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POINTWISE ESTIMATES OF SOLUTIONS TOWEIGHTED PARABOLIC

ð � LAPLACIAN EQUATION VIA WOLFF POTENTIAL

For the weighted parabolic equation

v (x)ut − div(w(x)|∇u|p−2∇u) = f, p > 2

we prove the local boundedness for weak solutions in terms of the weighted Wol� potential of the
right-hand side of equation.
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1. Introduction and main results.

1.1 Statement of the problem In the present paper we are concerned with weak
solutions for the divergence type quasilinear parabolic equations

v (x)ut − div(w(x)|∇u|p−2∇u) = f , p > 2 (1)

in wT = Ω×(0, T ), where Ω is bounded domain in Rn, n ≥ 2, 0 < T < +∞, v(x), w(x)
belong to the correspondent Muckenhoupt classes and f ∈ L1(ΩT ). In the non weighted
case, i. e. v(x) ≡ w(x) = const, this class of equations has numerous applicantions and
has been attracting attention for several decades (see, e.g. the monographs [16,17,28,29]
and referens therein).

For the function f(x, t) we assume that f ∈ L1(ΩT ) and v(x), w(x) ≥ 0, v(x) ∈ A∞ ,
w(x) ∈ Ap where Ap , 1 < p <∞ denotes the Muckenhoupt class. This means that

sup
w(B)

|B|

(
1

|B|

∫
B
w

− 1
p−1 (x) dx

)p−1

= Kp,w < +∞ , w(B) =

∫
B
w(x) dx ,

where the supremum is taken over all balls B ⊂ Rn . And we say that v(x) ∈ A∞ if
there exists p0 > 1 such that v(x) ∈ Ap0 .

As an immediate consequence of the de�nition of Ap class one has

w(Bρ(y))

w(Br(y))
≤ Kp,w

(ρ
r

)np
for any ball Br(y) ⊂ Bρ(y).
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Further we will assume that

K−1
1

(ρ
r

)nν1
≤ v(Bρ(y))

v(Br(y))
≤ K1

(ρ
r

)nν
, 0 < r < ρ, ν1 ≤ ν, (2)

K−1
1

(ρ
r

)nµ1
≤ w(Bρ(y))

w(Br(y))
≤ K1

(ρ
r

)nµ
, µ1 ≤ µ, (3)

with some positive K1, ν1, µ1, ν, µ and for balls Br(y) ⊂ Bρ(y). Our next assumption
is a relation between v and w. Fix y ∈ Ω and R such that B8R(y) ⊂ Ω and set

ψy(r) := rp
v(Br(y))

w(Br(y))
, 0 < r ≤ R is increasing in r. Then there are positive constants

α,K2 such that
ψy(r)

ψy(ρ)
≤ K2

(
r

ρ

)α
. (4)

1.2 Weighted parabolic Wol� potentials

To formulate our results we also need the de�nition of the weighted parabolic Riesz
potential. Let (x0, t0) ∈ ΩT for any ρ, θ > 0 we de�ne Qρ,θ(x0, t0) := Q+

ρ,θ(x0, t0) ∪
Q−
ρ,θ(x0, t0), Q

+
ρ,θ(x0, t0) := Bρ(x0) × (t0, t0 + θ), Q−

ρ,θ(x0, t0) := Bρ(x0) × (t0 − θ, t0)
and set

D(x0, t0; ρ) := inf
τ>0

{
τ
− 1
p−2 +

1

v(Bρ)

∫∫
Qρ,τψx0 (ρ)(x0,t0)

fdxdt

}
(5)

Note that the above in�mum is attained at some τ ∈ (0,∞] since function under the
in�mum is continuous in τ.

Now let, for ρ > 0 and ρj :=
ρ

2j
, j = 0, 1, 2... We de�ne the parabolic potential for

a function f as follows:

P fv,w(x0, t0, ρ) :=
∞∑
j=0

D(x0, t0; ρj) (6)

If p = 2 the introduced potential is evidently equivalent to the weighted Riez
potential used in [44]. Not that, for a time-independent f charging all balls centred at
x0, the minimum in de�nition of D(x0, t0; ρ) is attained at

τ0 =

(
C

w(Bρ(x0))

∫
Bρ(x0)

|f |dx

)− p−2
p−1

.

So

D(x0, t0; ρ) =

(
ρp

w(Bρ(x0))

∫
Bρ(x0)

|f |dx

) 1
p−1

, P fv,w(x0, t0, ρ) =W f
w,p(x0, ρ), (7)

where W f
w,p(x0, ρ) is the weihgted Wol� potential (see [24] for the deteils).
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1.3 Main result and history of the problem

Before formulating of our main result let us remind the reader the de�nition of
weak solution to (1).We say that u is a weak solution of equation (1) in ΩT if
u ∈ C((0, T ];L2(Ω)) ∩ Lp((0, T ];W 1,p(Ω)) and for any interval [t1, t2] ⊂ (0, T ] and a
nonnegative test function φ ∈ W 1,2([t1, t2];L

2(Ω)) ∩ Lp([t1, t2];W 1,p
0 (Ω)) the integral

identity holds ∫
Ω
v(x)uφdx

∣∣∣∣t2
t1

+

∫∫
Ω×[t1,t2]

w(x)|∇u|p−2∇u∇φdxdt =

=

∫∫
Ω×[t1,t2]

fφdxdt+

∫∫
Ω×[t1,t2]

v(x)uφtdxdt

(8)

Theorem 1.1. Let u be a weak solution to equation (1) and p > 2. Then, for

every λ ∈
(
0,min

{
1
p−1 ,

1
N

})
there exists γ > 0 depending on p,N, c0, c1 and λ,

such that for every Lebesgue point (y, s) ∈ ΩT of u± and ρ, θ > 0 such that

Qρ,θ := {x : |x− y| ≤ ρ} × [s− θ, s+ θ] ⊂ ΩT , one has

u±(y, s) ≤ γ

[(
ψy(R)

θ

) 1
p−2

+

[
1

ψy(ρ)v(Bρ)

∫∫
Qρ,θ

vu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+

+

[
1

ψy(ρ)w(Bρ)

∫∫
Qρ,θ

wu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+ P fv,w(y, s, ρ)

] (9)

The estimate above is not homogeneous in u which is usual for such type of equations
[16, 17]. The proof of Theorem 1.1 is based on a suitable modi�cations of De Giorgi's
iteration technique [15] following the adaption of Kilpel�ainen-Mal�y technique [25] to
parabolic equations with ideas from [30,31].

Theorem 1.2. Let u be a weak solution to equation (1). Assume that, for all Ω
′ ⊂ Ω

and I ⊂ (0, T ),
lim
ρ→0

sup
(x,t)∈Ω′×I

P fv,w(x, t; ρ) <∞.

Then u ∈ L∞
loc(ΩT ).

Before describing the method of proof, few words concerning the history of the
problem. It should be recalled here that in addition to the considered equation of type
p-Laplacian (1), special cases of a quasilinear parabolic di�erential equation in divergent
form are also

v (x)ut − div(w(x)um−1|∇u|p−2∇u) = f(x, t) (10)

v (x)ut − div(w(x)um−1∇u) = f(x, t) (11)

The equation with double nonlinearity (10) arises in physical problems where the
properties of both the Laplacian and the porous medium (11) are used. Equation (1)
is an equation of non-Newtonian elastic �ltration, and describes the unsteady �ow in a
porous medium of liquids. The equation (11) describes Newtonian polytropic �ltering
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and has multiple physical applications. For various values ofm and p, equations (11),(1)
with very di�erent solution properties are obtained. So, in a homogeneous equation of
the p -Laplacian type, for p = 1 we obtain the equation of the minimum surface and
has a geometric character and this case is very di�erent from the case for p > 1. For
p > 2, the "degenerate case"has the compactness of the support for the solution, and
for p < 2 the "singular case"a complete decay of the solution in a �nite time is possible.
This phenomenon can be seen on the example of the �Barenblatt solutions� of equation
(1).

The purpose of this article is to establish such a basic property as local
boundedness weak solutions of the equation (1), under conditions on the coe�cients
given in the structural conditions. This property is fundamental in the qualitative
theory of second-order elliptic and parabolic equations. Local boundedness and H�older
continuity of weak solutions to homogeneous linear divergence type second-order
elliptic equations with measurable coe�cients without lower order terms is known
since the famous results by De Giorgi [15] and Nash [36], and the Harnack inequality
since Moser's celebrated paper [35]. In this paper, we give a parabolic analogue of the
classical Kilpel�ainen�Mal�y result [25], in which pointwise estimates are obtained for
solutions of quasilinear elliptic Laplace p-type equations with measure on the right-
hand side, using a truncated nonlinear Wol� potential. These estimates were further
generalized to completely nonlinear equations by Labutin [27] and completely nonlinear
and subelliptic quasilinear equations Trudinger and Wang [42].

The di�culties arising here are related not only to the presence of the function
f ∈ L1

loc(ΩT ) but also to the presence of weights v and w. Our strategy of the proof is
similar to that of [16]. However, due to the di�erent structure conditions the De Giorgi-
type iteration cannot be used. Instead, we adapt the Kilpel�ainen - Mal�y iteration [25],
which was developed in [30,31] and [5,6,9,31,40] for the porous medium and evolution
p -Laplace equations.

2. Preliminaries, auxilary material and integral estimates of solutions.

2.1 Auxilary propositions

The next lemmas will be used in the sequel. The �rst one is the weighted Sobolev
and Poincar�e inequalities (see [11] ).

Lemma 2.1. Let p > 1, w1 ∈ Ap, w2 ∈ A∞ and next inequality holds

(
r

ρ

)p(w2(Br(y))

w2(Bρ(y))

) p
q w1(Bρ(y))

w1(Br(y))
≤ c (12)

for every ball Br(y) ⊂ Bρ(y), some c > 0 and some q > p. Then there exists γ > 0
depending only on the known parameters, q and c such that(

1

w2(BR(x))

∫
BR(x)

w2|φ|qdx

) 1
q

≤
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≤ γR

(
1

w1(BR(x))

∫
BR(x)

w1|∇φ|pdx

) 1
p

(13)

for every ball BR(x) and every φ ∈ C∞
0 (BR(x)),(

1

w2(BR(x))

∫
BR(x)

w2|φ− φR|qdx

) 1
q

≤

≤ γR

(
1

w1(BR(x))

∫
BR(x)

w1|∇φ|pdx

) 1
p

(14)

for every ball BR(x) and every φ ∈ C∞(BR(x)). Here

φR =
1

w2(BR(x))

∫
BR(x)

w2φdx or φR =
1

|BR(x)|

∫
BR(x)

φdx.

The next lemma is the parabolic version of the Sobolev imbedding theorem (see
[1, 12]).

Lemma 2.2. Let w ∈ Ap, v ∈ A∞ and let inequality (2.1) holds true with w2 = v,
w1 = w, and some q > p. Then there exist h, γ > 0 depending only on the know

parametres such that

∫∫
QR,τ (x,t)

v|φ|p+p1hdxdt ≤ γ

(
1

v(BR(x))
sup

t−τ<t<t

∫
BR(x)

v|φ|p1dx

)h
×

×R2

∫∫
QR,τ (x,t)

w|∇φ|pdxdt, (15)

1

v(BR(x))

∫∫
QR,τ (x,t)

v|φ|p+p1hdxdt ≤

≤ γ

(
1

v(BR(x))
sup

t−τ<t<t

∫
BR(x)

v|φ|p1dx

)h
×

× R2

w(BR(x))

∫∫
QR,τ (x,t)

w|∇φ|pdxdt, (16)

for every cylinder QR,τ (x, t) and every

φ ∈ C
(
t− τ, t;Lp1(BR(x), v)

)
∩ L2(t− τ, t;W 1,2

0 (BR(x), v, w))

.
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Remark 2.3. In the case when w = w1 ∈ Ap, v = w2 ∈ A∞ and q- exponent from
elliptic inequality (12) we have two important consequences

∫∫
QR,τ (x,t)

w|φ|q0dxdt ≤ γ

(
1

v(BR(x))
sup

t−τ<t<t

∫
BR(x)

v|φ|dx

) q−p
p

×

×Rp
∫∫

QR,τ (x,t)
w|∇φ|pdxdt, (17)

1

v(BR(x))

∫∫
QR,τ (x,t)

v|φ|q0dxdt ≤ γ

(
1

v(BR(x))
sup

t−τ<t<t

∫
BR(x)

v|φ|dx

) q−p
p

×

× Rp

w(BR(x))

∫∫
QR,τ (x,t)

w|∇φ|pdxdt, (18)

where q0 = p+
q − p

p
> p

2.2. Important proposition and local energy estimates

Auxiliary integral estimates of solutions are formulated in the following lemma. For

λ ∈ (0, 1) we de�ne G(s) := s2+ ∧ s+ and η(s) := (1 + s+)
1− 1+λ

p − 1 ≍ s+ ∧ s
1− 1+λ

p

+

For δ > 0 and 0 < ρ < R de�ne I
(δ)
ρ (s) :=

(
s− ψy(ρ)

δp−2
, s+

ψy(ρ)

δp−2

)
, Q

(δ)
ρ (y, s) :=

Bρ(y) × I
(δ)
ρ (s). For shortness, we write B := Bρ(y), I := I

(δ)
ρ (s) and Q := Q

(δ)
ρ (y, s).

We also denote I(t) := I ∩ (0, t) and Q(t) := B × I(t). L = Q
(δ)
ρ (y, s) ∩ {u > l} ,

L(t) = L ∩ {τ = t}
In the sequel, γ stands for a constant which depends only on N, p, c0, c1 and λ, and

which may vary from line to line.

Lemma 2.4. Let λ ≤ 1
p−1 and m ≥ p. Then there exists a constant γ > 0 depending

only on N, p, c0, c1, λ and m, such that, for every solution u to (1) in ΩT , every l, δ > 0

and (y, s) ∈ ΩT such that the cylinder Q
(δ)
ρ (y, s) ⊂ ΩT , and every ξ ∈ C∞(Q

(δ)
ρ (y, s))

such that 0 ≤ ξ ≤ 1 and |ξt| ≤
8σ−1δp−2

ψy(ρ)
and |∇ξ| ≤ 4σ−1

ρ
, the following estimate

holds.

sup
t∈I

∫
L(t)

v(x)G

(
u− l

δ

)
ξmdx+ δp−2

∫∫
L
w(x)

∣∣∣∣∇ϕ(u− l

δ

) ∣∣∣∣pξmdxdt ≤
≤ γ

σ−p

ψy(ρ)

∫∫
L
v(x)G

(
u− l

δ

)
ξm−1dxdt+

+γ
δp−2σ−p

ρp

∫∫
L
w(x)

(
u− l

δ

)(1+λ)(p−1)

ξm−pdxdt+
γ

δ

∫∫
Q
|f |dxdt.

(19)
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Proof. Let ϕ(s) :=
s+∫
0

(1 + τ)−1−λdτ ≍ s+ ∧ 1 ≍ s+
s+ + 1

and Φ(s) :=
s∫
0

ϕ(τ)dτ ≍

G(s) = s2+ ∧ s+. Note that 1−
(
1 +

(
u− l

δ

))−1−λ
≍ ϕ

(
u− l

δ

)
.

Let mε and Mε denote molli�ers in t and in x, respectively. Note that mεMσ is a

contraction in Lq(Q) and C(I;Lq(B)) for all ∈ [1,∞] and that mεMσ → I in the strong

operator topology of the aforementioned spaces for q ∈ [1,∞). Also, mεMσφ→ φ. a.e.
on Q as ε, σ → 0. Further on, for a function φ we denote φε := mεMσφ. We choose

φ(ε) :=
1

δ

[
ϕ

(
uε − l

δ

)
ξm
]
ε

as a test function in (18). Then we have that

∫
B
v(x)uφ(ε)dx+

∫∫
Q(t)

w(x)|∇u|p−2∇u∇φ(ε)dxdt =

=

∫∫
Q(t)

fφ(ε)dxdt+

∫∫
Q(t)

v(x)uφ
(ε)
t dxdt

(20)

Note that φ(ε) → φ :=
1

δ
ϕ

(
uε − l

δ

)
ξm in C(I;Lq(B)) ∩ Lp(I;W 1,p

0 (B)) as ε→ 0 for

all q ∈ [1,∞) since ϕ is a bounded continuous function. Hence∫
B
v(x)uφ(ε)dx+

∫∫
Q(t)

w(x)|∇u|p−2∇u∇φ(ε)dxdt→

→
∫
B
v(x)uφdx+

∫∫
Q(t)

w(x)|∇u|p−2∇u∇φdxdt as ε→ 0

(21)

Since mεMσ is a contraction in L∞(Q), we have that φ(ε) ≤ sup ϕ =
1

λδ
. Therefore

we obtain that ∫∫
Q(t)

fφ(ε)dxdt ≤ 1

δλ

∫∫
Q(t)

fdxdt (22)

Now we consider the last integral on the right hand side of (20). Since mεMσ is a

self-adjoint operator commuting with the derivative,∫∫
Q(t)

v(x)uφ
(ε)
t dxdt =

∫
B
v(x)uε

1

δ
ϕ

(
uε − l

δ

)
ξmdx−

−
∫∫

Q(t)
v(x)(∂tuε)

1

δ
ϕ

(
uε − l

δ

)
ξmdxdt =

=

∫
B
v(x)uε

1

δ
ϕ

(
uε − l

δ

)
ξmdx−

∫∫
Q(t)

v(x)∂tΦ

(
uε − l

δ

)
ξmdxdt =

=

∫
B
v(x)uε

1

δ
ϕ

(
uε − l

δ

)
ξmdx−

∫
B
v(x)Φ

(
uε − l

δ

)
ξmdx+
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+m

∫∫
Q(t)

v(x)Φ

(
uε − l

δ

)
ξm−1ξtdxdt.

Since Φ is a Lipschitz continuous function, we conclude that∫∫
Q(t)

v(x)uφ
(ε)
t dxdt→

∫
B
v(x)uφ(t)dx−

∫
B
v(x)Φ

(
uε − l

δ

)
ξm(t)dx+

+m

∫∫
Q
v(x)Φ

(
u− l

δ

)
ξm−1ξtdxdt as ε→ 0

(23)

Collecting we obtain the following inequality:∫
B
v(x)Φ

(
u− l

δ

)
ξmdx+

∫∫
Q(t)

w(x)|∇u|p−2∇u∇φdxdt ≤

≤ m

∫∫
Q
v(x)Φ

(
u− l

δ

)
ξm−1ξtdxdt+

1

δλ

∫∫
Q
fdxdt

(24)

Taking the supremum in t, we obtain

sup
t∈I

∫
B
v(x)Φ

(
u− l

δ

)
ξmdx+

∫∫
Q
w(x)|∇u|p−2∇u∇φdxdt ≤

≤ m

∫∫
Q
v(x)Φ

(
u− l

δ

)
ξm−1ξtdxdt+

1

δλ

∫∫
Q
fdxdt

(25)

Now we estimate the second term on the left hand side of as follows. Noting that

∇φ =
1

δ2

(
1 +

u− l

δ

)−1−λ
∇u ξm − m

λδ

[(
1 +

u− l

δ

)−λ
− 1

]
∇ξ ξm−1, using Young's

inequality, we have∫∫
Q
w(x)|∇u|p−2∇u∇φdxdt ≥ 1

δ2

∫∫
L
w(x)

(
1 +

u− l

δ

)−1−λ
|∇u|pξmdxdt−

−γ 1

λδ

∫∫
L
w(x)|∇u|p−1

(
1 +

u− l

δ

)−1(u− l

δ

)
|∇ξ|ξm−1dxdt ≥

≥ 1

2δ2

∫∫
L
w(x)

(
1 +

u− l

δ

)−1−λ
|∇u|pξmdxdt−

−γ δ
p−2mp

λp

∫∫
L
w(x)

(
1 +

u− l

δ

)λ(p−1)−1(u− l

δ

)
|∇ξ|pξm−pdxdt.

(26)

Observe now that G ≤ Φ ≤ 1

λ
G and

∣∣∣∣∇ϕ(u− l

δ

) ∣∣∣∣p = γ
1

δp

(
1 +

u− l

δ

)−λ−1

|∇u|p,

that |ξt| ≤
8σ−1δp−2

ψy(ρ)
and |∇ξ| ≤ 4σ−1

ρ
, and that (1 + s)λ(p−1)−1sp ≤ s(1+λ)(p−1) since

λ(p− 1) ≤ 1.
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Hence we conclude that

sup
t∈I

∫
L(t)

v(x)G

(
u− l

δ

)
ξmdx+ δp−2

∫∫
L
w(x)

∣∣∣∣∇ϕ(u− l

δ

) ∣∣∣∣pξmdxdt ≤
≤ γ

σ−p

ψy(ρ)

∫∫
L
v(x)G

(
u− l

δ

)
ξm−1dxdt+

+γ
δp−2σ−p

ρp

∫∫
L
w(x)

(
u− l

δ

)(1+λ)(p−1)

ξm−pdxdt+
γ

δ

∫∫
Q
|f |dxdt.

(27)

□

Remark 2.5. Let (y, s) be an arbitrary point in ΩT . Fix ρ, θ > 0 such that ρ < dist(y, ∂Ω)
and θ < min {s, T − s} . Fix δρ,θ :

δρ,θ =

(
ψy(R)

θ

) 1
p−2

(28)

Fix a number κ ∈ (0, 1) depending on N, p, c1, c2 and λ, which will be speci�ed later.
For j = 0, 1, 2, ... positive numbers lj and δj are de�ned inductively as follows. We set
δ−1 = 2δρ,θ and l0 = 0 and, for j = 0, 1, 2, 3, ..., given δj−1 and lj , we de�ne δj and
lj+1 as follows. We denote ρj := ρσj , Bj := Bρj (y) and

τj := sup

{
τ : τ

− 1
p−2 +

1

v(Bρj (y))

∫∫
Qρj,τψy(ρj)(y,s)

fdxdt = D(y, s; ρj)

}

For δ ≥
−
δj with

−
δj :=

1

2
δj−1 ∨ τ

− 1
p−2

j , (29)

we de�ne Iδj :=

(
s− ψy(ρj)

δp−2
, s+

ψy(ρj)

δp−2

)
, Q

(δ)
j := Bj × Iδj ,

Lδj :=
{
(x, t) ∈ Qδj : u(x, t) > lj

}
and for t ∈ Iδj , Lj(t) := {x ∈ Bj : u(x, t) > lj} .

Note that ξj,δ ∈ C∞(Qδj), 0 ≤ ξj,δ ≤ 1, and ξj,δ ≡ 1 for (x, t) ∈ 1
2Q

δ
j , with the

derivative estimates |∂tξj,δ| ≤ C
δp−2

ψy(ρj)
and |∇ξj | ≤

C

ρj
.

Set

Aj(δ) =
(l − lj)

p−2

ψy(ρj)v(Bj)

∫∫
Lδj

v(x)G

(
u− lj
l − lj

)
ξm−p
j,δ dxdt+

+
(l − lj)

p−2

ψy(ρj)w(Bj)

∫∫
Lδj

w(x)

(
u− lj
l − lj

)(1+λ)(p−1)

ξm−p
j,δ dxdt+

+
1

v(Bj)
sup
t∈Iδj

∫
Lδj (t)

v(x)G

(
u− lj
l − lj

)
ξmj,δdx

(30)
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We �x κ ∈ (0, 1), which will be de�ned later. For j = 0, 1, 2, ..., if

Aj(
−
δj) ≤ κ, (31)

we set δj =
−
δj and lj+1 = lj + δj . Note that Aj(δ) is continuous as a function of δ and

Aj(δ) → 0 as δ → ∞. So if

Aj(
−
δj) > κ, (32)

there exists
−
δ>

−
δj such that Aj(

−
δj) > κ. In this case we set δj =

−
δ and lj+1 = lj + δj .

With �xed δj , we set Ij := I
δj
j , Qj := Q

δj
j , Lj := L

δj
j , ξj := ξj(x, t)

The following proposition is a key in the Kilpel�ainen - Mal�y technique [25].
First we prove the lemma

Lemma 2.6. One can choose κ > 0 such that there exists γ > 1 depending on the

data, such that

δj ≤
1

2
δj−1 + γD(y, s, ρj) (33)

for j = 1, 2, 3, ... , and for j = 0,

δ0 ≤ δρ,θ + γ

[
1

ψy(ρ)v(Bρ)

∫∫
Qρ,θ

vu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+

+

[
1

ψy(ρ)w(Bρ)

∫∫
Qρ,θ

wu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+ γD(ρ)

(34)

Proof. We will assume that δj ≥ 1
2δj−1, otherwise the equality is obvious. We use

the following inclusions

Qj ⊂
1

2
Qj−1, j = 1, 2, 3, ...

Qj ⊂ QR,θ(y, s), j = 0, 1, 2, 3, ...

Qj ⊂ Qρj ,τjψj(ρj)(y, s), j = 1, 2, 3, ...,

(35)

by our choice of σ of sequences {lj} and {δj} . It su�ces to prove (33) in case δj >
−
δj .

Otherwise the estimates are evident as δj =
−
δj implies that δj = 1

2δj−1 (recall that

1
2δ−1 = δρ,θ ) or δj = ip(τj). Note that δj >

−
δj guarantees that Aj(δj) = κ. Let Lj =

L
′
j ∪ L

′′
j , where

L
′
j =

{
(x, t) ∈ Lj :

u− lj
δj

< ε

}
, L

′′
j =

{
(x, t) ∈ Lj :

u− lj
δj

> ε

}
. Further, taking into

account the properties
u− lj−1

δj−1
= 1+

u− lj
δj−1

≥ 1 and the properties of doubling measures

v(Bj) ≥ Cv(Bj−1)
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δp−2
j

w(Bj)ψy(ρj)

∫∫
L
′
j

w(x)

(
u− lj
δj

)(1+λ)(p−1)

ξm−p
j dxdt+

+
δp−2
j

v(Bj)ψy(ρj)

∫∫
L
′
j

v(x)G

(
u− lj
δj

)
ξm−p
j dxdt ≤

≤ ε1+λ(p−1)

w(Bj)ψy(ρj)

∫∫
Lj

w(x) (u− lj)
(1+λ)(p−1) dxdt+

1

v(Bj)
sup
t∈Ij

∫
Lj(t)

v(x)dx ≤

≤ γ
ε1+λ(p−1)δp−2

j−1

v(Bj−1)ψy(ρj−1)

∫∫
Lj

w(x)

(
u− lj
δj

)(1+λ)(p−1)

ξm−p
j dxdt+

+γ
ε

v(Bj−1)
sup

t∈Ij−1

∫
Lj−1(t)

v(x)G

(
u− lj−1

δj−1

)
ξmj−1dx ≤

≤ γεAj−1(δj−1) ≤ γεκ

(36)

We have p(1+λ)(p−1)
p−1−λ < p+ h, λ < h(p−1)

p2+h

δp−2
j

w(Bj)ψy(ρj)

∫∫
L
′′
j

w(x)

(
u− lj
δj

)(1+λ)(p−1)

ξm−p
j dxdt+

+
δp−2
j

v(Bj)ψy(ρj)

∫∫
L
′′
j

v(x)G

(
u− lj
δj

)
ξm−p
j dxdt ≤

≤
γ(ε)δp−2

j

w(Bj)ψy(ρj)

∫∫
L
′′
j

w(x)φ

(
u− lj
δj

) p(1+λ)(p−1)
p−1−λ

ξm−p
j dxdt+

+
γ(ε)δp−2

j

v(Bj)ψy(ρj)

∫∫
L
′′
j

v(x)φ

(
u− lj
δj

) p(1+λ)(p−1)
p−1−λ

ξm−p
j dxdt ≤

≤ γ(ε)

(
ε

v(Bj)
sup
t∈Ij

∫
L
′′
j (t)

v(x)G

(
u− lj
δj

)
ξ
m−p
p+h

j dx

)h
×

×
δp−2
j

v(Bj)

∫∫
Lj

w(x)

∣∣∣∣∇(φ(u− lj
δj

)
ξ
m−p
p+h

j

)
ξm−p
j

∣∣∣∣pdxdt ≤
≤ γ(ε)

(
1

v(Bj)ψy(ρj)

∫∫
Lj

v(x)G

(
u− lj
δj

)
ξ
m−p
p+h

h−p
j dxdt+

+
1

w(Bj)ψy(ρj)

∫∫
Lj

v(x)

(
u− lj
δj

)(1+λ)(p−1)

ξ
m−p
p+h

h−p
j dxdt+

+
1

δjv(Bj)

∫∫
Qj

|f |dxdt
)1+h

(37)
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Hence, similarly to (36)

δp−2
j

w(Bj)ψy(ρj)

∫∫
L
′′
j

w(x)

(
u− lj
δj

)(1+λ)(p−1)

ξm−p
j dxdt+

+
δp−2
j

v(Bj)ψy(ρj)

∫∫
L
′′
j

v(x)G

(
u− lj
δj

)
ξm−p
j dxdt ≤

≤ γ(ε)

(
κ+

1

δjv(Bj)

∫∫
Qj

|f |dxdt
)1+h

(38)

To estimate the third term on the right-hand side of (30), we use Lemma 2.4, we obtain

1

v(Bj)
sup
t∈Ij

∫
Lj(t)

v(x)G

(
u− lj
δj

)
ξmj dx ≤ γ

εδp−2
j

v(Bj)ψy(ρj)

∫∫
L
′
j

v(x)ξm−pdxdt+

+γ
ε1+λ(p−1)δp−2

j−1

w(Bj)ψy(ρj)

∫∫
L
′
j

w(x) (u− lj)
(1+λ)(p−1) ξm−p

j dxdt+

+
γ(ε)

v(Bj)ψy(ρj)

∫∫
L
′′
j

v(x)G

(
u− lj
δj

)
ξm−p
j dxdt+

+
γ(ε)

w(Bj)ψy(ρj)

∫∫
L
′′
j

w(x)

(
u− lj
δj

)(1+λ)(p−1)

ξm−p
j dxdt+

+
γ

δjv(Bj)

∫∫
Qj

|f |dxdt

(39)

Combining (36)-(39) we get

κ ≤ γεκ+ γ(ε)κ1+h + γ(ε)

[
1

δjv(Bj)

∫∫
Qj

|f |dxdt
]1+h

+
γ

δjv(Bj)

∫∫
Qj

|f |dxdt (40)

Now choose γε = 1
4 and γ(ε)κh = 1

4 . By (40) there exists γ > 0 such that

δj ≤
γ

v(Bj)

∫∫
Qj

|f |dxdt (41)

By (35))

δj ≥
(

1

τj

) 1
p−2

,
γ

v(Bj)

∫∫
Qj

|f |dxdt ≤ γ

v(Bj)

∫∫
Q̃j

|f |dxdt

so

δj ≤
1

2
δj−1 + γDp(ρj) (42)

Now we prove the estimate (34) of δ0 . Since A0(δ0) = κ, at least one of the following

two inequalities holds :

1

2
κ ≤ δp−2

0

ψy(ρ)v(Bρ)

∫∫
Q0

v

(
u+
δ0

)(1+λ)(p−1)

dxdt (43)
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or
1

2
κ ≤ δp−2

0

ψy(ρ)w(Bρ)

∫∫
Q0

w

(
u+
δ0

)(1+λ)(p−1)

dxdt (44)

In both cases, taking into account the Lemma (recall that Q0 ⊂ Qρ,θ)we have

δ0 ≤ δρ,θ + γ

[
1

ψy(ρ)v(Bρ)

∫∫
Qρ,θ

vu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+

+

[
1

ψy(ρ)w(Bρ)

∫∫
Qρ,θ

wu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+ γD(ρ)

(45)

□

3. Proof of Theorem 1.1.

Proof. First we show that the sequence {lj} is bounded above and

lj ↗ l∞ ≤ 2δρ,θ + γ

((
ψy(R)

θ

) 1
p−2

+

[
1

ψy(ρ)v(Bρ)

∫∫
Qρ,θ

vu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+

+

[
1

ψy(ρ)w(Bρ)

∫∫
Qρ,θ

wu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+ P fp (y, s, ρ)

)
It follows from Lemma 2.6 and setting l0 = 0 that there exists γ > 0 such that, for
J = 2, 3, 4, ...,

lJ =

J−1∑
j=0

δj ≤ δ0 +
1

2

J−2∑
j=0

δj + γ

J−1∑
j=0

D(ρj) ≤
1

2
lJ−1 + δρ,θ+

+γ

[
1

ψy(ρ)v(Bρ)

∫∫
Qρ,θ

vu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+

+

[
1

ψy(ρ)w(Bρ)

∫∫
Qρ,θ

wu
(1+λ)(p−1)
+ dxdt

] 1
1+λ(p−1)

+ γ

J−1∑
j=0

D(ρj)

(46)

□
Since lJ > lJ−1, from this the assertion follows.
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�.Ñ. Çîçóëÿ

Ïîòî÷êîâi îöiíêè ðîçâ'ÿçêiâ âàãîâîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ç ð � Ëàïëàñiàíîì

÷åðåç ïîòåíöiàë Âîëüôà.

Ïðîáëåìè, ïîâ'ÿçàíi ç äîñëiäæåííÿì âëàñòèâîñòåé ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ó ÷àñòèí-

íèõ ïîõiäíèõ, ïðîòÿãîì îñòàííiõ äåñÿòèëiòü ïðèâåðòàþòü óâàãó áàãàòüîõ àâòîðiâ. Áàãàòî ðîáiò

îñòàííiõ ðîêiâ ïðèñâÿ÷åíî âèâ÷åííþ ðiâíÿííÿ p−Ëàïëàñà, ÿêå ìîäåëþ¹ íåíüþòîíiâñüêó ïðóæíó
ôiëüòðàöiþ òà îïèñó¹ áàãàòî ôiçè÷íèõ ïðîöåñiâ. Îñíîâíi ÿêiñíi âëàñòèâîñòi ðîçâ'ÿçêiâ îäíîðiäíèõ

ëiíiéíèõ åëiïòè÷íèõ ðiâíÿíü äèâåðãåíòíîãî òèïó äðóãîãî ïîðÿäêó ç âèìiðíèìè êîåôiöi¹íòàìè áåç

÷ëåíiâ íèæ÷îãî ïîðÿäêó âiäîìi ùå ç ðåçóëüòàòiâ Äå Äæîðäæi [15], Íåøà [37] òà Ìîçåðà [34]. Öi

ðåçóëüòàòè óçàãàëüíåíî Ñåððiíîì [38], Ëàäèæåíñüêîþ òà Óðàëüöåâîþ [29], Àðîíñîíîì òà Ñåð-

ðiíîì [3], òà Òðóäiíãåðîì [41] äëÿ øèðîêèõ êëàñiâ åëiïòè÷íèõ òà ïàðàáîëi÷íèõ ðiâíÿíü ç ÷ëå-

íàìè íèæ÷îãî ïîðÿäêó ç âiäïîâiäíèõ êëàñiâ Lq-êëàñiâ. Àíàëîãi÷íi ðåçóëüòàòè äëÿ åâîëþöiéíèõ

ðiâíÿíü ç p−Ëàïëàñiàíîì ç'ÿâèëèñÿ íàáàãàòî ïiçíiøå. Ïåðøîãî iñòîòíîãî ïåðåõîäó äî ðiâíÿííÿ

p−Ëàïëàñà ç ìiðîþ µ ó ïðàâié ÷àñòèíi äîñÿãëè Êiëïåëàéíåí i Ìàëèé [25]. Âîíè âñòàíîâèëè

òî÷êîâi îöiíêè ðîçâ'ÿçêiâ â òåðìiíàõ íåëiíiéíîãî ïîòåíöiàëó Âîëüôà. Öi ðåçóëüòàòè çãîäîì áóëè

ïîøèðåíi Òðóäiíãåðîì òà Âàíãîì [42] òà Ëàáóòiíèì [27] íà íåëiíiéíi òà ñóáåëiïòè÷íi êâàçiëiíiéíi

ðiâíÿííÿ. Íåðiâíîìiðíî åëiïòè÷íi òà íåîäíîðiäíi ïàðàáîëi÷íi ðiâíÿííÿ áåç / àáî ç ñèíãóëÿðíèìè
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ìîëîäøèìè ÷ëåíàìè âèâ÷àëèñÿ ïðîòÿãîì òðèâàëîãî ÷àñó. Ïåðøi ðåçóëüòàòè â öüîìó íàïðÿìêó îò-

ðèìàëè Ôàáñ, Êåíiã i Ñåïàðiîíi [19] i Ãóòi¹ððåñ [22] äëÿ âàãîâîãî ëiíiéíîãî åëiïòè÷íîãî ðiâíÿííÿ ç

âàãîþ, ùî ¹ ïðåäñòàâíèêîì A2 êëàñà Ìàêêåíõàóïòà. Íà òåïåðiøíié ÷àñ ìà¹ìî êëàñè÷íèé ðåçóëü-

òàò Êiëïåëàéíåí-Ìàëèé [25], ÿêi îòðèìàëè òî÷êîâi îöiíêè ðîçâ'ÿçêiâ êâàçiëiíiéíèõ åëiïòè÷íèõ

ðiâíÿíü òèïó p−Ëàïëàñà ç ìiðîþ ïðàâîðó÷ ç òî÷êè çîðó íåëiíiéíîãî ïîòåíöiàëó Âîëüôà. Ðåçóëü-

òàòè íåùîäàâíî áóëè ïîøèðåíi íà ïàðàáîëi÷íèé âèïàäîê. Íåðiâíiñòü Ãàðíàêà òà íåïåðåðâíiñòü

ðîçâ'ÿçêiâ êâàçiëiíiéíèõ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç êîåôiöi¹íòàìè äëÿ êëàñiâ òèïó Êàòî

îòðèìàíi Â. Ëiñêåâè÷åì òà I. I. Ñêðèïíiêîì [30], îöiíêè ðîçâ'ÿçêiâ ïàðàáîëi÷íîãî p−Ëàïëàñîâîãî
ðiâíÿííÿ ç ìiðîþ çà äîïîìîãîþ ïàðàáîëi÷íîãî íåëiíiéíîãî ïîòåíöiàëó Âîëüôà îòðèìàíi àâòîðàìè

Â. Ëiñêåâè÷, I. I. Ñêðèïíiê òà Ç. Ñîáîëü [31]. Ó öié ñòàòòi çðîáëåíî ñïðîáó äîâåñòè îáìåæåíiñòü

ðîçâ'ÿçêiâ âèðîäæåíèõ ðiâíÿíü ç p−ëàïëàñiàíîì, çáóðåíèõ ñèíãóëÿðíiñòþ ÷ëåíiâ íèæ÷îãî ïîðÿä-

êó. Ìè ïîøèðþ¹ìî ðåçóëüòàò íà âèïàäîê ïàðàáîëi÷íîãî ðiâíÿííÿ ç p−ëàïëàñiàíîì ç âàãîþ, ùî

¹ ôóíêöi¹þ êëàñà Ìàêêåíõàóïòà. Äîâåäåííÿ áàçó¹òüñÿ íà âiäïîâiäíèõ ìîäèôiêàöiÿõ iòåðàöiéíî¨

òåõíiêè äå Äæîðäæi ïiñëÿ àäàïòàöi¨ òåõíiêè Êiëïåëàéíåí � Ìàëèé äî ïàðàáîëi÷íèõ ðiâíÿíü ó

ïî¹äíàííi ç iäåÿìè Â. Ëiñêåâè÷à òà I. I. Ñêðèïíiêà. Óçàãàëüíþ¹ìî âiäîìi ðåçóëüòàòè íà âèïàäîê

ðiâíÿííÿ, ÿêå ìiñòèòü âàãè êëàñiâ Ìàêåíõàóïòà òà ñèíãóëÿðíi ÷ëåíè íèæ÷îãî ïîðÿäêó, âèêîðè-

ñòîâóþ÷è âàãîâèé íåëiíiéíèé ïàðàáîëi÷íèé ïîòåíöiàë Âîëüôà ïðàâî¨ ÷àñòèíè ðiâíÿííÿ.

Êëþ÷îâi ñëîâà: îáìåæåíiñòü ðîçâ'ÿçêiâ, âàãîâèé ïàðàáîëi÷íèé p−ëàïëàñiàí, ïîòåíöiàë Âîëü-
ôà.
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