2024 NPUKJAJTHA MEXAHIKA Tom 60, Ne 5

V.V.Zozulya'>?, E.Carrera!

EQUIVALENT LAYER AND SINGLE LAYER APPROACHES TO THE
MODELING OF TOROIDAL SANDWICH SHELLS USING THE
CARRERA UNIFIED FORMULATION®

!Department of Aeronautics and Aerospace Engineering, Politecnico di Torino, Corso Duca
degli Abruzzi, 24, 10129 Torino, Italy, e-mail: erasmo.carrera@polito.it
2S. P. Timoshenko Institute of Mechanics, National Academy of Sciences of Ukraine,
Nesterov Str. 3, 252680 Kyiv, Ukraine; e-mail: vzozulya@hotmail.com

Abstract. A higher order equivalent layer and layer-wise models of elastic composite
sandwich toroidal shells are developed using the Unified Carrera Formulation. Also, ax-
isymmetric shell fixed at the ends is considered in detail. Numerical calculations were per-
formed using the computer algebra software Mathematica 14.0. The results of calculation
can be used as benchmark examples for finite element analysis of the higher order compo-
site sandwich toroidal shells.

Key words: toroidal shell, composite sandwich shell, Unified Carrera Formulation,
higher order theory.

Introduction.

Composite materials, including fiber reinforced polymers and sandwich structures, are
widely used in aerospace, automotive, marine, defense and military, renewable energy, med-
ical devices, etc. to produce structural components and provide exceptional properties
strength and rigidity [4]. The versatility of composite materials allows for the tailoring of
mechanical properties to specific application requirements. When integrated into a sandwich
structure, these materials distribute loads efficiently, enhancing the overall structural per-
formance. This is especially valuable in applications where a high strength-to-weight ratio is
essential, such as in the construction of aircraft components, marine vessels, and automotive
structures etc. Composite sandwich structures play a pivotal role in various engineering ap-
plications due to their unique combination of lightweight characteristics, high strength-to-
weight ratio, and exceptional structural efficiency. The combination of lightweight core ma-
terials, such as foam or honeycomb, with high-strength composite face sheets results in
structures that offer substantial strength while maintaining low mass [4, 17].

Shell structures refer to structural elements that are curved or curved surfaces with a
small thickness compared to their other dimensions. They can take various forms, including
cylindrical, spherical, and toroidal shapes. Each type of shell structure has unique character-
istics and applications [3, 17, 19].

A toroidal shell is a structure that has the shape of a torus, which is a donut-like geomet-
ric form. It is characterized by a circular or ring-like cross-section. Toroidal shells present
unique engineering challenges due to their geometry. These shells, characterized by their
toroidal geometry, present unique challenges and opportunities for structural analysis and
design [2, 18]. Analyzing and designing such structures require specialized approaches to
address issues such as stress distribution and deformation [5 — 7]. The accurate modeling of
such structures is crucial for ensuring their optimal performance and reliability in real-world
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applications. Analysis, modelling and design of the toroidal shells considered in numerous
publications, among other we can note [13 — 16]. For further information one can refer to [2,
3, 17 — 19] and references there.

In recent years, the Unified Carrera Formulation (CUF) has emerged as a powerful and
versatile tool for the analysis of complex structures. Its unique ability to handle multi-
layered structures and account for various kinematic models makes it particularly well-
suited for the accurate study of toroidal sandwich shells. The CUF approach can be viewed
as a generalization of the polynomial expansion method for beams, plates, and shells, in-
cluding laminated structures and multi-field loads. The most complete information about
CUF can be found in the book [9] and papers by Carrera and coauthors [8, 10 — 12] and ref-
erences there. Especially higher order theory of composite multilayer anisotropic plates and
shells, their modeling, analysis presented in [9, 12], hells of revolution considered in [10 —
12], finite element analysis of the higher order plates and shells studied in [8]. Analysis, priori
and posteriori evaluation of transverse stresses in multilayered orthotropic plates and shells
considered in [8, 9].

This paper explores and compares two distinct modeling approaches — the equivalent
layer (EL) approach and the layer-wise (LW) approach — within the framework of the CUF.
We explore composite axisymmetric toroidal shells fixed at the ends. Numerical solutions
are obtained using the computer algebra software Mathematica 14.0. The resulting equations are
valuable for theoretical analysis and the calculation of the stress-strain state. Furthermore,
they serve as effective models for composite sandwich structures in scientific, engineering,
and technological applications. The calculated results can also be utilized as benchmark ex-
amples for the finite element analysis of higher-order composite toroidal sandwich shells.

1. 3-D statement of problem.

We consider a composite laminate toroidal sandwich shell made of two skins and a
core. It occupies a region ¥ =Qx[—h, h] in a 3-D Euclidian space R’, where Q is the mid-

dle surface and 24 is the thickness of the sandwich shell. The shell is made of three curved
laminas, two skins and a core, which are stacked on top of each other in the thickness direc-
tion without of slipping. The region occupied by the sandwich shell can be presented as a
union laminas as follows

3
V=UVk; Vi =Q x[=hy, by ] (D

k=1
Here Q, is middle surface of the lamina & of the shell, 24, is the thickness of the lamina & .
Let us introduce an orthogonal curvilinear system of coordinates x(x;, x,, x;) related to

the middle surface of the shell. The position vector of an arbitrary point is equal to
R(x, xp, x3) = ¢;x;. Coordinates x,(x;,x,), a=1,2 are associated with the principle cur-

vatures k; and k, of the middle surface of the shell and coordinate x; is perpendicular to it.
The position vector R(x) of any point in domain ¥, occupied by material points of the shell
may be presented as
R(x)=r(x,)+x;n(x,), 2)

where r(x,) is the position vector of the points located in the middle surface of the shell,
and n(x,) is a unit vector normal to the middle surface of the shell.

In this system of coordinates the 3-D equations of elasticity can be simplified by con-
sidering that Lamé coefficients and their derivatives have the form

H,=A4,(1+k,x;) fora=1,2 and H; =1;

oH, o4 oH 3
—L =P 1+ kxy); _ﬁ:kﬁAﬂ; oH; _ 0.
ox,  Ox, 0x3 Oox;
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a surface, k, are the principal curvatures and o =1,2.

Here A,(x;,x,)= \/ are the coefficients of the first quadratic form of

a

The mechanical properties of each lamina, on average, can be presented by an equivalent
homogeneous anisotropic material. The position of any point of the lamina during deforma-

tion can be defined by the displacements vector uh(x)= ulk (x)e; as functions of its curvi-
linear coordinates. The stress-strain state of the lamina is determined in the classical theory
of elastic though the stress ¢*(x)= o-,-’; (x)e; ®e; and strain ef(x)= gg(x)ei ®e; tensors

that are symmetrical. The displacements vector as well as stress and strain tensors for hole
composite laminate shell can be presented as

3
u;(x) = Z”ik(xa)(H(J% — X, —h)—H(x— X +hy));
ot

3
Gi/(x)=;05(xa)(H(X3 — X =X ) —H(x3— X +hy)); 4)

3
£;(x) =1§g§(xa)(ﬂ(x3 ~ X —h)—H(xy = X; +hy)).

Here X is the coordinate of the middle surface of the & lamina and H(x) is the Heaviside

unit step function.
The composite laminate shell may be subjected to body forces b(x) = b;(x)e;. Boundary

of the shell OV is piece-wise smooth and consists of sections 0V, and 0V, to which the vec-
tors of traction p(x)= p;(x)e; and displacements u(x)=u;(x)e; respectively, are assigned.
Continuity conditions for body, traction and displacements vectors are assumed, respectively.

Here vector notations are introduced and functions that determine the stress-strain state
of elastic media are presented in vector form.

T T
O'=|O'11,0'22,0'33,0'12,023,013| 5 s:|511,522,533,512,523,513| 5

T T T )

”:|”1’”2’”3| 5 P=|p1,p2,P3| > b:|b1,b2,b3| .

T .
Here | | is transformed vector.

Kinematic relations in the theory of elasticity relate the displacement vectors to the strain
vector introduced in (5) by the following equations

e=D-u, 6)

where D is a matrix differential operator, which with considering (3) has the form

1o 1y o, 10 o i

A ox; A4, ox A4, ox, 0x3
prollon 1o 1o v oo, |
A A, Ox, A, Ox, A O0x; A4, Ox, Oxy
v o 2 0 1o 1
Ox;3 A, 0x, 4 Ox
The equilibrium equations in matrix notation can be represented as

D" .6+b=0. ®)
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Constitutive relations are usually established by introducing the potential energy density
function. In the case of linear anisotropic elastic media, it can be presented in the following
general form

W()=¢"-C-ég, )
where C is the 6x6 matrix of elasticity moduli of the form
chy cfy iy Oy O
Cklz Ckzz Ck23 Ck24 Ckzs Ck26
Ccr = Ck13 Ckzs Ck33 Ck34 Ck35 Ck36 . (10)
Ck14 Ck24 ctyy Ck44 Ck45 Ck46
Ckls Ckzs Css Ck45 Ckss Ckss
Ckm Ck26 Ck36 Ck4<> Ckse Ck()é

In the case of isotropic material, the corresponding classical moduli of elasticity present-
ed in (10) have the form

C1=Cy=C3=A4+2u; Cp, =C3=Cyy=4; Cyy =Cs5 =Cy = 115

. . o (11)
CU-:O, for i=1,...,6,j=4,56 and i# ],

where A and x are Lamé constants of classical elasticity.

For a multilayer composite sandwich shell consisting of 3 laminas the dependence of
the elastic moduli on the stiffness coordinate can be mathematically expressed as follows

3
Ci(x3) =D Ch (H(x =X, —h)—H(x =X, + ). (12)
k=1

Here Cg is the value of the elastic moduli of the & lamina.

Taking the derivative of the potential energy density function with respect to the defor-
mation tensor & and substituting kinematic relations (6) into the obtained result, the stress
vector can be represented in the following form
oW

Oe

c =C-¢=C-D-u. (13)

To obtain the equilibrium equations of the linear theory of elasticity in the form of a dis-
placement vector, we substitute expressions for the classical stress vector from the general-
ized Hooke equation (13) into (8). As a result, the following differential equations are obtained

DT .C-D-u+b=0. (14)

In the same way, substituting the expressions for the classical stress vector from (13) one
obtains natural boundary conditions for the linear theory of elasticity in the form of a dis-
placement vector

DI -C-D-u-p=0. (15)

Here p is the classical traction vector given on the boundary and DnT is the matrix op-

erator of the vector normal to the boundary, it has the form
np 0 0 n, 0 wmny
DI=0 n, 0 n ny Of (16)

0 0 ny 0 n n
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The essential boundary conditions have the form

u-u’=0. (17)

2. CUF for elastic shells of higher order of arbitrary geometry.

The CUF approach for the development of higher order theories of plates and shells is
based on the principle of virtual displacements, (see Washizu [20] for references), which in
the general case of the 3-D linear elasticity can be presented in the form

S[W(&)dV = 5L, (b, p) (18)
V

Here W(e) is the density of potential energy of the elastic body (9), L,,, (b, p) is the work
of the external volume b and p surface loads.

The variation of the potential energy density of the elastic 3-D body is determined
though the variations of the strain & tensor in the form

SW =(D-6u)" -e. (19)

Variation of the work of the external volume and surface load in the case of elastic me-
dia can be calculated as follows:

Ly (b, p) = [b-0udV + [ p-Suds. (20)
4 ov

The displacement vector can be represented as a series expansion in terms of basic func-
tions of the coordinated x; directed orthogonally to the middle surface of the shell, in the form

u(x, X3, 53)=F, (x3)-u,(x,%); 7=1,2,..., M, (21)

where F, (x;) are the basic functions of the thickness coordinates and u,(x;,x,) is vector
of displacements. They have the form

E e (x3) 0 0 uy (X, X5)
Fu,z‘ (X3) = 0 Fuz,r(x3) 0 5 ”r(xbxz) =M (xla xz) . (22)
0 0 F, (x3) uz - (%, X;)

In (21) according to Einstein’s notation, the repeated subscript 7 indicates summation.
The first subscript in basic functions F, , indicates the component of the displacement vec-
tor, the second index indicates the number of the function in the serial expansion.

Applying matrix differential operators (7) to the displacement vector represented by the
equations (21) one can obtain the strain vector in the form

e=D, . -u, 23)
where D, . ais matrix operator of the form
D .=
F;tl,r 0 F;tz,r 6A2 F;tl,r 0 _ F;tz,r 6A1 0 aF;tl,r _F kl
4 g Ady ox 4, vy Ad Ox a7
Nfuroh P o Fued Bty O 0 | @
A4y Oy A 4 o Ady o a7
aF;l T F;l T a F;t T a
F;,{ ,Tkl uz,‘rkZ — 0 — —_
1 Ox; A, ox, A4 o
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Substituting kinematic relations (23) into the generalized Hooke’s law (13) the classical
force stress vector can be presented as
6=C-D, -u,. 25)

Substituting the expression for the strain vector represented by equations (23) and the
stress vector represented by the equation (25) into (19), we obtain a variation of the potential
energy density in the form

oW =D, -ou.(x,%,)-C-D,  -u(x,x,). (26)

The body force is a function of curvilinear coordinates b(x;,x,,x;). They can also be

represented as a series of functions of the thickness coordinate x; in the form
b(xl’ X2 x3) = F'u,‘r(x3)'bu,r(xl’x2); r=12,..,M. (27)

The surface load is the function only the coordinates x; and x,, of the middle surface of
shell and the thickness coordinate x; has specific values that correspond to points on the
surfaces x; =—h and x; =h.

Let us consider a variation of the work of the external body and surface load in the case
of elastic media. Taking into account (27) and (28) the variation of the work of the external
body and surface loads in the case of elastic media can be presented as

5LQX[ (b7 p) =

:_[Et,r(x3)'5ur(xl’x2)'Fu,r(x3)'bu,r(x1’x2)dV+ _[ Fu,r(x3)‘5“r(x1axz)'P(xlaxz)ds-
v o

(28

Now, using the CUF approach, principle of virtual displacements for linear theory of
elasticity approach can be represented in the form

J.Du,r Ou (x,x,)-C-D,  -uy(x;, x,)dV =
v

(29)
=[F, . (x;)-0u,(x, ,)- F, (x3)-b, ,(x, ,)dV + [ F, ,(x3)- 0, (x1, %) p,, (3, %,)dS.
4 o
For convenience, we split up the matrix operator D,i . into two parts
D =D} +D,;, (30)
where
Ful,r a Fuz,r aAZ 0 Ful,z' 5 _ F;,{z,z' aAl 0 —F k
A o A, ox Ay ox, A ox, ot
o7 _ F,.04 F,. 0 0 F,. o _Ful,f 04, F K 0 |
’ A4, 0x, 4, Ox, A ox; A4, ox >
F F
Fu z‘kl Fu rk2 0 0 e 0 e 0
: > A, Oox, 4 ox
OF,
00 O 0 0 A0
0Ox;
OF,
D&l=o o 0 0 —/ o0 | 31)
’ Ox;
aFu T
00 —— 0 0 0
X3

134



The volume integral in equations (29) is transformed using the following relations

T Su (x;,x,)-C- D, ux,x;)=
(32)
:Dl{T'C'(Du,s'us(xDXZ)_ u,t -C- D us(xl’xz)'

Collecting terms containing variation of du,(x, x,), we obtain equilibrium equations
and natural boundary conditions for the displacements of elastic composite sandwich shells
of higher order in integral form, respectively, as it is here

[(pSF-C-p,uy(x, ) -D)T -C-D, - uy(x, x,) -

u,t

d (33)
F, (x3)-F, ((53) B, ,(x, %,))- Su, (x, %,)dV = 0;

f (D, r'.c. D, -u,(x,x;)—F, (x3): p,(x], %) Su,(x;, x,))dS =0, 34

where D,'fTT is the matrix analogy of the vector normal to the boundary, it has the form

anul,‘r 0 antl,T 0 0 0
Dil=| 0 mF,, mF,. 0 0 0 | (35)
0 0 0 0 mF, . mF, .

Let us calculate integrals over volume and surface in the equations (33) and (34). Taking
into account that the shell is multilayered and the mechanical properties of the material of
each layer are different, they are expressed by the equation (12) integrals over the volume
and surface have to be calculated for each layer separately. As a result, to calculate these
integrals, we have equations of the form

K hk+l
I ()dV = j j OdedQ=[Y | (dvdQ;
k=1 "
) Ki;kﬂ (36)
I Oav =] [Odsas= [ 3| (deda.
Q- a0k=l p,

Here 2k, is thickness of the layer k of the shell.

Calculating volume and surface integrals in (33) over the thickness of the shells using
and considering that the variations Jou, depend only on the coordinates x; and x, the dif-

ferential equations for the displacements of composite sandwich shells of a higher order, can
be represented for the EL and LW theories in the same matrix form

Ly -uy = by, (37)

but the form of the global matrix operator L, , the vectors of unknown functions u{, and

the right hand by side are different for the EL and LW theories.
In the case of EL theory they have the form

loc loc loc loc
Ly - Ly ”1 b,
G : : A PR C A S P XA
Ly =| : - S uy = by = s (38)
loc loc loc loc
Ly, - LM,M Uy by,
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where fundamental nuclei matrices L , as well as the vectors of local unknown functions

uloc

¢ and local expression for external body and surface loads bél.oc have the form

3 3 3
Z L g,y (k) Z L g,y (k) z Lr,sul U3 (k)
k=1 k=1 k=1

3 3 3 ul,S bul a
1 , , , - . pl b
Lro,cs = z LT Suz,ul (k) z LT Suz,uz (k) ZLT Suz,u3 (k) > uSOC = u2,s > bsoc = buz,r (39)
k=1 k=1 k=1 u ~
3 3,s (T

3 3
ZLT,Su:{’ul (k) kZ_‘;LT,Su:{’uz (k) ]{Z_;LT’SMS’MS (k)

k=1

In the LW theory, the continuity conditions for the out of plane components of the dis-
placements vector and the stress tensor are taken in the form

k k k k
uz (X, Xy +hy) = u3+1(xa’Xk+1 —hyiy); 073(Xy, Xy +hy) = O-i,;l(xaﬂ Xip1 = Myyy)- - (40)

To satisfy these conditions of continuity of the components of the out of plane displa-
cement vector and stress tensors the following dimensionless basic functions of the thick-
ness coordinates have been used

PSR (CHUARS (CALN RPN (CAUA RS (YA o

F(x;) =E+z(§k/hk)—Pi(§k/hk),

where P.(&, /h;) are the polynomials of 7 order.

In the case of EL theory the global matrix operator for the laminate composite shell L% ,

is the vectors of unknown functions ug and is the right hand side b,? have the form

uf’ (1) b (1)
L@ 0 0 u§ (1) bS (1)
L= 0 L2 0 |uy=| i |sby=| i | (42)
0 0o 15,03 u’ (3) b’ (3)
uy, (3) by, (3)

Here Lgk (k) is the global matrix operator for lamina £, uﬁk (k) is the vectors of unknown

functions and bgk (k) is the right hand side, respectively. They have the form

Ly - L (k) ul* (k) bl (k)
Ly (k)= o lay (= F sby (=] P (43)
Ly (k) - LYy () iy (k) b (k)

The matrices LIT”C (k) are the fundamental nuclei of the differential equations of equilib-

25

loc

(k) are the vectors of local unknown functions, and bj”c (k) are the local ex-

rium, and u
pression for external body and surface loads for the lamina & respectively.
For the lamina one they have the form
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]

L 5ty (1) L Uy sty (1) L Uy sty (1) Uy (1) ul,r(l)
L=\, () L, () L, (O wf () =|uy (V)]s b7 = b, (D];
Ly L ) L, () uz (1) b,, (1)

r,s=1,...,N —1;

I

1

Ly v ()=
o o+, @ N L, @) LYY, (DL, 5(2)
=\, o+, @ N+, @) Y, O+, () (44)
R ) B AP () RS A € T AR () R A )

(1) by, (1)
1 (1) =y, (D) B (1) = by, x, (D).
u3,N1 (1) u3,N| (1)

For the lamina two they have the form
7,8 7,8 7,8 T
L Uy sty (2) L Uy sty (2) L Uy sty (2) U (2) bul,r (2)
L@ =|L,,, () L7, L7, Q@ 1@ =|5,Q2); bk =b, . (2);

7,8 7,8 7,8 uy (2) 5 2
L U3, (2) L U,Uy (2) L Uy, U3 (2) 3 ”337( )
7,85=2,...,N,—1];

loc

LNk,Nk(z):
DA ) R /A ) S A ) B SR ) B A ¢ B SN )
AN ) B A ) B AL ) B A € LNk’Nkuz,uz(2)+Ll’1u2,u3(3); (45)
et @+, @) Y, @+, ) LY @+, 3)

u y, (2) by n, (2
U (2) =|uy y, (Qf: B(2)=|b,, v, ().
Uy, (2) b, n,(2)

For the lamina three they have the form
LTJ”ls“l (3) LT’X”l Uy (3) LT,S”lsus (3) ul’s (3) ul,r(?’)
Lll'o,i“ (3) = Lr,suz U (3) LT,Suz,uz (3) LT’SuZ N (3) 5 uéOC (3) = 1/{2’5(3) 5 bA{OC (3) = Uy, T (3)
L @) L () L, 0) 35 (3) by 3)

7,85=2,..,N;

t

1§

© (46)

The components of the vector external body and surface loads 5 have the form

_qUU u, . . LN u, . _ gquu u
bux,r - Jr:s Xbux,s +J1Xpuxﬂ buy,r - ‘]r,s buy.,s +JT puy’ buz,r - ‘]r,zs, Zbuz,s +‘]szuz' (47)
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The coefficients of the matrix operator of fundamental nuclei in (39) are partial differen-
tial operators of a second order whose coefficients depend on the geometry of the shell,
number of layers, their mechanical characteristics. The integrals over layers thickness on the
basic functions F, _(x;) and their derivatives with respect to the coordinate x; of the form

Joy (k)=
I u.u I dFuv,z'(x3) ..
= J Fui,r(x3)Fuj,s(x3)dx3; Jri’,sj(k): J. TFuj,s(xS)deJ (laj)_>(1’293)7 (48)
—hy —y 3
s (X3) " dF, (x;) dF,  (x3)
Sy = | F, (x dxy; J" (k) = Ut 737 T g
7.5 ( ) I ( 3) 3 T”S/( ) '[ dx3 dx3 ’

Iy 3 —hy
The natural boundary conditions are obtained from the equation (34). After the integra-
tion over the shell thickness and by taking into account that the variations du, depend only

on variables x; and x,, the natural boundary conditions for the EL and LW theories in the
same matrix form

B uM P M > (49)
where B.“ is the global matrix operator, u'; is the vectors of unknown functions and p$
is the right-hand side vector. The global structure of the matrix operator BZ’G is the same

as in the case of the operators Lg;v (k) , see Carrere and Zozulya [10] for details.
k

The essential boundary conditions for the composite sandwich shells of a higher can be
represented for the EL and LW theories in the same matrix form.

The essential boundary conditions for the higher order elastic shells can be represented
in matrix form

G GIE oG
B, ~uMO—uM , (50)

where the global matrix operator Bﬁ’G , the vectors of the right-hand side have the form

I - 0 uloe
By =1 oihml=| (51)
0o -.- I u}(\)/}loc

Here I is the identity matrix and therefore the global matrix operator Bﬁ’G is the identity
matrix operator.

3. Geometry of the toroidal shell.

Models of elastic shells of toroidal geometry are very important and are often used in
theoretical analysis as well as applications in sciences and engineering. Consider a toroidal
shell formed by rotation around the axis x; of a circle of radius » and the center of the cir-
cle located outside the axis at a distance R . The equation for a torus in three-dimensional
Cartesian coordinates x, y,z has the form

Elastic shell models of toroidal geometry are very important and are often used in theo-
retical analysis as well as in applications in science and technology. Let us consider a toroi-
dal shell formed by rotation around the axis x; of a circle of radius » and the center of the
circle located outside the axis at a distance R . The torus equation in three-dimensional Car-

tesian coordinates has the form
2
(\1x2+y2 —R) +z° =12 (52)
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A torus can be described by parameterizing the surface using two angles, often denoted
as v and ¢ . The angle around the central axis ¢ varies from 0 to 2z and the angle y

around the tube varies from —z to z, Cartesian coordinates x, y,z can be represented us-
ing these parameters as:
x(y, @) = (R+rcos(y))cos(@); y(y,)=(R+rcos(y))sin(p);

) (53)
z2(y, @) =rsin(y).
We consider these parameters as curvilinear coordinates where x; =¢, x, =y and
Xy =z, z€[—h,h]. The parametric equations of the surface of revolution (52) have the fol-
lowing vector form
r(y,p) =(R+rcos(y))cos(@)e, + (R +rcos(y))sin(@)e, + rsin(y )e;. (54)
The coefficients of the first quadratic form of a toroidal surface, as well as the unit vec-
tor normal to the surface and the principal curvatures are equal to

A =r; A4y =R+rcos(y);

n(p, yr) = —cos(y) cos(p)e, —cos(y)sin(p)e, —sin(y)es; (55)
K :l; Ky = cos(y)
r R+rcos(y)

respectively.

To learn more about tensor analysis in toroidal and many other curvilinear coordinates
one can refer to [1].

Substituting these parameters into the equations (37) — (51), we obtain equations corre-
sponding to the higher order theory of the sandwich composite toroidal shell for EL and LW
theories, respectively.

4. Numerical solution for higher order sandwich composite shells.

Here we consider a sandwich composite axisymmetric toroidal shell with three layers,
two skins and a core under a uniform load symmetric about the angle around the tube v .

Load is applied to the inner surface of the shell. The shell is fixed at the ends, which have
coordinates ¢; =—7x/4 and @ = /4. The skins have the thickness & =h; =h/10 and the

core hy =8h/10, h/r=0,1 and R =2,5r.
The mechanical properties of the laminas that are used as skins are
E,, =25-10° psi(172375 MPa); E,, = Ey, =1-10° psi(6895 MPa);
Gy, =Gy3 =0,5-10° psi(3516 MPa); G5 =0,5-10° psi(3516 MPa); (56)
Vip = V3 =V3; =0,25.

The core material used for the sandwich plates is transversely isotropic with respect to
the z axis and is characterized by the following elastic properties:

Ey, = Ey, =0,04-10° psi(275,8 MPa); E;; =0,5-10° psi(3447,5 MPa);
G3 = Gyy = 6-10" psi(413,7 MPa); G, =1,6-10" psi(1103,2 MPa), (57)
Viy = V3 =V3, =0,25.
Stress and displacement values have been normalized according to the relations.

_ n? _ n? __h _  Eh _  ER
O =—F0,,, O, =—0,,, 0,, =—O0O,,, U, = u,, U, =——
PP 2 T pp? vy 2 Tyy Pz pz> TP ¢ Tz 4 7z
pzr pzr pzr pzr pzr

(58)

where p, is the amplitude of transverse applied pressure.
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In considered here axisymmetric case the fundamental nuclei of the differential equa-
tions of equilibrium, vectors of local unknown functions, and local expression for external
body and surface loads become simple and have the form

i i 5
u
loc _ U sty UpUz| joe _ (Pous|. ploc | UpeT
=] I A e e (59)
" K .
L u, ., L U, U, 7sS u,, T

There are used to create global systems of the differential equations for the case of the
EL and LW theories, respectively.

For solution of the problem under consideration we use the computer algebra software
Mathematica 14.0, namely the build-in functions NDSolve and NDSolveValue. As an in-
tro-duction to the Mathematica 14.0 and its programming language, one can refer the books
by Wolfram [21] and the Wolfram Language documentation may also be useful.

In Fig. 1 and Fig. 2 shows the graphs of the distribution of the dimensionless compo-
nents of the displacement vector u(@,z) in the axial x and radial ¢ directions; a) for EL

theory and 7=1,7 and b) for LW theory and 7 =1,4 respectively. In both cases good con-

vergence with respect to order of the models. In Fig. 3 results obtained for EL and LW theo-
ries are compared. Both theories give coincidence of results.
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In Fig. 4 and Fig. 5 shows the graphs of the distribution of the dimensionless compo-
nents of the stress tensor G, (¢,z) and G,,(¢,z) in the meridional direction, for the up-

per, lower and interlayered surfaces; a) for EL theory and =7 and b) for LW theory and
7 =4 respectively. In Fig. 6 — 8 shows graphs of the distribution of the dimensionless com-
ponents of the stress tensor G,,,(¢,z), G,,(¢,z), and &,.(¢,z) in radial direction along

the thickness; a) for EL theory and 7 =7 and b) for LW theory and 7 =4 respectively. It
can be noted that for a LW distribution od stress modeled better.
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The data presented in Fig. 1 — 2 gives qualitative and quantitative information about the
behavior of the displacement vector components on the upper surface of the shell in the
framework of the CUF for the EL and LW models. A comparison of the results has been
made and presented in Fig 3. The presented data are in good agreement. On Fig. 4 — 8 shows
the distribution of the stress tensor of the components &,,,(¢,z) and G,,,(¢,z) in the me-

ridional and the stress tensor of the components &,,,(¢,2) , G,,(¢,z) , and G,.(¢,z) inthe

radial direction along the thickness of the shell for the EL and LW models. These results can
be used as benchmark examples for finite element analysis of elastic elliptical shells in the
case of axisymmetric loading.

5. Conclusion.

Using the CUF approach, higher-order EL and LW models for composite multilayer
sandwich toroidal shells have been developed. All equations for two-dimensional models of
higher order model of sandwich toroidal are developed and presented here using the com-
puter algebra software Mathematica 14.0.

Composite axisymmetric toroidal shells fixed at the ends are considered in detail and
solved numerically using the built-in functions NDSolve and NDSolveValue of the com-
puter algebra program software Mathematica 14.0. In all considered case graphs of the dis-
tribution of the dimensionless components of the displacement #(x;,x;) and stress

6(x;,x;) vectors are presented here.

The resulting equations can be used for theoretical analysis and calculation of the stress-
strain state, as well as for modeling thin-walled structures used in science, engineering, and
technology. The resented results of calculation can be used as reference examples for finite
element analysis of higher order composite sandwich toroidal shells.
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PE3IOME. Po3pobneHo Mozemni IpyKHUX KOMIIO3UTHHX TOPOifaJbHUX OOOIOHOK THITY €KBiBallCHT-
HOTO MIapy 1 TMOIIApOBOTO THUIy 3 BUKOpHCTaHHSIM yHiikoBanoro dopmymoBanus Kappepu. [leranpHo
PO3MIITHYTO OCECUMETPUYHY OOOJIOHKY, 3aKpiIUieHy Ha KiHISX. YMCIIOBI pO3paxyHKH IMPOBEACHO 3a JIOTO-
MOT0I0 IporpaMu KoMl 1otepHoi anredpu Mathematica 14.0. Pe3ysnbratu po3paxyHKY MOXyTh OyTH BHKO-
pHCTaHi SK €TaJOHHI NPHKIAJH M aHaTi3y KOMIIO3HTHUX CEHABIU-TOPOINAaTbHHUX OOOJOHOK BHUIIOTO IIO-
PSIKY METO/IOM CKIHYCHHHUX €JICMEHTIB.

KJIIOYOBI CJIOBA: TopoinamsHa 00010HKa, KOMIO3HTHA CEHABIU-00010HKa, Kappepa yHidiko-
BaHe ()OPMYITIOBAHHS, TEOPisl BUIL[OTO MOPSIIKY.
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