ïðèêëàä.
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A.A. Chikrii, I.S. Rappoport
SUFFICIENT APPROACH CONDITIONS FOR CONFLICT CONTROLLED
OBJECTS WITH DIFFERENT INERTIA

Abstract. The problem of convergence of controlled objects with different inertia in dynamic
game problems is considered. For controlled objects with different inertia, it is characteristic
that the Pontryagin condition is not satisfied on a time interval. To solve the problem, a
special multivalued mapping and a matrix function are introduced to equalize the players’
control resources, and then the additional resource is compensated by the body component of
the cylindrical terminal set. With the help of the lower resolving function for objects with
different inertia, two modified schemes of the first direct Pontryagin method are proposed,
which guarantee the successful completion of the conflict-controlled process in the class of
countercontrols. The upper resolving function is introduced and the corresponding modified
schemes of the method of resolving functions for controlled objects with different inertia in the
class of quasi-strategies and counter-controls are presented. New theoretical results are
illustrated by a model example.

Keywords: controlled objects with different inertia, quasilinear differential game, multi-valued
mapping, measurable selector, stroboscopic strategy, resolving function.
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