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Abstract. A three-level constitutive model is considered that describes from a concur-
rent positions the behavior of materials with monotonic and non-monotonic strain diagrams.
An effect of the anisotropy and strengthening coefficients of the crystal, the average value of
the grain diameter and distribution density of structural defects on the macroscopic behavior
of the polycrystal is established. Thereto, three postulates are used: averaged connections,
the extremum of discrepancy between the macroscopic measures and their microscopic ana-
logues, and orthogonality of stress and strain fluctuations. Based on the constructed system
of governing equations, the specific effects of the structural characteristics of a polycrystal
on macroscopic strain diagrams and elasticity constants are studied.
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Introduction.

The most effective models that describe a wide range of properties of polycrystalline
materials include structural models of the medium [2, 6, 10, 19] and approaches in which
each grain of the polycrystal is consistently considered as an inclusion in the “matrix” of all
other grains [9, 11, 12, 15]. The striking contrast between the underlying elementary proper-
ties of structural elements/subelements, which can be established in the simplest experi-
ments, and a wide range of reflected effects indicates the decisive role of microplastic de-
formations and associated microstresses on the behavior of materials. It is important to note
that the indicated deformations and stresses play the role of material memory carriers for the
prehistory of loading and heating.

The disadvantages of the model [2, 6, 10, 19] include the assumption of equality of
strains d~ij =d ; or stresses f,-j =1, of subelements, which narrows the possibility of describ-
ing processes under complex non-isothermal loading. In the approach based on the problem
of inclusion in an infinite matrix [15], linear relationships were established between stress
and strain fluctuations fl-j —t; = By (d,,,, —d ). A weak point of research in this area is
the inconsistency of the linear equations of the connection of macro and microstates with the
first law of thermodynamics. In [3] shown:

<£;; > <)

0

for any options for changing B,

inm  tensor, except for the limit: =0 or B, =,

tjnm ijnm

where () — sign of averaging over representative volume.
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In the conditions of impossibility of detailed accounting of interactions of material par-
ticles in a representative volume, it is advisable to construct the equations of connection of
macro and microstates that would be consistent with the laws of thermodynamics, take into
account the phenomenon of coherence of local deformation processes and meet the condi-
tion of uniqueness of the solution of the problem of representing a real material in a model
[3 =5, 17]. The theory of constitutive equations developed in [3 — 5, 17] is based on three
principles: of averaged connections, of the extremum of discrepancy between the macro-
scopic measures and the microscopic analogs and orthogonality of stress and strain fluctua-
tions. In works [3 — 5, 17], a closed system of equations is established on the basis of which
it is possible to construct constitutive equations at the macroscopic level, if the physical
equations at the microscopic level are known. Although the possibilities of the theory have
been significantly expanded, nevertheless, it turned out that within the framework of the two
levels of the model it is impossible to describe from a unified position the behavior of mate-
rials with monotonic and no monotonic deformation diagrams (with a platform or a yield
tooth), changes in elastic constants in the process of irreversible deformation, and a number
of other observed phenomena in the destruction of materials. It is also important to note the
difference between the accepted concepts of primary structural elements in the description
of reversible and irreversible deformation processes. If in the study of reversible processes
an anisotropic grain is chosen as the primary element of the structure, then an elastically
isotropic subelement is used to describe irreversible processes. Due to this difference, it is
not possible to obtain a coherent theory for reversible and irreversible deformation process-
es, which from a general point of view describes many diverse and externally unrelated ef-
fects of fast and long-term deformation, single, cyclic non-isothermal deformation, and fail-
ure along straight or curvilinear loading trajectories. The capabilities of the model can be
extended by leading the analysis to the intermediate level of the structure [7, 8, 16].

In this paper, we analyze the behavior of the model in the coupled and uncoupled substi-
tution of the extremum of the mismatch of measures at the levels of material particles and
the system of subelements. Let us construct a constitutive equation for the relationship be-
tween macro and microstates, containing both characteristics of properties at the level of
crystals and at the level of systems of subelements, and on its basis, we will analyze the spe-
cific effects of individual parameters of the material structure on the macroscopic defor-
mation diagram.

§1. Formalization of a continuous medium taking into account the elastic aniso-
tropy of crystals.

In the reversible region of deformation, the representative volume of a polycrystal can
be represented as an infinite number of differently oriented crystals. Within the framework
of such a schematization, the fundamental concepts of stress and strain, in the elastic region,

are introduced only at two levels of structure: material particles 7, d

;> d;, and body element

Ly dl-j. By Ly,
same orientation of the crystal lattice.

In the irreversible region of deformation, as a local structural unit, we take a subele-
ment, which is identified with the set of all material particles inside the representative vol-
ume AV}, having the same deviator of irreversible deformations. Particles belonging to the

c?,»j we mean the average value of stresses and strains in crystals with the

same subelement may have different positions and orientations of the crystal lattice in a rep-
resentative volume AV},. The number of all particles with the same irreversible deformation
deviator determines the weight of one subelement, which does not change during loading.
Within the framework of this concept, the area AV is represented as an infinite number of
interconnected subelements with different thermorheological properties.

Based on the above definition of the concept of a subelement, it follows that when tak-
ing into account the elastic anisotropy of material particles, it is necessary to take into ac-
count stress and strain fluctuations within each subelement. Because of this, stresses and
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strains are introduced at three levels of the structure: material point — 7; = &; +5,;,

dy =&;+&)0;, subelement — ; =G +5(J;,
dy=¢;+ 50517 .

czj =¢&;+&0; and body element —¢; =
=o;+ O'Oé'ij,

When constructing the equations of connection between macro and microstates, we will
use Hill’s equations [13]

- 1 ~ ~ L~
t; =<t5>=A—% [ iavs dy=(dy); (d;)=t,,d, (1.1)
AV,
where t:-/-, a7l-j — stress and strain tensors at each point of the area AJ|, respectively, ()—
volume averaging sign AVj.

Equations (1.1) are obtained under the constraint that the displacements and trains are
small. In this study, we will assume that relations (1.1) can also be extended to the case of
finite strain, if by the symmetric tensor d; we mean the tensor

3
dij = Zrni';zj lnﬂn; ﬂn = \an; Cy :EziFnj9 (12)

n=1
where A, 4,, A, — principal elongations referred to some state of reference for a material
element; C, — eigenvalues of the Cauchy-Green tensor C,;; r, — direction cosines of the
principal tensor system C; (principal coordinate systems of tensors C; and d;— coaxial);

F

ni

norm; with its help, any other function f(1) can be expanded into a power series.

— strain gradient. According to [13] a measure of strain on a logarithmic scale is the

Accordingly, for each strain tensord,;, a symmetric stress tensor ¢, , is introduced, us-

i i
ing the strain work differential d , which coincides with the Cauchy stress tensor.
When defining the strain tensor d;; in the form (1.2), the first invariant d;; is calculated

by the formula
d; =3&y =In(4A4L4) =1n(p,/ p), (1.3)

where p, and p— density in the initial and deformed states. From (1.3), the physical mean-
ing of the first invariant d; and the spherical strain tensor &,0; are revealed: monotonic
functions of changing the volume of a body element. This is especially important because

the mechanical properties of the material under all-round tension (compression) differ sig-
nificantly from the properties under other types of stress states. Selecting from d; the part

that characterizes the volume changes, we obtain the expression for the deviator of the strain
tensor

&y =d,; —&0;. (1.4)

gy =dy =80y = D Tl In ij

By analogy with the strain tensor, we decompose the stress tensor into the components
of the spherical tensor 0,0, and the deviator o

ly =0 ;40405 1 =G ;+6,0;. (1.5)

Equations (1.1) are necessary but not sufficient for constructing a system of defining
equations at the macroscopic level based on physical relationships at the microscopic level.
To obtain a closed system of equations, the following principles were formulated in [3 — 5,
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17]: established on the basis of three postulates: averaged connections, of the extremum of
discrepancy between the macroscopic measures and the microscopic analogs and orthogo-
nality of stress and strain fluctuations. Based on the principle of averaged bonds, the phe-
nomenon of coherence of local deformation processes is taken into account. It is assumed
that interactions between material particles in a representative volume are formed under the
influence of only averaged bonds. Then consistency with the first law of thermodynamics can
be ensured on the basis of the postulate of the orthogonality of stress and strain oscillations

(fl.j —zl.].)(c?l.j —d;;) =0. (1.6)

Equations (1.1) show that the averaging of stresses, strains, and their products over the
volume only depends on the data on the surface of the representative volume. However, all
microscopic variables do not have this specific property. In particular, it was shown in [3 —
5, 17] that the natural macro measures of the energy of change in volume and shape differ
from the average over their micro measures. To extend system (1.1), (1.6) in [3 — 5, 17], the
principle of the extremum of discrepancy between macroscopic measures and average mi-
croscopic analogs was proposed in [3 — 5, 17]. In particular

A= (5!.,5!.,.)—(5,].)(54,) = Extr (1.7)
where through 6;; u &; local deviators of stresses and strains are indicated. Having decom-

posed in (1.6) the stress and strain tensors into deviatory and spherical components, we es-
tablish the first type of equations for the connection of macro and microstates

(517—011»)(5,“—éy):3(60—00)(§0—50). (1.8)

For fluctuations of the deviatory components, we take the linear dependences

Qu
|
Ql
Il

5 =0y = B(& ~&); (1.9)

&5, -0, =B'(g-5), (1.10)

where B, B'— internal parameters containing information about the microscopic characteris-

tics of subelements, which reflect the difference between stress fluctuations and strain fluc-
tuations at the investigated structural levels.

Expressions (1.1), (1.7) — (1.10) are assumed to be valid for both reversible and irre-
versible deformation processes. Because of this, on the basis of relations (1.1), (1.7) — (1.10)
it is possible to describe from a unified standpoint the relationship between micro and macro
states during reversible and irreversible deformation of polycrystalline materials. Having

decomposed the strains &, &, into reversible ¢, ¢; and irreversible p;, p; components —

ij°
taking into account the accepted definition of a subelement ( p; = p;; ),

Ej=8;+Dy=8;+Dy T=e+Dy & =e;+ Dy, (1.11)

relation (1.9), represent in the form
G; — 0y =B(e; —¢;). (1.12)

Note that in multi-element models, averaging is performed not over the volume, but over the
set of realizations, i.e. the use of the ergodic hypothesis is considered legitimate. The values

TU-,J!-]- are determined by averaging over the orientation factor of the crystal Q

g:(@)g; JU.:(&”)Q; 5,,:(&,%;.... (1.13)
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For macroscopic quantities 7;,d; we accept the ratios

Tmax 1 Tmax

1 _j 2)dy(t)= | 5,(z)y()dr; d y=[dy(c)dy(t)= | d;(z)p(z)dr, (1.14)

7, 0 7

where w(7) — integral distribution function of initial ultimate elastic strains, y(7)— distribu-

tion density of ultimate elastic strains 7, 7 7, — the largest and smallest elastic limits of

max >
the subelements, respectively.
Taking into account the equality p; = p;; and (1.13), (1.14), we take the expression for

the extremum of the discrepancy between the macroscopic measure and the appropriate av-
erage value of the microscopic analogue (1.7) in the form

A=A"+A"= Extr, (1.15)

8 =((62))q -8, A"=(8), ~ovey (1.16)

In formulas (1.16) ()Q — sign of averaging over the orientation factor of the crystal lat-

tice Q,a <>w — by scatter parameter 7.

§2. Analyzing model behavior in disconnected substitution.

Based on the general expression for the discrepancy (1.15), taking into account equa-
tions (1.10), (1.12) and the thermorheological characteristics of the elements of the struc-
ture, it is possible to take into account the influence of the interaction of properties at differ-
ent scales of the material. To assess this influence, consider the behavior of the model in an
uncoupled substitution. In this approximation, it is assumed that

8 =((6,8,), -5, >w =Exir A'=(5,7,) - oye, = Exr. @.1)

Expressions for the macroscopic shear modulus and discordance A’ in the reversible
deformation region, for single-phase polycrystals with a cubic lattice, were obtained in [4].

Gog,ST@¥3b. 2w o, B
3+24+54b C, -G 2C,,

(2.2)

~6(A-1)*boye
(3 +2A4+54b)[5+ (2 + 3A)b]

Extr. (2.3)

Here C,,,C),,C, — crystal elasticity constants; 4— crystal anisotropy factor. Based on
(2.2) and (2.3), under the condition oye; = const, the calculation formulas were obtained
for G and b [4]

24+3 34+2 5
22T Gy =G, Gy Gy =Cp it Gy =Cpy—, 2.4
AGA+2) M vUR v =t R=Cu53 (2.4)

where G, — shear modulus obtained by Voigt [20] in 1928 as part of the approximation

d =d ;; Gg— shear modulus obtained by Reuss [18] in 1929 as part of the approximation

t,-j =1;. According to (2.4), it follows that the macroscopic shear modulus found on the
basis of the principle of extremum discrepancy of measures (2.1) is equal to the geometric

mean value of the shear modulus obtained in two limiting cases: a homogeneous stressed
and a homogeneous strain state. The numerical studies carried out in [5] show that a simple
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formula for calculating the macroscopic shear modulus (2.4), presented in the form
G =Gy, =Gy Gy, is in good agreement with the experimental data in the case of poly-

crystalline materials with a lower symmetry of the crystal lattice. Note that in general

=@3C )/30; Ky =C,:/3% Cpy = Cyy +Coy + Cag +2(Cyy + Css + Cog ) ..

ijij — ”jl iijj ijij

Gr =7,5/(3S Kp=3/S8,; Sii =S8 +Sy + S5 +2(Sy; + S5 +Sp);

ijij u//); s i

Cz’quSpqnm = [l'jnm; GM = \IGVGR; KM = \/KVKR' (25)

To construct an expression for the extremum of the discrepancy between measures (2.1)
in the irreversible region, it is first necessary to formulate the physical relations for the sub-
elements. As in [3 — 5, 17], we will formulate a local relationship not between stresses and
irreversible strains, but between reversible and irreversible strains. According to the law of
the central increment proposed in [4], the limiting elastic deformations of subelements can
be represented as the sum of two independent parts

e; =T, +S;, (2.6)

where 7;;— components of the deviator of ultimate elastic deformations of subelements in a

structurally stable state; s; — increment of the components of the deviator of ultimate elastic

deformations of subelements as a result of a change in the structure during irreversible de-
formation. The transition of subelements in the annealed state (s; =0) of the material from

a reversible state to an irreversible one is determined by the criterion: ¢;e; — 2 =0,

2= T Ty from which it can be seen that 7 is the initial elastic limit of the subelement,
which is assumed to depend on temperature 7 and the average rate of irreversible defor-

mations —y
1%
7=7f«/pgp,jdw, .7
0

where the top dot denotes the time derivative of irreversible deformation, ' — is the current
weight of irreversibly deformable subelements. Then

r=7(y,0);, O=0(y,T) 0<y<l. (2.8)

When writing (2.8), the relationship between the influence of the change in speed and
the temperature established in [21] was taken into account, with the difference that not the
rate of general strain &, but the average rate of irreversible strain over a subset of subelements

loaded beyond the yield point  (2.7) is chosen as the speed parameter. The component

associated with the change in the structure of the material characterizes the hardening of the
subelement, which consists of the isotropic part, and the kinematic hardening — r;

S; — { . aoj” § fX(l//’ ®): ’;j _ arpjj . (29)
x(y,0),5 =x(v, 0),

Here a,— the strengthening isotropic coefficient; a, — kinematic strengthening. Under
the assumption of elastic isotropy of subelements, relation (1.9) under proportional loading

O;; &,

?:l &, o=\Jo,0,: e=\Jezey: p=pyry- (2.10)
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can be represented as
B’ b’
e—e=b'(e—¢)= -p) b'=—; =—. 2.11
e-e=b/( )=m(p=P) 2G " b'+1 (11)

Here through e = /5,5, /2G and e=, /0,0, /ZG the reversible/elastic deformations

of the subelements and the body element, respectively, are indicated. If, along with the indi-
vidual strengthening of the subelements, hidden strengthening is also taken into account,
then the ultimate elastic deformations of the subelements, on the linear section of the
strengthening, can be represented as

e=0/2G=t+ap+ayp; a=y/(1=yx); ay=xo/ A= x0)- (2.12)

According to (2.12) hidden strengthening — a,p it is the same for all multiple subele-

ments, regardless of which area of deformation (reversible or irreversible) the separate sub-
element is loaded.

On the basis of (2.11) and (2.12), we establish formulas for the moduli of deviators of
reversible and irreversible deformations in subelements

mz+az'+T N < z'—z <
agp,z<z —,z<z
ezzim=1 mra O P T b m={mra T @13)
'+ tytagp,z22'; 0,z>2;
z=1-1y; Z'=7-1p; 15=R()+kd "), 7'=e+(m—ay)p. (2.14)

Here 7' — yield strength in the bordering subelement (separates the zone of irreversibly
deformed subelements from the reversible one); 7, — the lowest yield strength in the system
of subelements, which is assumed to depend on the grain size d and the average orientation
factor R— for the face-centered cubic lattice R =3,1, volumetrically centered cubic lattice
R =29, for hexagonal densely packed lattice R =6,5 [14].

Considering (2.14) in (1.14), (1.15) and integrating over the spread parameter z , we
find

_PERD . gy )= [ =2y, 7, Tz (2.15)
m+a 0
e=ry+z -2 _+aa0 o(z,y,T); o=2Gf(e,7,T). 2.16)

There is also a way to build a function e= f(¢, 7, T) based on deformation diagrams
obtained at various constant values of state parameters T = const, y =const. In [17] it was

established that in experiments on the proportional loading of tubular samples by tensile
force and internal pressure at different fixed values of temperature and speed of longitudinal

deformation (movement of grip) dzz = const, the average speed of irreversible deformation
(2.7) does not change during loading y =const. The orientation of the linear trajectory of
the load in the coordinates of the axial 7., and circumferential 7, stresses and the value of

the average rate of irreversible strain y are determined by the expressions

_2K-B', . l-xy

t D oy=
7% K+B * 4 B'+2Gy

J2K*+B? KB d_,

Thus, to determine the orientation of the loading trajectory in the space of axial and cir-
cumferential stresses and the value of the speed parameter y, it is necessary to know the
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values of the bulk modulus of elasticity — K, the shear modulus — G the coefficient of in-
dividual strengthening of the subelements y and the parameter of the kinematic interaction

scheme between the subelements B’ — ratio (1.10).
If on the basis of the deformation diagrams obtained in the specified experiments it is
required to be determined o = o(¢) according to the data ¢ =&(¢), T =T(¢), then the equa-

tion of state is represented as [17]

o =2Gf(&,7:T); 7o =Yz = (£(0) =741 T ) (m+a); (2.17)

(m+a)y l_f,g —iT

(2.18)
m—a, +(1_m+a0)f;g f;}’ f;}’

y=|é-

Integrating (2.18) under the specified initial condition, we establish the law of the speed
parameter change y = y(¢), and then on the basis of (2.17) we determine the deviator modu-
lus of the stress tensor o = o(¢), and from (2.10) its components. It should be noted that the
defining equations (2.17), (2.18) describe monotonous processes of irreversible deformation
of the body element when the external influence leads to active loading in the entire subset
of irreversibly deformed subelements. Conditions of monotonic loading are shown in [17].

Equations (2.17), (2.18) allow to reveal important consequences of the behavior of the
material in experiments with constant speed of the deviator modulus of the deformation ten-
sor. In these experiments according to (2.18) (with isothermal loading) the speed parameter
decreases during exposure within the limits: y = &/(m+a)+ p. With small values of the

parameter m , at some point in time, the rate of hardening of the body element as a result of
the increase in irreversible deformation and loosening thanks to the reduction of the yield
points of the subelements are balanced, then

6/2G=f é+ [ ,7=0. (2.19)

Considering expressions (2.17), (2.18) and equality & =(m+a)y, in (2.19), we find

f,570+(7’o— z ](1—f,g) =0. (2.20)

m—ayt(l-m+ay)f .

Since the inequality follows from (2.20) on the whole area of irreversible deformation
with € =const, y <y,, from (2.20) follows the inequality
l-m+qy, 1 b’

~ ; m=—— b'>0,a,<<m. (2.21)
2-m+a, 2+b 1+

S

Consequently, the appearance of a yield tooth in materials sensitive to the rate of de-
formation is impossible without a preliminary increase in stress at the initial stage of yield-
ing in experiments with & =const. According to (2.21), the tangential shear modulus before
the appearance of the yield tooth is at least twice less than in the elastic region. If the reverse
task is set: the determination of the strain & = g(¢) process according to the given parame-

ters o =0o(t), T =T(t), then the data obtained in the specified experiments can be conven-
iently presented in the form & =e+ F(e, y,7), e=0/2G. In this case, the differential equa-
tion for the speed parameter y has the form [17]:

s | F G A
. (m+a)yy o |F, F,-F, 20T I (2.22)
L+(m-a)F, 2G T
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The unknown parameter m = B'/(B'+2G) appearing in the system of defining equa-

tions (2.17) — (2.21) is determined, in an unrelated substitution, on the basis of (2.1), which,
taking into account (2.11), can be represented as

br 0 - B’
A"=2G By (7)) b=ox 2.23
(1+b')? (7) <p > 2G 2:23)
Expression (2.23) with regard to (2.11), (2.13) can also be written in two interesting
forms
-y :
"_ ’ - r_ 2 _ r_ 2 .
A"=2Gb (—b,wj [(‘r o) ~(('=7) >w} (2.24)
" (I_Z)b, ' = ' =
AN'=2G6———F——|(t'-71) , = ("= s 2.25
(x +b)(1+b" BT T>w <p>w (G ﬂp)w] 225

where <>r// — sign of averaging over a subset of irreversibly deformed subelements. Quantities

(B ~(7%): (o), ~(7) 2 (2, (P), ~(D), -

in formulas (2.23) — (2.25) have different physical meanings. The extremum of the incon-
sistency of measures should be established under certain physical conditions. If we assume
that the current extreme inconsistency of measures is achieved under the condition that one
of the listed values is independent of the parameter 5', we obtain the following values:

b=t (p) ~(P")=0(p)<0; (2.26)
b'=y; <Z"— z’)j/ - <(r’ -7)? >l/ =h(r")<0; (2.27)
b=z (v~ 7),(P), —('=-0)p), =r(p,7)<0. (2.28)

The case b'=1 is close to the value obtained in the elastic region, however, it leads to

overestimated internal stresses during irreversible strain. The variant »'= y ~ 1074 +107

leads to results close to a homogeneous stress state. The case b’ = \/; corresponds to the

geometric mean of the variants: b'=1, b'= y. In this case, as shown in [17], the compo-
r_ - _ r_ — : " :

nent (z’ T>u/' ( p>w’ ((1 7) p>u/' for the mismatch of measures A" can be expressed in

terms of the macroscopic quantities observed in the experiments,
<Z" - r)l//, <}_7>z//’ - ((T' - T)ﬁ>u/' = ZI p(o,y,TYdo —2G(a+a,)p, (2.29)
0

which are not subject to change. Taking into account (2.29), the discrepancy can be repre-
sented as

. 20— (9 i )
A _(l+b’)(1+b’)(£p (0.7.1)do =Gla+ap)p J-Extr- (230)

Note that the integral J. pdo s calculated for the current values of the state parameters.

Attention should also be paid to the clear physical meaning of the components appearing in
(2.29). The value <T‘5>~//’ represents that part of the work of deformation that is dissipated in
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the form of heat, and <Z’>W, (ﬁ)y/, — the macroscopic measure of uncompensated heat. A more
detailed analysis of the physical meaning (z' - r)y/, ( p)y/, —((r -7) p)y/, of the quantity

shows that the difference between the average measure of uncompensated heat and the cor-
responding macroscopic measure is part of the latent elastic energy of deformation of the
body element. Thus, the difference between the two measures of uncompensated heat repre-
sents the latent elastic strain energy.

Taking into account (2.29), inequality (2.21) can be concluded: based on the given mac-
roscopic constitutive equations obtained by analyzing the model in an uncoupled substitution
of the discrepancy extremum A’, A", it is possible to describe a wide range of phenomena
observed in experiments under nonisothermal loading of materials with monotonic strain
diagrams. Problems arise when describing from a unified standpoint the behavior of materi-
als with monotonic and nonmonotone deformation diagrams, as well as when describing
complex processes occurring at the initial stage of irreversible deformation and destruction.

§3. Analyzing the behavior of a model in a coupled measure mismatch substitution.

Relationship equations (1.12) establish the relationship between fluctuations of stresses
and reversible strains in the structure of a subelement, and equations (1.10) — fluctuations of
stresses and strains in a system of subelements. In an uncoupled substitution, the internal
parameters B and B', are determined on the basis of (2.1) as independent quantities. Be-
cause of this, the mutual influence of stress fluctuations and strain fluctuations at the consid-
ered structural levels is not taken into account. In the coupled substitution, it is necessary to
set the relation B~ B'. In [16], the simplest relation was considered. Then expressions
(1.9), (1.10) can be represented as a single constraint equation

G —0y =Ble; —&;). G.D

In case (3.1), the relation for the extremum of the mismatch of measures (1.16) follows di-
rectly from expression (1.7)

<<o~‘ij Eij >Q >W —0y& ;= Extr. (3.2)

Note that in (2.4) the parameter B is expressed in terms of the dimensionless parameter
b=B/2C,,, and in (2.11), in terms of the dimensionless parameter b'=B'/2G. If B=B',
then b'=bC,,/G. In this paper, we consider the variant of the equality of dimensionless
parameters

b'=b; B'=BG/Cy,. (3.3)

It should be noted that the formulas for the discrepancy between measures (2.3) and
(2.30) include macroscopic quantities observed in experiments

U, =0y e; = 2Ge%; u, = 2}[[9(0, 7, T)dG—ZG(a+a0)p2 = 2G(<T]_7>V/, _<T>u/’ <‘5>w’)’ (3.4)

which, when determining the extremum of the discrepancy between measures (1.15), are
assumed to be independent of the parameter b. Then, taking into account the assumptions
made, the expression for the discrepancy between measures (1.15) can be represented as

Aep+8,,=0; (3.5)
oA —30(A—1) [3 +24-AQ+ 3A)b2]ue

b == 5 = (3.6)
ob (3+24+54b)° [5+(2+34)b]

A= A, —(-p(x-b"u, _
PP ob (b+1)*(b+y

(3.7)

134



When writing (3.6), (3.7), expressions (2.4), (2.34) and (2.12), (3.3), (3.4) were taken into
account.
In the case of analyzing the behavior of a model with a variable parameter b, it is conven-

ient to use formulas (1.14), (1.15), (2.14), (2.15), (3.4). To calculate the quantities u,, u
relations (3.4), taking into account (1.14), (1.15) and (2.14), (2.15), we represent in the form

P

' '
V4 V4

2
[j(z'—z) ¥(z, ®)dzJ —[(z'=2)y(z,0)dz |; (3.8)
0

0

x+b
U, =26—"——0
(1-x)(A+b)

' © 2
u, ~ 2G{ro +[2y(z, ©)dz + z{l -G, @)dzﬂ . (3.9)
0 z'

To simplify the analysis of the interactions occurring at the levels of material particles
that are part of the subelements and in the system of subelements, when writing (3.9), we
neglected the influence of the hardening effect on the value u,. In this approximation, equa-

tion (3.5) is composed of two terms. In one, only quantities 4, b, y characterizing the prop-
erties of material particles (A4, y) and the state of kinematic relations appear — » (both at
the level of the system of subelements and at the level of material particles)

M(4, z,b)=

(7 +b)>1+5)* \/30(A—1)2(3+2A—A(2+3A)b2)’ (3.10)

(54b+3+2A4)[5+(2+34)b] (1-)(®* - p)

and in another y(z,®) — distribution density of ultimate elastic strains 7 =7, +z depending
on state parameters and grain diameter ® = O(d, y, T)

0

. 2
\/[J (z' = 2)y(z, G))dz} - j(z' -2)* y(z, ©)dz
V(z,0)= 0

= ~ (3.11)
7o+ jzy(z, ®)dz + Z’J y(z, ®)dz
0 z'

Then the equation connecting the inhomogeneity of deformation and loading in a representa-
tive volume (3.5) with the physical characteristics of material particles can be represented as

M(4, ,b)=V (<, 0). (3.12)

In what follows, expression (3.12) will be called the constitutive equation of the relationship
between properties and inhomogeneity of stresses and strains in a representative volume.
According to (3.10), the admissible limits of » parameter change were set from

3+24
3+24- A2 +3A)b* >0, b*— y>0; <h< [—=2 3.13
( (2+34) 220, Jx ,/A(zm) (3.13)

For given A4, y for each parameter b value in (3.10), based on (3.12), taking into account

(3.11), we determine z', and on its basis from (2.15), (2.16) we determine the relationship

between macroscopic stresses and strains. At the same time, attention should be paid to the
complex nature of the change in the function M (A4, y, b), which reflects the most important

qualities of the behavior of the material. Fig. 1 shows diagrams M (4, y,b)=M(y,b) for
one value of the anisotropy coefficient 4 and three values of the hardening coefficient y.

From the diagrams shown in Fig. 1, one can notice not only the quantitative but also the
qualitative influence of the values of the parameters of the material structure A4, y on the
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behavior of the model. The function M(A4, y,b) in the interval (3.13) has one (curve
M(y,,b)=M(2,4, y,b)) or two inflection points (curve M(y,,b)=M (2,4, y,b)). At
two inflection points, two extrema are found on the graph (Fig. 1). In addition, there is a
critical state in which (curve M (2,4, y,b)=M(y;, b))

OM(A y.b) . M4 p.b)
ob ’ ob* '

(3.14)

As a result of a detailed numerical study of conditions (3.14), for the variant b'=b,
B'=BG/C,,, the following relationship was established between the parameters and in the
state separating the qualitative behavior of the material

2.(A) 410722 -4"7) 1<4<3. (3.15)
0.3 o
..
M(b, % 1)0.2
— ....
M(b,72) ooee.,
M(b,X3) 'm
XX 0.1 &
0
0 0.2 0.4 0.6
b
Fig. 1

Thus, if the hardening coefficient of subelements y > y.(4) from (3.10) — (3.12),
(2.15), (2.16) it follows that the material deformation diagram is monotonic. If y < y.(4)
then the relaxation of the kinematic bonds between the subelements, at the initial stage of
the irreversible flow proceeds with such intensity that unloading occurs in a part of the irre-
versibly deformed subelements. Because of this, a yield tooth appears on the loading dia-
gram. If y = y,(A4), then a yield plateau is observed on the strain diagram.

§4. Numerical study of model behavior.
An analysis of experimental diagrams of deformation of polycrystalline materials shows
that the following expression can be taken as a function of the distribution density y(z) ofa

random variable z :
y(z,0)= 0%ze ™ ; w(z,0)= jy(z, 0)dz=1-(1+0z")e”; ©=0(y,T). (4.1)
0

In this case, expression (3.11) can be represented as (V' (z', ®) = V(x, x,))

\/6—4§+§2 ~(6+20)e ¢ -[e-242+ e ¢
Ve = 5+2-Q+8et

w(&)=1-(1+&)e®,E=0:'=0(r' - 1)) , & = O1,. (4.3)

; 4.2)
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Based on (2.14), (2.15), (2.16), (4.1), taking into account the notation (4.3), we repre-
sent the relationship between reversible e and irreversible deformations p in the form

_ _ ¢
pib. 7..0) =" lj‘)(b”)"f 21 @+e)e (4.4)

+y ®
o (- pb[2-Q2+ e |+ 2(b+1)é is
e( s X fa :TO)_ (b“rl)@ +TO‘ ( . )

Note that in (2.15), (2.16) and (4.4), (4.5) the relationship is established not between
stresses and strains, but between reversible and irreversible strains. The relationship among
e~ p or e~¢ makes it possible to notice important regularities in the influence of struc-

tural parameters on the behavior of materials that cannot be detected when studying defor-
mation diagrams in coordinates o ~ . In particular, if we compare the deformation curves
for various pure metals with a face-centered cubic lattice and a body-centered cubic lattice,
taking into account corrections for the shear modulus and melting point, it turns out that the
curves for metals with a body-centered cubic lattice lie lower than the curves for metals with
face-centered cubic lattice, and the degree of hardening is also significantly lower [16]. The
curves e~ ¢ for body-centered cubic metals, as well as for FCC metals, are very sensitive
to grain size: in both cases, the finer-grained material has a higher yield strength and is more
intensively hardened during deformation.

If the characteristics of crystals (4, y), grain sizes and structural defects are known,
which are reflected by the parameters — (7, ®), on the basis of (3.12), (3.10), (4.2) we es-
tablish the relationship & ~ b, which expresses the evolution of the relaxation of kinematic

bonds both at the level of material particles and at the level of the system of subelements. If
the dependences & ~ b, for the data of the characteristics of the structure are established,

then on the basis of (4.4) and (4.5) we determine the dependence e~ p or e ~ ¢, then, us-
ing the relation o =2G(b, A)e, we find the dependence o ~&=¢e+ p.

The procedure for establishing a connection &~ b can be greatly simplified if, within
the change of the variable 0 < £ <8 (according to (4.3) at £>8, (&) =1), it is taken into

account that expression (4.2), with sufficient accuracy for practical calculations, can be ap-
proximated by a simple function

c(&)EY
1+d(&)EY’ (30

V(& 50)511’5 -V(&, 50)521’5) .
[V(fl »60) V(& fo)](é:lé:z)l’s

V(fa 50) ~ V,(fs 50) =

V&1, &)V (&, 5 )(511’5 - 521’5) )

(&)= ;
<o [V(&, &) -V (&, E](EE)S

d(&) =

4.7)

Comparison of functions V' (&, &) and V'(&, &) is shown in Fig. 2. The calculations
were carried out at & =2,5;&, =6,5; &, =0,3; 0,8. From Fig. 2 shows good agreement be-
tween the considered functions V' (&, &) and V'(&, &).

Substituting (4.6) into (3.12) we find the following dependence for the variable &

23
M, y, A)

(o) —d(5p)M (b, x, A)

Taking into account (4.8) in (4.4), (4.5), we represent the relationship between reversible
and irreversible deformations in the following parametric form

s, x. A,éo){ (4.8)
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p(b’ Z! A’ 60’ TO) =

_U=Db+D £ A, 60 =2+ Q4 e 1 A SN (49)
b+ o
e(b, x, 4,8,70) =
| U=2b[2-@ b g A £ DI [ b Dxth g Ag) | @10)
(b+1& "

When proceeding to the calculation of the macroscopic modulus of the stress deviator,
one should also take into account changes in the shear modulus with an increase in the num-
ber of subelements involved in the irreversible flow. According to formula (2.3), the shear
modulus G =G(b, A) depends on the anisotropy coefficient 4 and the parameter reflecting
the inhomogeneity of the development of stresses and strains in the elements of the material
structure b . From a physical point of view, it can be assumed that the relaxation of kinemat-
ic bonds (decrease in the parameter b) occurs only between the material particles included
in the subelements involved in the irreversible flow. Then we can assume that on the basis
of formula (2.3) the shear modulus is determined only in irreversibly deformed subelements,
the weight of which is determined on the basis of formula (4.3) — w(&), and in subelements

with weight 1-y(&) we will assume that G =G, it is determined from formula (2.5).

Based on these assumptions, we establish the following law of change in the shear modulus
in irreversible deformation processes

G(bazaAafo):
:C““N 34+2 [\/ 34+2 —5+(2+3A)b]t//[§(b,z,A,éo)]}- 4.11)

A2A+3) \\VAQA+3) 3+24+54b

The parametric relationship between the shear modulus and the accumulated irreversible
strain is determined on the basis of (4.3), (4.8), (4.9) and (4.11). Since a cubic crystal does
not change shape under the action of hydrostatic pressure, the average bulk modulus of a
polycrystal K is equal to the value measured for a single crystal K =0 /&, = Cy; +2C),,
which does not change in the process of irreversible flow. Therefore, based on the law of
change in the shear modulus (4.11) and the expression for K, it is possible to establish, us-
ing well-known formulas, the patterns of change in technical elastic constants: the modulus
of elasticity £ and Poisson’s ratio, depending on the accumulated irreversible deformation

p(bs Z3 A: 60)
0.6 //"y,»-“’“».
V(§,0.3) os 088"
LN ) 04 /”""’f
VI(E,0.3)
V(E,0.8) /
V(E,08)0.2
0
0 3 6
g
Fig. 2
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In system (4.9), (4.10), the characteristics of crystals are expressed in terms of the ani-
sotropy A4 and strengthening coefficients y (in the first or second phases of deforma-

tion), and the characteristics of the granular structure of a polycrystal are expressed in terms
of the average grain diameter d and density of structural defects p,: 7 (=7,(d, p;),
& =&(d, py). The listed parameters may also depend on the state parameters y, 7. In
experiments with constant state parameters ¥ =const, 7 =const in the system (4.9), (4.10)

there is only one variable b characterizing the inhomogeneity of deformation and loading.
Therefore, for known parameters of the structure, on the basis of (4.9), (4.10) we establish
the relationship between reversible and irreversible deformations e ~ p or e~ ¢, and then,

using the relation o =2G(b, A)e, we find the dependence o ~ ¢.

Thus, the relationship between macroscopic stresses and strains is influenced by the
characteristics of crystals (4, y) and the parameters of the function density distribution of
yield strengths of subelements (&,,7,). Based on the system of constitutive equations

(3.10), (4.6) — (4.11), we consider the specific effect of each structural parameter on the pol-
ycrystal deformation diagram.
Fig. 3 shows strain diagrams e ~ ¢ :

e(b, y) > 10%e(b, z, 2,6, 0,3, 107) ~ &(b, y) — (b, g, 2,6, 0,3, 107)

obtained for three values of the hardening coefficient y, =107, z,=1,5-107, z,=5-10",
at 4=2,6, £ =03, 7,= 10~ The coefficient 7= 1074 corresponds to the value of the

hardening coefficient at the stage of easy slip of a single crystal, and y =5-107 — at the
second stage of hardening (multiple slip). Note that the ratio of the hardening modulus to the
shear modulus is independent of temperature, crystal orientation, and the amount of impuri-
ties. However, the experimental data presented in various works differ within the limits
7=4-107+107% Probably, the differences are related to the peculiarities of the coordi-
nates used in the calculations: reduced shear stress-shear strain. More convenient data are
presented in [16], where the hardening parameters were obtained by stretching polycrystal-
line metals #; ~d,,. According to the data presented in [16], at the second stage of defor-

1 dt,,

mation y;, =— ~1072. Based on the assumption of an elastic change in volume, the

11
hardening modulus in coordinates o ~¢& is determined by the expression

2 =2(1+v) 1, /[3-(1-2v) 1,]. For Poisson’s ratio v =0,3, the coefficient y =0,0087.

It is important to note that the established theoretical value y.(A4) (3.15), separating the

zone of monotonic strain diagrams from nonmonotonic ones, lies between the experimental
values of the hardening coefficients for the stages of multiple and easy slip. This fact should
be considered as one of the principal methodological confirmations of the main provisions
of the model under study.

From Fig. 3 shows that the numerical values of the hardening coefficient have not only
a quantitative effect, but also a qualitative effect on the strain diagrams. The calculations
performed show that for each value of the crystal anisotropy coefficient A there is a
strengthening coefficient y determined on the basis of formula (3.15), which separates the

zone of monotonic strain diagrams from nonmonotonic ones. For, 4=2,6 the critical value
is 7.(2,6)= 1,5~10_3. At x> 1,5-10_3, elastic strains increase monotonically with an in-
crease in irreversible strain, and at y >1,5-107, unloading into some subelements is ob-

served, which leads to a decrease in macroscopic reversible strain. If y>1,5-107, then a
yield point appears on the loading diagram.
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Therefore, the phenomena of yield tooth, yield plateaus and monotonic diagrams are de-
scribed within the framework of a single model. The transition of a new volume of material
into an irreversible region of deformation is impossible without relaxation of the kinematic
bonds both between material particles and between subelements. From (4.8) — (4.10) it fol-
lows that this process proceeds most intensively at the initial stage of the irreversible flow,
when there is a sharp increase in deformation inhomogeneity and partial equalization of
stresses. Depending on the numerical values of the structural parameters in the process of
stress equalization, with a very sharp decrease in the b parameter, an active loading process
continues in some subelements with an increase in irreversible macroscopic deformation,
and in the other, unloading occurs. Depending on the predominance of one or another effect
at the macroscopic level with the development of irreversible deformations, three options
are possible: a continuous increase in stresses, a decrease or maintenance of a constant value
in a certain area of deformation, after which the increase in stresses continues.

I
—
0 0.01 0.02 0.03
a(b, {;1) , S(b, é2) ) g(b, §3)

Fig.4

Influence of the function parameter of the distribution density of the initial values of the
yield strengths of subelements &, on the deformation diagram, in coordinates
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e(b, y)—>10°e(b, ,2,6,0,3,107) ~ &b, y) > (b, 7,26, 0,3,107)

and three values &, =&, =0,3; &, =0,45; & =0,7 presented in Fig. 4. It can be seen from
the presented diagrams that the parameter &, has a significant effect on the shape of the
material deformation diagrams at all stages of the irreversible flow.

4
o% M
e_b,Al) g ,..“”“M
(b.As), 1 =
e(b,A3)
LN
00 0.01 0.02 0.03

g(b.A;).5(b,A;).5(b,A3)
Fig.5

Fig. 5 shows the effect of the crystal anisotropy coefficient on the load diagram e ~ ¢,
in coordinates

e(b, A) > 10%e(b,107*, 4,0,45,107) ~ (b, A) = £(b,107*, 4,0,45,107°)

for a hypothetical material having the following characteristics: y =107", & =0,45,

Ty = 10’3, for three values 4 =4, =1,25; 4, =1,8; 4, =2,6. Of those presented in Fig. 5
curves, it can be seen that the crystal anisotropy coefficient has a significant effect on the
deformation diagrams of the polycrystal only at the initial stage of irreversible loading. In

this case, we note a strong increase in the macroscopic yield strength of the material with an
increase in the anisotropy coefficient of the crystal.

6
e0o®®°® °
o0 ®*® oe°
o....o oooo°°...

ﬂ’t‘ 1)4 ...' [ X M /
e(b,’t'z) .: _,_,_/"/
eb,r,}) i,/_\_/
eee ——

0

0 0.01 0.02 0.03

S(b,‘E' 1),8([),’5'2),8(}),‘5‘3)

Fig. 6
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Fig. 6 shows the influence of the microscopic yield stress t, = R(t +k,d %) on the
load diagram view e ~ ¢, in coordinates

e(b,7y) > 10%°e(h,4-107,2,4,0,4, 75) ~ &(b, 7,) = (b, 4-107*,2,4,0,4, 7))

for three values 7, =7] =0,5-107,75 =107,7} =1,5-107 . The conducted numerical studies
show the global influence of the microscopic yield strength 7, (depending on the grain size
d ) at all stages of loading the body element. At the same time, 7, affects the size and

length of the section, which is associated with a violation of the loading monotonicity pro-
cess at the initial stage of yield.

000000000 TVPVIVIITITOTSY

0.9
0 0.1 0.2

p(b,Az),p(b,A3),p'(b,A2),p'(b,A3)
Fig. 7
Note that as the grain size decreases, the entire diagram shifts to the region of higher
stresses; in this case, the values of both the upper and lower yield points also increase.
The influence of the anisotropy A4 and strengthening coefficients y of the crystal on
the relative change in the shear modulus r(4, ) =G(b, y, 4,0,5)/G,, of the p(4, y) cal-

culated for, 4;,=2,6, y= 6-107°, and the curves r'(4, y)~ p'(4, y) for the same values

of the anisotropy coefficients A4,, A4;, but with the strengthening factor y = 6-107. Of

those presented in Fig. 7. It can be seen from curves that the anisotropy coefficient 4 has a
significant effect on the decrease in the shear modulus of the polycrystal during irreversible
flow G decreases most intensively in the initial section of irreversible deformation, and
then tends to a constant value. At the same time, with a decrease y , the tendency to a con-

stant value of the shear modulus is achieved at higher values p(4, ), which leads to the
intersection of the curves and a qualitative change y in the influence on the change G .

Conclusions.

The constitutive model governing equations in the coupled and uncoupled substitution
of the extremum of the discrepancy of measures at the levels of material particles and sys-
tems of subelements are studied.

A constitutive equation is obtained connecting the inhomogeneities of deformation and
loading in a representative volume with physical characteristics at the levels of material par-
ticles and a system of subelements. The properties of crystals are expressed in terms of the
anisotropy and hardening coefficients, and the systems of subelements are expressed in
terms of the parameters of the distribution density function of the initial yield strengths.
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It is shown that in the reversible loading region, the relative stress fluctuations are ap-
proximately the same as the strain fluctuations. At the initial stage of the irreversible flow,
there is a brusque relaxation of the kinematic bonds between material particles and between
subelements, which leads to a strong increase in the inhomogeneity of strain and smoothing
of stress fluctuations. With the values of the hardening coefficients characteristic of the light
slip phase, in a certain area of deformation, the irreversible flow proceeds with a decrease or
with a constant weight of the irreversibly deformed subelements. Then, during the loading
process, the growth of the weight of irreversibly deformed particles is restored, with the
same hardening coefficient.

With an increase in the anisotropy coefficient of the crystal, a strong increase in the
macroscopic yield strength of the material is observed. However, outside the area of viola-
tion of the loading monotonicity, the anisotropy coefficient does not affect the shape of the
deformation diagram.

In contrast to the anisotropy coefficient, the microscopic yield stress (which depends on
the grain size) affects not only the magnitude of the nonmonotonic deformation region, but
also beyond it. With a decrease in the grain size, the entire diagram shifts to the region of
higher stresses; in this case, the values of both the upper and lower yield points also in-
crease.

The influence of the structural parameters of a polycrystal and the magnitude of irre-
versible deformation on the regularity of the change in elastic constants in the process of
irreversible flow is analyzed.

PE3IOME. PosrisHyTO TpupiBHEBY KOHCTHTYTHBHY MOJEIb, IO OIHCYE 3 €IMHHUX MO3HIIN HOBEIi-
HKy MarepiajiiB 3 MOHOTOHHHMH Ta HEMOHOTOHHHMH Jiarpamamu jaehopMyBaHHs. BcTaHOBICHO BILTHB
Koe(iLlieHTIB aHI30TPOIIiT Ta 3MILHEHHS KpHCTalla, CEPEAHBOI0 3HAUCHHS JllaMeTpa 3epeH 1 TYCTHHU PO3MOo-
Jiny nedexTiB CTpYKTypH Ha MaKpOCKOIIYHY IOBEAIHKY MoJsikpucraiy. Jis Hboro BUKOPUCTAHO TPH I10C-
TYJaTH: CEPEelHIX 3B’A3KiB, EKCTPEMyMy HEBiIIIOBIAHOCTI MiX MaKpOCKOIIIYHUMH MipaMH Ta IX MIKpOCKOMi-
YHAMH aHaJOraMH i OPTOrOHAJIBHOCTI TEH30piB (IIyKTyaliit HanpyxeHb Ta aedopmariit. Ha ocHoBi moOy-
JIOBAaHOI CHCTEMH KOHCTHTYTHBHHX PIBHSHB JOCITI/DKEHO CICHU(IYHNI BIUIUB CTPYKTYPHHUX XapaKTEPHCTUK
HOJIKPHCTaTy Ha MAKPOCKOIIIYHI Aiarpamu JeopMyBaHHS Ta KOHCTAHTH IPY>KHOCTI MaTepialy.

KJIFOUOBI CJIOBA: KOHCTHUTYTHBHa MOJIENb, CTPYKTYpPa, KPUCTAJI, MOJIKPUCTAll, CyOelieMeHT, Ha-
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