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POINTWISE ESTIMATES OF SOLUTIONS TO WEIGHTED PARABOLIC
p — LAPLACIAN EQUATION VIA WOLFF POTENTIAL

For the weighted parabolic equation
v (x) u — div(w(@)|VulP2Vu) = f, p>2
we prove the local boundedness for weak solutions in terms of the weighted Wolff potential of the
right-hand side of equation.
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1. Introduction and main results.

1.1 Statement of the problem In the present paper we are concerned with weak
solutions for the divergence type quasilinear parabolic equations

v () up — div(w(z)|VulP2Vu) = f, p > 2 (1)

in wy = 02x(0,T), where Q is bounded domain in R",n > 2,0 < T < 400, v(x), w(x)
belong to the correspondent Muckenhoupt classes and f € L' (7). In the non weighted
case, i. e. v(x) = w(x) = const, this class of equations has numerous applicantions and
has been attracting attention for several decades (see, e.g. the monographs [16,17,28,29|
and referens therein).

For the function f(x,t) we assume that f € L*(Qr) and v(z), w(x) > 0, v(z) € Ax ,
w(x) € Ay where A, , 1 < p < oo denotes the Muckenhoupt class. This means that

supw’gi) (,;/Bw_rfl(x) dx)p_l =Ky < 400, w(B) = /Bw(x) dzx

where the supremum is taken over all balls B C R" . And we say that v(z) € Ay if
there exists pg > 1 such that v(x) € A,,.
As an immediate consequence of the definition of A, class one has

wmn = ()

for any ball B,(y) C B,(y)-
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Further we will assume that

Kl (g)m gmgm (g)m, 0<r<p <, 2)
Kt (g)nm < m < K (g)nu, H1 < py (3)

with some positive Ky, v, p1,v, p and for balls B,.(y) C B,(y). Our next assumption

is a relation between v and w. Fix y € Q and R such that Bgr(y) C  and set
v(Br(y

0y(r) 1= o 220D

/r‘ b
w(Br(y))
a, Ko such that

0 < r < R is increasing in r. Then there are positive constants

=) @

1.2 Weighted parabolic Wolff potentials
To formulate our results we also need the definition of the weighted parabolic Riesz
potential. Let (zg,t0) € Qp for any p,0 > 0 we define Q,¢(z0,t0) := Q;re(z:g,to) U

Q,4(z0,t0), Q7 (w0, t0) := Bpy(wo) X (to,to + ), Q, g(zo,t0) := Bp(wo) x (to — 6, to)

and set
fd:cdt} (5)
Qp,r (p) (Z05t0)

Note that the above infimum is attained at some 7 € (0, 00| since function under the
infimum is continuous in 7.
Now let, for p > 0 and p; :=

_ 1
D(xo,to; p) := ;r;g{

%, j=0,1,2... We define the parabolic potential for
a function f as follows:

(9
Pf .T(),t(), ZD $07t07p] (6)
7=0

If p = 2 the introduced potential is evidently equivalent to the weighted Riez
potential used in [44]. Not that, for a time-independent f charging all balls centred at
x, the minimum in definition of D(xg, to; p) is attained at

p—2
1

C 1
0= <w(Bp(3:o)) /Bp(:co) mdl) '

So

1

D(xo,to;p) - (UJ(.B/;IZ.TQ)) /Bp(aco) |f’d$> _ ) Pi{w(x()?t()vp) - Wdlp(xo,p), (7)

where W$7p(xo, p) is the weihgted Wolff potential (see [24] for the deteils).
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1.3 Main result and history of the problem

Before formulating of our main result let us remind the reader the definition of
weak solution to (1).We say that u is a weak solution of equation (1) in Qp if
u € C((0,T); L*(2)) N LP((0,T); WP(Q)) and for any interval [t1,t2] C (0,7] and a
nonnegative test function ¢ € Wh2([ty,t2]; L2(2)) N LP([t1, ta]; Wol’p(Q)) the integral

identity holds
/ ugpd:c // )| VuP~2VuVedzdt =
QX[tl t2

= // fodxdt + // v(x)upidzdt
QX[tl,tQ} QX[tl,tQ]

Theorem 1.1. Let u be a weak solution to equation (1) and p > 2. Then, for

every A € (O,min{p%l,%}) there exists v > 0 depending on p, N, cg,c1 and A,

(8)

such that for every Lebesque point (y,s) € Qpr of uy and p,0 > 0 such that
Qpo={z:|lr—y| <p} x[s—0,s+6] CQr , one has

= 1
welys) = 7[ <¢yéR)>p2 " [ / / W 1)dxdt] B
Jr[ // )(p— dedt} 1+A(p i) n Pgiw(y,s,p)]

The estimate above is not homogeneous in « which is usual for such type of equations
[16,17]. The proof of Theorem 1.1 is based on a suitable modifications of De Giorgi’s
iteration technique [15] following the adaption of Kilpeldinen-Maly technique [25] to
parabolic equations with ideas from [30,31].

9)

Theorem 1.2. Let u be a weak solution to equation (1). Assume that, for all Q) C Q
and I C (0,7),

lim sup P/ (x,t;p) <
P20 eye x1
Then u € LS. (Qr).

Before describing the method of proof, few words concerning the history of the
problem. It should be recalled here that in addition to the considered equation of type
p-Laplacian (1), special cases of a quasilinear parabolic differential equation in divergent
form are also

v () up — div(w(z)u™ HVuP~2Vu) = f(z,1) (10)

v (z) uy — div(w(2)u™ 'Vu) = f(x,t) (11)

The equation with double nonlinearity (10) arises in physical problems where the
properties of both the Laplacian and the porous medium (11) are used. Equation (1)

is an equation of non-Newtonian elastic filtration, and describes the unsteady flow in a
porous medium of liquids. The equation (11) describes Newtonian polytropic filtering
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and has multiple physical applications. For various values of m and p, equations (11),(1)
with very different solution properties are obtained. So, in a homogeneous equation of
the p -Laplacian type, for p = 1 we obtain the equation of the minimum surface and
has a geometric character and this case is very different from the case for p > 1. For
p > 2, the "degenerate case"has the compactness of the support for the solution, and
for p < 2 the "singular case"a complete decay of the solution in a finite time is possible.
This phenomenon can be seen on the example of the “Barenblatt solutions” of equation
(1).

The purpose of this article is to establish such a basic property as local
boundedness weak solutions of the equation (1), under conditions on the coefficients
given in the structural conditions. This property is fundamental in the qualitative
theory of second-order elliptic and parabolic equations. Local boundedness and Hélder
continuity of weak solutions to homogeneous linear divergence type second-order
elliptic equations with measurable coefficients without lower order terms is known
since the famous results by De Giorgi [15] and Nash [36], and the Harnack inequality
since Moser’s celebrated paper [35]. In this paper, we give a parabolic analogue of the
classical Kilpeldinen—Maly result [25], in which pointwise estimates are obtained for
solutions of quasilinear elliptic Laplace p-type equations with measure on the right-
hand side, using a truncated nonlinear Wolff potential. These estimates were further
generalized to completely nonlinear equations by Labutin [27| and completely nonlinear
and subelliptic quasilinear equations Trudinger and Wang [42].

The difficulties arising here are related not only to the presence of the function
fe L}OC(QT) but also to the presence of weights v and w. Our strategy of the proof is
similar to that of [16]. However, due to the different structure conditions the De Giorgi-
type iteration cannot be used. Instead, we adapt the Kilpeldinen - Maly iteration [25],
which was developed in [30,31] and [5,6,9,31,40] for the porous medium and evolution
p-Laplace equations.

2. Preliminaries, auxilary material and integral estimates of solutions.

2.1 Auxilary propositions
The next lemmas will be used in the sequel. The first one is the weighted Sobolev
and Poincaré inequalities (see [11] ).

Lemma 2.1. Let p > 1, w1 € Ap, we € Ax and nest inequality holds
P i
p) \w2(By(y))) wi(Br(y))
for every ball B.(y) C B,(y), some ¢ > 0 and some q > p. Then there exists v > 0
depending only on the known parameters, q and c such that

1

1 / q K
— w dr <
<w2<BR<x>> . ) =
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1
<R (@ /| . w1|w|de> p (13)
for every ball Br(T) and every ¢ € C§°(BRr(T)),
. @
<<B<>> Jou ™4~ @R'qd‘”) :
. v
<R <w1(BR(x)) /BR@ wl'w'pd‘”> Y
for every ball BRr(T) and every ¢ € C*°(Bg(T)). Here
1 1
7T wy(Br(@) /BR@ e O PR B e

The next lemma is the parabolic version of the Sobolev imbedding theorem (see
[1,12]).
Lemma 2.2. Let w € A, v € Ay and let inequality (2.1) holds true with wy = v,

w; = w, and some q > p. Then there exist h, v > 0 depending only on the know
parametres such that

h
1
v|PTPdrdt <y | ———— sup / vlpPtde | x
//QR,T(I:t) v(Bg(T)) t—r<t<t/ BRr(T)
x R? // w|VlPddt, (15)
QR,T(E7E)
U(BR(f)) QRJ(E?%) a
1 h
<A|—=——= sup / vlp|Ptde | %
(U(BR($))t—r<t<t Br(z)

rall
X— w|VelPdrdt, 16
wBa@) Jon.wn 7 16)

for every cylinder Qr +(T,t) and every

p € C (T - 7.5 L (Br(@),v)) N L2(E — 7.5 W (Br(®), v, w))
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REMARK 2.3. In the case when w = wy € A, v = w2 € Ay and ¢- exponent from
elliptic inequality (12) we have two important consequences

qa—p
1 p
wlp|®dedt <y | ———= sup / v|p|dz X
//QRJ(;(;,t) V(BR(T)) ¢ r<i<t JBr(@)
x RP // w|VlPdxdt, (17)
QR,T(E7E)
qa—p
! // | dadt < 1 / oz
e vlip|Pardt < v | ——5—=5 Ssup vlplax
v(Br(Z)) JJgp, @D V(BR(T)) i—r<t<i ) Br()
R ](/‘ VlPdd (18)
X———— w 2 T ta
w(Br(T)) JJqp. @3

where go = p + a-p >p
p
2.2. Important proposition and local energy estimates

Auxiliary integral estimates of solutions are formulated in the following lemma. For
1— 1+

A € (0,1) we define G(s) := s2 A sy and n(s) == (1 + s+)l_% —1=s As. 7
For 6 > 0 and 0 < p < R define I,(,(S)(s) = <5— 210 5+ wy(p)), Q,(f)( ,8) =

gp=2"’ Jp—2
B,(y) x I,gé)(s). For shortness, we write B := B,(y), I := Ié )( ) and Q := Qp (y, ).
We also denote I(t) := I N (0,¢) and Q(t) :== B x I(t). L = Q¥ (y,s) N {u>1},
L(t)=Ln{r =t}
In the sequel, v stands for a constant which depends only on N, p, ¢cg, ¢ and A, and
which may vary from line to line.

Lemma 2.4. Let A < = 1 and m > p. Then there exists a constant v > 0 depending
only on N, p, co,c1, A and m, such that, for every solution u to (1) in Qp, every ,6 >0

and (y,s) € Qr such that the cylinder Q§)6)(y,s) C Qr, and every £ € C'OO(QSS)(y, s))
8o~ 12 !

such that 0 < & <1 and & < ————
&< =50

holds.

%gﬁmmmg<“gggwx+y4/lw@)
—”wy // (

§P—25-P 1\ -1 ~
- - - m—=p L
' /lwum 5) ¢ Mﬁ+5!LUMMt

Ao
and |V¢| < < , the following estimate
P

)gm'ldxdt+ (19)

Emdzdt <
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S4

Proof. Let ¢(s f YN < s AT = **  and O(s) := [P(r)dr =
0 s+ +1 0

G(s) = s% Asy. Note that 1 — 1+ u(s >> = ¢ a

Let me and M. denote mollifiers in t and in x, respectively. Note that m:M, is a
contraction in L49(Q) and C(I; L1(B)) for all € [1,00] and that m: M, — I in the strong
operator topology of the aforementioned spaces for q € [1,00). Also, meMyp — . a.e.
on @ as €,0 — 0. Further on, for a function ¢ we denote p. == m:Myp. We choose

1 _
) == [gf) (Us(s l) 5’”] as a test function in (18). Then we have that
€

0
/ 2 )uept dx—i—// )| VulP2VuV e ® dedt =

= // o dzdt + // v(x)ugogs)dwdt
Q(t) Q(t)

Note that (&) — ¢ = ng < _ > &M in C(I; LY(B)) N LP(I; Wol’p(B)) as e — 0 for

(20)

all g € [1,00) since ¢ is a bounded continuous function. Hence

/ z)up®dx + // 2)|VulP2VuVe® dadt —
Q(t)

(21)

—>/ ugpdﬂc+// z)|VulP"2VuVedzdt as € — 0

Q)

1

Since m:M, is a contraction in L*°(Q), we have that 0 < sup ¢ = 5 Therefore
we obtain that .
/ fo®dzdt < — / / fdzdt (22)
Q) 0A J o)

Now we consider the last integral on the right hand side of (20). Since m:M, is a
self-adjoint operator commuting with the derivative,

[ ot [ oo (%) e
-/ /Q ) () (Opue) 50 <“ - l) emdedt =
e e
= [ vugo (et~ [ e (M) erars
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+m / /Q o ( _ >§m ¢ dadt.

Since ® s a Lipschitz continuous function, we conclude that

e —1
// v(x)ugpga)d;cdt — | v(x)up(t)de — / v(x)® (u ) € (t)dx+
—1
+m// v(z)® <u5 )fmlftdxdt as € =0
Q
Collecting we obtain the following inequality:
/ v(x)® ( > EMdx + // z)|VulP 2 VuVedzdt <
1 (24)
< m—1 .
m// <5 )5 &dxdt + 5 //Q fdxdt
Taking the supremum in t, we obtain
sup/ v(x)® ( >§md1:+// z)|VulP~2VuVedzdt <
tel (25)

< m// <5) £ Le dudt + (;\/Qfdzvdt

Now we estimate the second term on the left hand side of as follows. Noting that

Voo L (14 guen | (1)
LS 5 Y Y 5

inequality, we have

—1-X
/ / )| VuP~2VuVedzdt > 5 / / w(x) <1+ “ 5 l> |Vu[PE™ dadt—
L
. w—1\"" fu—1 _—
—7)\5 )| Vul =1+ — s ) [VEle™ ™ dadt >
u—1 —1-X
> 553 / / ( ) |Vu|PEmdxdt—
P2 mP w— NP _
S ) (e

1 u—1\ 1" 1 w—1\"""
Observe now that G < & < XG and (V¢ 5 =v—(1+ |VulP,

=7
op )
8o~ 1oP—2 401
o) and |V¢| < > and that (1 + s)*P=D=1gp < s(HNE=1) gince
y

1| VEE™1 using Young’s

(26)

that [&| <
AMp—1)<1.
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Hence we conclude that

2 05 ) [ e
<o [ o5
+75pp2;7p //L (o) <u B )(1+>\)(p 1)

REMARK 2.5. Let (y, s) be an arbitrary point in Q7. Fix p,0 > 0such that p < dist(y, 9)

Emdrdt <

()]

)gm 'dadt+ (27)

M Pddt + 1 / | f|dadt.
0. Jq

and 6 < min{s,T —s}. Fix 0,0 :

oo = (247) & (28)

Fix a number k € (0,1) depending on N, p,c1,co and A\, which will be specified later.
For j =0,1,2, ... positive numbers /; and J; are defined inductively as follows. We set
01 =20,9 and lp = 0 and, for j = 0,1,2,3,..., given §; 1 and [; , we define J; and
lj+1 as follows. We denote p; := po’, Bj := B, (y) and

Tj:—supTTPQ—i- //
PJ Q

fdzdt = D(y,sspj)}

Py (pj) ) (,8)

For 6 25_]' with

— 1

1 1
(5j:: 5(5]'_1 V 7; p72, (29)

wy(Pj) ¢y(Pj)

§
we define IJ‘»S = <s— 5p—2 5+ 5p—2 )aQE)::BjXI};7

L? = {(m,t) € Q? cu(z,t) > lj} and for t € I]‘S, Lj(t) :={x € Bj :u(x,t) >} .

derivative estimates |0;&; 5| < C

80

Note that &5 € C*(Q%), 0 < &5 < 1, and &5 = 1 for (x,t) € 3@, with the

oP—2 C
and |[V&| < —
1/’7;( ) ‘ gj‘ PJ

Ai(§) = ——32 (L=t // < lj)gm_pdxdt+
! Yy(pj)v L3 — 1 3.8
l—l p—2 _ 1.\ -1
// oo (=)
L&

— 1

sup/ v(x)G<u >§j sdx
tels J15(0) L=k

Set

€ Pdudt+ (30)

_l’_

U(Bj)
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We fix k € (0,1), which will be defined later. For j =0,1,2,..., if
45(8) < w, (31)

we set 0; :6_j and lj11 =l + 6. Note that A;(0) is continuous as a function of § and
A;(0) = 0as d — oo. So if

A;(0;) > 5, (32)

there exists 5>5 such that A, ((5 ) > k. In thls case we set 0 =4 and liv1 =1 +9;.
With fixed 6; , we set I := j , Q) = Qj , Lj = Lj & =&, )
The following proposition is a key in the Kilpeldinen - Maly technique [25].
First we prove the lemma

Lemma 2.6. One can choose k > 0 such that there exists v > 1 depending on the
data, such that

1
forj=1,2,3,... , and for j =0,
1
T+ (p—1)
60 < d,0 +'y[ // vquH’\ b= l)dxdt] T4
Qp0
. (34)
(=
+[ // qurlJrA P l)da:dt] +vD(p)
Qp0

Proof. We will assume that 6; > %(5]-_1, otherwise the equality is obvious. We use
the following inclusions

1 .
Q] C Qijl) J = 172737"'

Qj C Qro(y,s), j=0,1,2,3, ... (35)
Q] - ij,7j¢j(pj)(yas)7 .] = 1>2737 )

by our choice of o of sequences {l;} and {6;} . It suffices to prove (33) in case §; >(5_j .
Otherwise the estimates are evident as 6; :_j implies that §; = 16,1 (recall that

201 = 6,9 ) or §; = iy(1;). Note that §; >5_j guarantees that A;j(0;) = k. Let Lj =
L UL , where

/ —l " —l
L;= {(m,t) €Lj: ué L < 5}, L; = {(x,t) S ué J >z—:} . Further, taking into
J J

u
account the properties ——— = 1+ J > 1 and the properties of doubling measures

53 ) 51
v(Bj) = Cv(Bj_1)
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dJy P;) / / (

REDY !
+A(p—1) // ) (u—1) AN @) gorgt 1
7/’1/ P;)

el+A(p-1) 5? 2
<7 // (
( j—1 d’y Pj— 1
€ u— 1 (36)
sup v(z)G ( > &N dr <
v(Bj-1) tte—l/le(t) (=) 0j—1 i1

<nedj1(9j-1) < ek

(1) (p—1)
) & Pdrdt+

i
sup v(z)dr <
v(Bj) terj J ) (@)

)(1+/\)(:n 1)

€1 Pddt+

+7

P+ (p—1) h(p—1)
We have 7p<p+h A\ < §+h

wy P;) // (
v(de 2 (p7) // ( . j) & Pdadt <

(1) (p—1)
) & Pdedi+

A+2) (p—1)
0l 5)5? // < j> s w— .
&M Pdxdt4
w( Bj)y(ps) " j J
p(1+>\)(p 1)
’7(6)65 // ( ) S
U(Bj)wy PJ
h
u— P+h
( )G 5 >£ d:z:) X (37)
tG]j j

d:l:dt <

Bg //Lw < < 5]l]
”( wyp] // DG u(sj > P
A+N)(p=1) m—p

awyai 0 (50

h—
gt Pdzdt+
1+h
+7 // I d:rdt)
d;50(B;) Qj’ |

82



Pointwise estimates of solutions to weighted parabolic p — Laplacian equation via Wolff potential

Hence, similarly to (36)

1/)y Py // (
s s oo (50 )g s
<(e) <,~@ + W //Qj |f|da:dt>1+h

To estimate the third term on the right-hand side of (30) we use Lemma 2.4, we obtain

1 m m—p
U(Bj) félllj/L (t )U(CC)G ( ) 5 = ¢y pj // 5 ddt+

(12 (p-1)
) €1 Pdudt+

cl+A(p—1) 5? 2
MWWy / / ) (u— 1) N Py
¢y PJ
— —p
m 39
+v B‘ T/Jy ) //"v(m)G< 5; >§j dxdt+ (39)

N (-
+7// w(z <“ L > M P drdi+
w(Bj)y(p;)

Combining (36)-(39) we get

1+h
K < yek + ()T + (e) [ (B, // \f|dxdt] +5
]

VB' //.f|dxdt (40)

Now choose ve = i and y(e)k" = 1 . By (40) there exists v > 0 such that
|f]da:dt (41)
By (35))
5> <1> // \fldadt < —2 // \f|dadt
7T\ o(By) JJg,
50
8 < 251+ 1Dyl (42)

Now we prove the estimate (34) of &g . Since Ag(do) = K, at least one of the following
two inequalities holds :

1 513_2 u (1+>\)(p—1)
T < 0 2+
2" = Uy(p)o(B,) // v ( 50> dadt (43)
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or
1 §P2 wy\ TN -1)
k< —9% // w <+> dzdt (44)
2 7 Yylp)w(By) JUg, \do
In both cases, taking into account the Lemma (recall that Qo C Q,)we have
1
T+A(p-1)
do < d,0 +’y{ // vquH/\ P Dd:zdt} ' +
Q
y T )\(1 i) (45)
+ —
—i—[ // wu+1+)‘ P Udmdt] ’ +vD(p)
Qp,0
O

3. Proof of Theorem 1.1.
Proof. First we show that the sequence {/;} is bounded above and

! 1
B T+Xx(p—1)
L s g25p79+7(<¢y23)>p 2 +[ // oD g, dt] S
Qpo

1
1+A(p—1)
[ // ul AP 1)dxdt] : +PJ(y,s,p)>
Qo

It follows from Lemma 2.6 and setting lp = 0 that there exists v > 0 such that, for
J=23.4,..,

J-1 - .
1
:Zéj 52 —I—’}/ZD/)] *lj 1+5p79+
7=0 7=0 7=0
1
T+ (p—-1)
+7[ / vl l)dacdt] + (46)
/(/}y Qp@

>\( )
+[ //Q )(o- 1)dg:dt] o +72D )

Since Iy > ly_1, from this the assertion follows.

References

1. Adams, A., Fournier, J. J. (2003). Sobolev Spaces, Academic Press.

2. Andreu, F., Mazon, J.M., Segura de Leon, S., Toledo, J. (1999). Existence and uniqueness for a
degenerate parabolic equation with L'-data. Trans. Amer, Math. Soc., 851(1), 285-306.

3. Aromson, D. G., Serrin, J. (1967). Local behavior of solutions of quasilinear parabolic equations.

Arch. Rational Mech. Anal., 25, 81-122.
4. Boccardo, L., Gallouét, T. (1989). Non-linear elliptic and parabolic equations involving measure

data. J. Funct. Anal., 87, 149-169.

84



10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Pointwise estimates of solutions to weighted parabolic p — Laplacian equation via Wolff potential

Bogelein, V., Duzaar, F., Gianazza, U. (2014). Continuity estimates for porous medium type
equations with measure data. J. Funct. Anal., 267, 3351-3396.

Bogelein, V., Duzaar, F., Gianazza, U. (2016). Sharp boundedness and continuity results for the
singular porous medium equation. Israel J. Math., 214, 259-314.

Bonafede, S., Skrypnik, I. I. (1999). On Hélder continuity of solutions of doubly nonlinear parabolic
equations with weight. Ukr. Math. Zh., 51(7), 890-903; transl. in (2000). Ukr. Math. J., 51(7),
996-1012.

Bonforte, M, Iagar, R.G., Vazquez, J.L. (2010). Local smoothing effects, positivity, and Harnack
inequalities for the fast p-Laplacian equation. Adv. Math., 224, 2151-2215.

Buryachenko, K. O., Skrypnik, I. I. (2019). Riesz potentials and pointwaise estimates of solutions
to anisotropic porous medium equation. Nonl. Analysis, 178, 56-85.

Cafarelli, L. A., Friedman, A. (1980). Regularity of the free boundary of a fas flow in an n-
dimensional porous medium. Indiana Univ. J., 29, 361-391.

Chanillo, S., Wheeden, R. L. (1985). Weighted Poincaré and Sobolev enequalities and estimates
for weighted Peano maximal functions. Amer. J. Math., 107(5), 1191-1226.

Chiado Piat, V., Serra Cassano, F. (1994). Some remarcs about the density of smooth function in
weighted Sobolev spase. J. Conver Anal., 2, 135-142.

Chiarenza, F. M., Frasca, M. (1985). A note on a weighted Sobolev inequality. Proc Amer. Soc.,
93(4), 703-704.

Chiarenza, F. M., Separioni, R. P. (1987). Pointvise estimates for degenerate parabolic equations.
Appl. Anal., 23, 287-299.

De Giorgi, E. (1957). Sulla differenziabilita e ’analiticita delle estremali degli integrali multipli
regolary. Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. Natur., 3, 25-43.

Di Benedetto, E. (1993). Degenerate Parabolic Equations, Springer-Verlag, New York, 288.

Di Benedetto, E., Gianazza, U., Vespri, V. (2012). Harnack inecuality for degenerate and singular
parabolic equations. Springer Monographs in Mathematics. Springer, New York.

Esteban, J. R., Vazquez, J. L. (1990). Regularite des solutions positives de ’equation parabolique p-
laplacienne (in French) [Regularity of nonnegative solutions of the p-Laplacian parabolic equation].
C. R. Acad. Sci. Paris Ser. I Math., 810(3), 105-110.

Fabes, E. B., Kening, C. E., Serapioni, R. P. (1982). The local regularity of solutions of degenerate
elliptic equations. Comm. PDE, 7(1), 77-116.

Ferrari, F. (2006). Harnack inecuality for two-weight subelliptic p-Laplac operator. Math. Nachr.,
279(8), 815-830.

Garcia Cuerva, J., Rubio de Francia, J. L. (1985). Weighted norm inequalities and related topics.
In: North-Holland Matematics Studies, vol. 116, North-Holland Publishing Co., Amsterdam.
Gutierrez, C., Nelson, F. (1988). Bounds for the fundamental solution of degenerate parabolic
equations. Comm Partial Diff. Equations, 13, 635—649.

Gutierrez, C., Wheeden, L. (1992). Bounds for the fundamental solution of degenerate parabolic
equations. Comm Partial Diff. Equations, 17, 1287-1307.

Heinonen, J., Kilpeliinen, T., Martio, O. (1993). Nonlinear Potential Theory of Degenerate Elliptic
Equations. In: Ozford Matematical Monographs, The Clarendon Press, Oxford University Press,
Nev York, Oxford Science Publications.

Kilpeldinen, T., Maly, J. (1992). The Wiener test and potential estimates for quasilinear elliptic
equations. Acta Math., 172 137-161.

Krylov, N. V., Safonov, M. V. (1981). A certain property of solutions of parabolic equations with
measurable coefficients. Math. USSR Izv., 16(1), 151-164.

Labutin, D. (2002). Potential estimates for a class of fully nonlinear elliptic equations. Duke Math.
J., IIT, 1-49.

Ladyzhenskaya, O. A.; Uraltceva, N. N. (1968). Linear and quasilinear elliptic equations, Academic
Press, New York, London.

Ladyzhenskaya, O. A., Solonnikov, V. A., Uraltceva, N. N. (1968). Linear and quasilinear equations
of parabolic type, Amer. Math. Soc.

Liskevich, V., Skrypnik, I. I. (2009). Harnack’s inequality and continuity of solutions to quasi-linear

85



Y. Zozulia

degenerate parabolic equations with coefficients fron Kato-type classes. J. Differential Equations,
247(10), 2740-2777.

31. Liskevich, V., Skrypnik, I., Sobol, Z. (2013). Estimates of solutions for the parabolic p-Laplacian
equation with measure via parabolic nonlinear potentials. Communications on Pure and Applied
Analysis, 12(4), 1731-1744.

32. Mikkonen, P. (1996). On the Wolff potential and quasilinear elliptic equations involving measures.
Ann. Acad. Sci Fennicae, Dissertationes, V. 104, 1-71.

33. Moser, J. (1964). A Harnack inequality for parabolic differential equations. Comm. Pure Appl.
Math., 17, 101-134.

34. Moser, J. (1971). On a pointwise estimate for parabolic differential equations. Comm. Pure Appl.,
Math., 24, 727-740.

35. Moser, J. (1961). On Harnack’s theorem for elliptic differential equations. Comm. Pure Appl Math.,
14, 577-591.

36. Nash, J. (1958). Continuity of solutions of parabolic and elliptic equations. Amer. J. Math., 80,
931-954.

37. Nash, J. (1957). Parabolic equations. Proc. Natl. Acad. Sci. USA, 43(8), 754-758.

38. Serrin, J. (1964). Local behaviour of solutions of quasilinear equations. Acta Math., 111, 302-347.

39. Skrypnik, I. I. (1998). Nonnegative solutions of degenerate quasilinear parabolic equations with
measurable coefficients. Dokl. Akad. Nauk, 362(2), 165-167.

40. Sturm, S. (2015). Pointwise estimates for porous medium type equations with low order terms and
measure data. Electron J. Differetial Equations, 101, 1-25.

41. Trudinger, N. (1968). Pointwise estimates and quasilinear parabolic equations. Comm. Pure Appl
Math., 21, 205-226.

42. Trudinger, N., Wang, X.-J. (2002). On the weak continuity of elliptic operators and applications
to potential theory. Amer. J. Math., 124, 369-410.

43. Zhang, Q. (1996). On a parabolic equation with a singular lower order term. Trans. Amer. Math.
Soc., 848, 2811-2844.

44. Zozulia, Y. (2020). Pointwise estimates of solutions to weighted porous medium and fast diffusion
equations via weighted Riesz potentials. Ukr. Matem. Visnyk, 17(1), 116-144.

€.C. 3o3yasa
IToroukoBi oniHKM pPO3B’sA3KiB Barosoro napaboJsivHoro piBHsiHHs 3 p — Jlanyacianom

yepe3 noreHiiajga BoJsbda.

IIpobsiemu, mmos’s13aHi 3 JOCIILIKEHHSAM BJIACTUBOCTEHN O3B I3KiB mudepeHIiaIbHIX PIBHAHD ¥ TACTHH-
HUX TTOXITHUX, TPOTATOM OCTaHHIX JECATUJITH MPUBEPTAIOTH yBary H6aratnox asBropiB. BaraTo pobiT
OCTaHHIX POKIB IIPUCBAYEHO BUBYEHHIO PIBHAHHS p —Jlamiaca, sKe MOJIETIO€ HEeHBIOTOHIBCHKY TIPYKHY
dinprpariio Ta onncye 6araro ¢izuarmx npomecis. OCHOBHI SKICHI BJIACTUBOCTI PO3B’sI3KiB OJHOPITHIX
JIHITHUX eTIOTUYIHUX PIBHAHD JUBEPTEHTHOTO THUILY APYTOTO MOPAIKY 3 BUMipHUME KoedirienTamu 6e3
YJIeHIB HUXKYOTO TOPSAKY Bimomi mie 3 pesyasraris e Txopmxi [15], Hema [37] Ta Mosepa [34]. Lli
pesynbratu y3araasaeno Ceppinom [38], Jlammkencpkoro ta Ypamnbnesowo [29], Aponconom ta Cep-
pinom [3], Ta Tpyxiarepom [41] mus mupoxkux KjaciB einTHYHAX Ta MApabO/IYHUX PIBHSHBL 3 Wile-
HaMU HUKYOIO HOPAAKY 3 Bimnosinuux kiacis LY-kmaciB. Anasioriuni pesynbraru [ijisi €BOJIIOIIHHUX
piBusHb 3 p —Jlammacianom 3’saBusucs HabaraTo misHinre. Ilepuroro icToTHOrO mepexomy 10 piBHSAHHS
p —Jlamwraca 3 mipolo gy upasiit wactuni gocarum Kimmemadinen i Masmii [25]. Bonu Bcranosuim
TOYKOBI OIIHKYW PO3B’sI3KIB B T€pMiHAX HeJIHIHOTO moTenmiaay Boabda. Li pesyabraTu 3romom Oyim
nomupeni Tpyninrepom ta Baurom [42] Ta JIaGyrinnM [27] na HesiHiini Ta cyGesinTiani KBa3lmiHiiHi

pisasuasa. HepiBromipro emnTwani Ta HeomrOpimHI mapabostivni piBaanna 6e3 / ab0 3 CHHTyIAPHAMEA
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MOJIOZIIVMHY “IJIEHAMU BUBYAJINCS IIPOTSTOM TPUBAJIOTO Iacy. [lepri pe3yIbTaTu B IbOMY HAIIPSIMKY OT-
pumasm @Pabde, Kenir i Cenapioni [19] i I'yrieppec [22] mnsa Barosoro yiHiHOrO einTraHOrO piBHAHHS 3
BaroIo, mpo € npeacraBaukoM A kgaca Makkenxaynra. Ha remepimaiit vac Ma€MO KJIaCHIHMIT Pe3yiIb-
tar Kinmenaitnen-Masmit [25], siki orpumasm TOUKOBl OuiHKM PO3B’sA3KiB KBaslniHIfHMX esinTmaHux
piBHsAHSG THIY p —Jlanmaca 3 Mipoio IPaBOPYT 3 TOYKU 30py HesiHiiHOro morenmniaxy Bomasda. Pesyms-
TaTH HEMIOAABHO Oysum momrmpeni na mapabostigauii Bunanok. Hepisuicts ['apraka Ta menepepsricTh
PO3B’A3KiB KBa3i/IHINHNX BUPO/KEHNX HapaboIiIHIX PiBHAHD 3 Koedimientamu ais kiaacis tumy Karo
orpumani B. Jlickesuuem 1a I. I. Cxpunnikom [30], oninku po3s’a3kis napabosiunoro p —JlawacosBoro
PIBHSIHHS 3 MipOIO 3a JOIIOMOTOI0 TTapabosiaHOTo HeIiHIHHOTO ToTeHTiaxy Borsda orpumani aBropamu
B. Jlickesuu, L. I. Cxpumnnik ta 3. CoGoub [31]. ¥V wiit ctarTi 3po6aeHo cupoby moBecTn 06MeKEHICTh
PO3B’s3KiB BUPOIKEHUX PIBHSHD 3 P —J/IAIIACiaHOM, 30yPEHUX CHHTY/ISIPHICTIO YIeHIB HUZKIOTO MOPSI/I-
Ky. Mu mommnpioeMo pe3yapTaT HA BHIAIOK MTApabOoJivHOrO PIBHSHHS 3 p —JIAIJIACIAaHOM 3 Barolo, II0
€ dynkrieo k1aca Makkenxaynra. [loBenenns 6a3yeTbcs HA BiAmoBiaanx Momudikamisgx iTeparmiitaol
Texuiku ge Jxopmxki micaa amantamii Texuiku Kimmematinen — Mamuit 1o mapabosiivHUX PiBHSHB Y
noenuanni 3 imesmu B. JlickeBuua ta I. I. Ckpunnika. Y3arajabHIOEMO BifloMi pPe3y/IbTaTu HA BUIIAI0K
PIBHAHHA, dKe MICTUTHh Baru KjaciB MakeHxXayInTa Ta CHHTYJIAPHI WIEHH HUXKYIOTO IOPAIKY, BUKODH-

CTOBYIOYM BaroBwil HeJiiHIMHUI mapabosigauilt norenmnias Bosbda npasol yacTuan piBHAHHL.

Karowoei caosa: obmescenicms po3e’askie, 6a206ut napaborivnutl p —aaniacian, nomenyians Boao-

da.
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