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INTEGRATION OF A NONLINEAR
SINE-GORDON -LIOUVILLE-TYPE EQUATION
IN THE CLASS OF PERIODIC INFINITE-GAP FUNCTIONS

THTETPYBAHHSI HEJITHIMHOT'O PIBHSTHHSI
THUITY CUHYC-I'OPJOHA -JIIYBLJIJIA
¥V KJIACI IEPIOJUYHUX HECKIHUYEHHO30OHHHUX ®YHKIIN

The method of inverse spectral problem is used to integrate a nonlinear sine-Gordon — Liouville-type equation in the class of
periodic infinite-gap functions. The evolution of the spectral data for the periodic Dirac operator is introduced in which the
coefficient of the Dirac operator is a solution of a nonlinear sine-Gordon — Liouville-type equation. The solvability of the
Cauchy problemc is proved for an infinite system of Dubrovin differential equations in the class of three times continuously
differentiable periodic infinite-gap functions. It is shown that the sum of a uniformly convergent functional series constructed
by solving the system of Dubrovin differential equations and the first-trace formula satisfies the sine-Gordon — Liouville-type
equation.

Merton o6epHeHO1 crieKTpaabHOI 3a/1a4i BUKOPUCTOBYEThCS ISl iHTErpyBaHHs HETiHIMHOTO piBHAHHS TUILy cuHyc-I'opaoHa —
JliyBinns y Kimaci mepioquuHuX HECKIHYCHHO30HHUX (DYHKITH. PO3MISHYTO SBOMIOIIIO CIIEKTPAIbHUX JAHUX MEPiOIHYHOTO
omeparopa [lipaka, koedilieHT SKOro € po3B’s3KOM HeNiHiifHOTro piBHSHHS Ty cuHyc-Ioprona-—JliyBiuia. loBeneHo
po3B’s3HICTh 3amadi Komri amst HeckiHUeHHOI cucteMu nudepeHnianbHuX piBHAHE JlyOpoBiHa y Kiaci TpU4i HEEepepBHO
I epeHIiHOBHUX NepioqMYHNX HECKIHYeHHO30HHUX (QyHKLiil. [TokazaHo, mo cyma piBHOMIpHO 301KHOTO ()YHKIiOHAIb-
HOTO psIy, TOOYJJOBAaHOTO B Pe3yJIbTaTi po3B’A3yBaHHS CHCTEMH TU(epeHIiaTbHuX piBHAHB [lyOpoBiHa Ta mepmoi popMmynu
CIlijly, 3a/10BOJIbHSIE PIBHSHHS TUIy cuHyc-Iopaona —JliyBimus.

1. Introduction. In this paper, we consider the Cauchy problem for a nonlinear sine-Gordon—
Liouville-type equation of the form

gzt = a(t)ed + b(t)e 9, q=q(z,t), zeR, t>0, )
with initial condition
(@, t)],g = q0(z),  qo(z + ) = qo(z) € C*(R), @
in the class of real infinite-gap m-periodic functions with respect to the variable x:
g(z +m,t) = q(x,t),  q(z,t) € Cpp(t >0)NC(t > 0). (3)

Here, a(t),b(t) € C([0,00)) are given continuous bounded functions. It is easy to verify that the
compatibility conditions for the linear equations

1
iqx - )\
Yz = 1 Y,
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1/0 a(t)ed (1
Ut = 57 Y, y= )

are equivalent to equation (1) for the function ¢ = ¢(x,t), = € R, ¢ > 0. Note that from equation (1),
1
for the case a(t) = b(t) = 3 we obtain the sine-Gordon-type (sG) equation (see [1, p. 16]), and, for
a(t) =1, b(t) = 0, we have the Liouville equation (L) (see [1, p. 14]).
In this paper, we propose an algorithm for constructing periodic infinite-gap solution ¢(z,t),
x € R, t > 0, of the problem (1)-(3) by reducing it to the inverse spectral problem for the Dirac
operator:

d
L(T,t)y53£+9(m+7,t)yzxy, 2€R, t>0, TER, &)

B < 0 1)7 e t) = (P(x,t) Q(x,t) )7 ) <y1>7
-1 0 Q(x,t) —P(x,t) Yo

Pla) =0, Qr,t) = 5l 1)

where

Inverse spectral problems play a significant role in the integration of some important evolutionary
equations of mathematical physics and it is one of the most important achievements of the last century.
An important achievements was made in the papers of Gardner, Green, Kruskal and Miura [2] in
1967, where they found a deep connection between the well-known nonlinear Korteweg —de Vries
(KdV) equation

qt = quai ) q(x7t)|t:O = qo(m)a MRS Ra t> 07
and the spectral theory of the Sturm - Liouville operator
Ltyy=—y" +qx,t)y=\y, xR, t>0.

The authors of [2] managed to find a global solution of the Cauchy problem for the KdV equation by
reducing it to an inverse problem of scattering theory. The inverse scattering problem for the Sturm—
Liouville operator on the whole line was studied in the works [3 —5] and others. In [6], Lax showed
the universality of the inverse scattering problem method (ISPM) and generalized the equation KdV,
introducing the concept of the higher KdV equation. In their work [7], Zakharov and Shabat showed
that the nonlinear Schrodinger equation (NSE)

iy £ 20ul*u + tge = 0

can also be included in the ISPM formalism. Using the technique proposed by Lax, they found the
NSE solution for given initial function u(x,0) that decrease sufficiently rapidly as |z| — co. Soon
Wadati [8], based on the ideas of Zakharov and Shabat, proposed a method for solving the Cauchy
problem for the modified KdV (mKdV) equation

up £ 6ulug + Uggy = 0, up £ 6|u]2ux + Uppe = 0.
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Combining the focusing nonlinear Schrodinger equation and the complex modified Korteweg —de
Vries equation (cmKdV), in 1973 Hirota [9] proposed a method for solving the Hirota equation

iqr + a(qes + 2/91°q) +iB(quas + 6lq’qz) =0, a,BER, z€R, t>0.

Zakharov, Takhtadzhyan, Faddeev [10], as well as Ablowitz, Kaup, Newell and Sigur [11] have shown
that ISPM can also be applied to the solution of the sG equation

Uge = sinu, u=u(x,t), xR, ¢t>0.

It should be noted that in [12— 18], the modified Korteweg—de Vries —sine-Gordon (mKdV -sG)
equation of the following form:

3, .
Uyt + §uxum + Upzee ¢ = bsinu,

where a,b = const, in the class of rapidly decreasing functions. The mKdV -sG equation was
proposed in [12] as a model equation for describing nonlinear vibrations in the atomic lattice. Along
with the KdV and sG equations, the mKdV —sG equation has numerous applications. With the help
of its solutions, one can construct two-dimensional surfaces with given conditions imposed on the
curvature. An important achievement in the theory of the mKdV —sG equation was the determination
of analytic soliton and multisoliton solutions. The application of the ISPM to the NSE, mKdV, sG,
Hirota, and mKdV —sG equations is based on scattering problems for the following Dirac operator
on the entire axis:

d
Ir —q(z)
L=i| & 4 |0 =€ R.
r(z) 1

The inverse scattering problem for the Dirac operator £ on the entire axis when spectral
singularities lie in the continuous spectrum was studied in [19-22] and others. The scattering data
obtained for the non-self-adjoint Dirac operator, in addition to the characteristics of the continuous
spectrum, include the discrete spectrum and spectral singularities. In [7—18], in the case when all
eigenvalues of the corresponding Dirac operator £ are simple and there are no spectral singularities,
such nonlinear evolution equations as NSE, mKdV, sG, Hirota and mKdV -sG were integrated. In
this regard, it is topical to search for a solution to nonlinear evolution equations without a source and
with a self-consistent source corresponding to multiple eigenvalues of the Dirac operator £. Articles
[23-27] are devoted to these problems.

It is well-known that finding an explicit formula for solving the nonlinear evolutionary KdV
equation, mKdV equation, NSE, sG equation, the Hirota equation, etc. in the class of periodic
functions essentially depends on the number of nontrivial gaps in the spectrum of the periodic
Sturm - Liouville and Dirac operators. In this regard, the class of periodic functions is conveniently
divided into two sets:

1) the class of periodic finite-gap functions;

2) the class of periodic infinite-gap functions.
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In the works [28 —34] were used the method of the inverse spectral problem for Sturm — Liouville
and Dirac operators with periodic potentials, when the spectrum has only a finite number of nontrivial
gaps and proved the complete integrability of the equation (KdV, NSE, mKdV, sG, Hirota) was
established in the class of finite-gap periodic and quasiperiodic functions. In addition, for finite-gap
solutions of nonlinear evolution equations (KdV, NSE, mKdV, sG, Hirota, etc.), an explicit formula
was derived in terms of the Riemann theta functions.

Thus, in these papers (see [28 —34]), the solvability of the Cauchy problem for nonlinear evolution
equations (KdV, NSE, mKdV, sG, etc.) was proved for any finite-gap initial data. This theory is
described in more detail in the monographs [35, 36], as well as in the papers [37—39].

It is known [40] that if ¢(z) = 2a cos2x, a # 0, then all gaps are open in the spectrum of the
Sturm — Liouville operator Ly = —y” + q(x)y, z € R, in other words, ¢(z) is a periodic infinite-gap
potential. There are similar examples for the periodic Dirac operator in [41].

Combining the defocusing nonlinear Schrodinger equation and the complex modified Korteweg —
de Vries equation (DNSE —cmKdV), a method was proposed for constructing exact solutions of the
following Cauchy problem in [42]:

igr + b(t) (gze — 2191*q) — ia(t)(graz — 6q1*q) =0, a(t),b(t) € C[0,00), z€R, ¢>0,
q(z,t)li=0 = qo(x), qo(x +m) = qo(x) € C°(R),

in the class of 7w-periodic infinite-gap functions. Based on the ideas of [42], in [43], the solvability of
the Cauchy problem for the mKdV —sG equation of the following form:

3
Gzt = a(t){mexx - 2(];%(1:1:9:} + b(t)ChQa q = Q(mvt)a zeR, t>0,

q(z,t)]i=0 = qo(x), qo(z + ) = qo(z) € CO(R),

in the class of real infinite-gap m-periodic functions with respect to x. Here, a(t),b(t) € C([0,00))
are given continuous bounded functions. It is easy to see that in [12 — 18], as well as in [43], the Cauchy
problem is discussed for an equation that is a sum of several commuting flows, the Lax operator
for which, respectively, is a one-dimensional non-self-adjoint and self-adjoint Dirac operator. In [43]
and in equation (1), the self-adjointness of the Lax operator (i.e., in this case, the self-adjoint Dirac
operator is meant) is essentially used, from which it follows that the divisor points lie inside gaps. For
the mKdV - sG equation, it was shown (see [43] ) that if the initial conditions are sixfold differentiable
periodic functions, then the Cauchy problem has a smooth solution at all times. This is proved by
analyzing the Dubrovin equations for a dvisor. However, the Lax operator for the equation considered
in [10-18] is not self-adjoint, so the divisor points are not real. It would be interesting to generalize
the technique of our work to the non-self-adjoint case, but it is not a trivial task. For equation (1),
this formulation of the problem has not been studied before. This work continues and supplements
the research [43]. Note that the Cauchy problem in the class of periodic, almost periodic functions
for nonlinear evolution equations without a source and with a source, as well as with an additional
term in various formulations, was studied in [44—57].
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2. Evolution of spectral data. Denote by c(z,\,7,t) = (ci(z,\,7,t),ca(z, N\, 7,1))T and

s(z, N\, 7,t) = (s1(z,\,7,t),82(w, A\, 7,1))T solutions of equation (4) with initial conditions
c(0,\,7,t) = (1,0)” and s(0, A, 7,t) = (0,1)7.
Function

A()‘7 T, t) =C1 (7T7 )\a T, t) + 32(”7 )\7 T, t)

is called the Lyapunov function for equation (4).
Moreover, for solutions ¢(x, A, 7,t) and s(x, \, 7, t) for large || the following asymptotics hold:

c1(z, A\, 7,t) = cos Az + o [1[%(56—{—7' t) + ¢, (7, t)] sin Az

|ImA|z
+ a(x, 1,t)sin )\x] + O(eAQ), A = oo, (5)

17 1.,
co(z, A\, 7,t) = sin Az + 2/\[—2[qx(x+7,t)

[ImA |z
—q.(7,t)] cos \x — a(x,7,t) cos )\x] +0 (e)\) , A = o0, (6)

1
si(x, A\, 7,t) = 51n>\x+2)\[ (¢ (z + T,1)

[ImA|z
— q.(7,t)] cos A\x + a(x, T,t) cos )\x] +0 (e/\2> . A = o0, (7)

17 1.,
so(x, A\, T,t) = cos Az + 2)\|:—2[qx($+7',t)

[ImA|z
+ (7, t)] sin A\x + a(x, 7,t) sin)\:c] —i—O(e 2 ), |A| = o0, (8)

where

:BTt

»JMH

/q85+7't ) ds.
0

From these asymptotics for real A\, we obtain
1
A()\Tt)—QcosAw+>\a(7rTt)51n)\7r+0()\2) |A| = o0,

da(m, T, t

A%\, 7,t) — 4 = —4sin® A\r + )\)cos)ms1n)\7r+0<)\2> |A| = 0.

Vector-functions
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VE(@ N T t) = (U7 (2, N T 8), 05 (2, A 7 8) T = e(m, A, 7 t) + mE(N, 7L t)s(2, A, T, t)

are called Floquet solutions of equation (4).
The Weyl - Titchmarsh functions are defined by the formulas [58]

52(7‘->)‘77—7 t) - 61(777)\’7-7 t) + A2()‘77-7 t) —4

+
AT, 1) =
m=(A 7 1) 2s1(m, \, T, 1)

The spectrum of the Dirac operator L(7,t) is purely continuous and consists of the following set:

O'(L) = {)\ €ER: |A()\)‘ < 2} = R\( G (/\Qn_l, )\2n)> .

n=—oo

The intervals (Aon—1,A2p), n € Z\{0}, are called gaps, where )\, are roots of the equation
A(X) F2 = 0. They coincide with the eigenvalues of the periodic or antiperiodic (y(0,7,t) =
+y(m, T, t)) problem for equation (4). It is easy to prove that A_; = A\g = 0, i.e., A = 0 is the double
eigenvalue of the periodic problem for equation (4).

We denote the roots of the equation si(m, A\, 7,t) = 0 by &,(7,t) € [Aan—1,A2n], n € Z\{0}.
Since the coefficient in (4) is P(z,t) =0, Q(z,t) = %q:’ﬂ(az,t), then \_1 =X =§ =0,1e,&{=0
is an eigenvalue of the Dirichlet problem.

Numbers &, (7,t), n € Z\{0}, and signs o, (7,t) = sgn{sa(m, &, 7,t) — c1(m,&n, 7, 1)}, n €
Z\{0}, are called the spectral parameters of the operator L(7,t). Spectral parameters &,(7,t),
on(7,t) = £1, n € Z\{0}, and spectrum boundaries {\,(7,t),n € Z\{0}} are called the spectral
data of the Dirac operator L(T,t).

The problem of recovering the coefficient 2(x,t) of the operator L(7,t) from spectral data is
called the inverse problem. The coefficient {2(x,t) of the operator L(7,t) is determined uniquely
from the spectral data A, (7, 1), &, (7, 1), 00 (7,t) = £1, n € Z\{0}.

If using the initial function ¢o(z+7), 7 € R, we construct the Dirac operator L(7,0) of the form

d
L(r,0)y = Bd—z +Qz+71)y=Xy, z€R, 71€eR,

1
0 Qq{)(w +7) i
QO(‘T + T) = 1 ) Yy = y

§q6(a: +7) 0 Y2

then we will see that the boundaries of the spectrum A, (7), n € Z, of the resulting problem do
not depend on the parameter 7 € R, i.e., A\y(7) = Ay, n € Z, and the spectral parameters depend
on the parameter 7: £U(7), 00(7), n € Z, and they are periodic functions: £2(7 + 7) = £3(7),
od(r+m)=03(1), T €ER, nE€Z.
Solving the direct problem, we find the spectral data {\,,,&5(7),00(7),n € Z\{0}} of L(r,0).
The inverse problem for the Dirac operator of the form

Ly= ( 0 1) <y3> . <p(fv) q(x) ) (yl) . e
-1 0/ \ws q(z)  —p(x)) \p2
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with periodic coefficients p(z) = p(z + 7), ¢(x) = g(x + 7), in various settings were studied in
[59 - 66].

It should be noted that the inverse problem in terms of the spectral data {\,,, n > 0, &,, 0, = £1,
n € N} for the Hill operator was studied in [6, 38, 67—70].

The main result of this paper is the following theorem.

Theorem 1. Let q(z,t), = € R, t > 0, be the solution to the problem (1)—(3). Then the
boundaries of the spectrum \,(7,t), n € Z\{0}, of the operator L(r,t) do not depend on the
parameters T € R, and t, i.e., \p(T,t) = A\, n € Z\{0}, and the spectral parameters &,(T,1),
on(7,t) = £1, n € Z\{0}, satisfy the first and second systems of Dubrovin differential equations,
respectively:

06 (7, 1)

== 2(=1)" Lo (1, ) hn (E(T, 1))En(T, 1), n € Z\{0}, ©)
85”8(;’@ - 2(_1)710”(7_7 t)hn(f(T’t))gn(§(7—7t)), n e Z\{O}. (10)

Here, the signs of 0,(7,t) = £1, n € Z\{0}, are reversed each time the point &,(7,t), n € Z\{0},
collides with the boundaries of its gap [Aan—1, A2n)-
In addition, they satisfied the following initial conditions:

fn(T, t)’t:O = 52(7—)7 Un(Tv t)‘t:O = 0101(7)7 n e Z\{0}7 (11)
0

where £0(7), 00(7) = £1, n € Z\{0}, are spectral parameters of the Dirac operator L(t,0). The
sequences hy (&) and g, (§), n € Z\{0}, involved in equation (10), are determined by the formulas

hn(€) =V (&a(7,8) = Aan—1)A2n — &a(E,7)) fn(E),

fn(é) _ H ()‘Qkfl - fn(ﬂ t))(/\Qk - {n(’i’, t)) gn(g) a(t)

N (En(r) — En(r1))? ) s epla(r.0),

k=—o00, k#n 26 (T’t

where
E=&(m,t) = (.., &n(myt), . €1 (), &1 (T 1), ... En (T, E), . . .).

Proof. Let q(x,t), x € R, t > 0, is w-periodic function with respect to x satisfy equation (1).
Denote by ¥, (2, 7,t) = (Yn1(z, 7, 1), yn2(z,7,1))T, n € Z\{0}, orthonormal vector eigenfunctions
of the operator L(7,t) considered on the interval [0, 7] with Dirichlet boundary conditions

Y1 (O’ T, t) = 07 Al (7'(', T, t) = O)

corresponding to the eigenvalues &, = §,(7,t), n € Z\{0}. Differentiating with respect to ¢ the
identity

En(T,t) = (L(T,6)Yn, yn), mn € Z\{0},

and using the symmetry of the operator L(7,t), we have

%D — (@ + 7, gnown), 7€ ZA[O) (1)
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Using the explicit form of the scalar product

(y,2) = /[yl(x)zl(x) + yo(z) 22(z)]dz, Y= (yl(x)) z= (Zl(x))

, y2(z)

we rewrite equality (12) in the form

den(rt) [
ot /yn,lyn,2%ctd$~ (13)
0
Substituting (1) into (13), we get the equality
%D — a(t)na(r.t) + b)), (14)

where
I(7,1) Z/[yn,1yn,2€q(x+7’t)]d9€, Iy(7,1) :/[yn,lyn,2eq(x+7’t)]dfc-
0 0

Applying the identity

1 1
sl i0) = ¢ (Uo7 0) + Gt mate ),
n i
1 / 1 /
yn,Q(‘/E’Tv t) = En(To 1) *yn,l(l‘ﬂ—a t) + §Qm(x +T,t)yn,1(35,7',t) )
n )

it is easy to calculate [;(7,t) and Iy(7,1):

™

I (r,t) :/[yn,lyn,26q(x+7’t)]d$
0

s
1 1
= D) 1) /[yn,2eq(x+r,t) (%2 + 5(136(”3 + 7, t)yn,2>:| dx
n )
0

™

1 2 _q(z+T,t) ! 1 q(mt) 1,2 2
= ’ = ’ t) — 4
28,(7,1) /[y”’2e ]dSE 28 (T, t)e [yn,2(7r’7’ ) = Yn2(0,7, )],
0

™

Ix(7,t) :/[yn,lyn,Qe_q(z-i_T’t)]dx
0

™

1 1
- = —q(z+1,6) [ _,/ v " d

571,(7_7 t) /|:y"716 < yn,l =+ Qq.t(x + T, )yn,1>:| T
0
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™

_ 1 2 —q(z+T,t) ! _
26, (0 0) / v Jaz) =0
0

Thus,

1
Li(r,t) = Weq(m) [y?w,Q(TrvTa t) — 9721,2(0777 t)], (15)

Iy(,t) = 0. (16)
Substituting (15) and (16) into the identity (14), we obtain

0n(r,t)  alt)
ot 2&,(rt

) eXp{Q(T7 t)} X [yi,Q (ﬂ-? 7, t) - y721,2 (O’ T, t)] . (17)
In the work [43, p. 203], the following formula was derived:

y721,2<7r7 t) - y721,2(07 t) - 2(_1)710,”(7_’ t)hn(g)

Substituting this expression into the identity (17), we have (10). Similarly to the previous one, we
can prove (9).

If we replace the Dirichlet boundary conditions with periodic (y(0,¢) = y(m,t)) or antiperiodic
(y(0,t) = —y(m,t)) boundary conditions, then instead of equation (17) we have

8)\%(?@ =0, ie., M(7,t)=M(7,0), neZ\{0}.

Now in the equation L(7,t)v,, = A\ (7, t)vn, n € Z\{0}, we put ¢t = 0. Since the eigenvalues
A (7,t) = Au(7,0), n € Z\{0}, periodic or antiperiodic problem for the equation L(7,0)v, =
A (T)vn, n € Z\{0}, do not depend on the parameter 7 € R, we get A\, (7,t) = A\, (7)) = A\p,
n € Z\{0}.

The theorem is proved.

Lemma 1. The following trace formulas are valid:

[e.o]

qfr(Tv t) =2 Z (_1)k_10k(77 t)hk(§(7-¢ t))a (18)
k=—00,k#0
1 S| = A1+ A3
(2qT(T, t)) +gter(nt) = ) (2'“2% —&(r, t)) . (19)
k=—00,k#0
Proof. Applying the Mittag-Leffler theorem, we have
82(W7A7T7t) - 01(71-7)\77-7 t) _ = Uk(T7 t) A2(£k77—) —4
s1(my A\, 7, t) 0s1(m, &, 7, t)

k=—00,k#0 ()\ - ék) a)\

o0

i Z Ok (7_7 t) A? (gka T, t) —4 1
881(7T,§k,7', t) 1— 57]‘3
O\ A

k=—o00, k0
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1 > op(T,t)\ /A2 (&, T, t) — 4 > & \"
’ I\ ’
= % Z 2(—1) Loy (7, t)hi(E(T, 1)) + O(}é), I\ = oc.
k=—o0, k0

On the other hand, using the asymptotics (5)—(8) for solutions ¢(z, A, 7,t) and s(z, A, 7,t) for
large |A|, we obtain
so(my A\, 71, t) —ep(my N\ 1,t) 1

_ 1, 1
ST ) —)\qT(T,t)+O(/\2 , A = o0

Comparing these asymptotics, we get formula (18).

If y(z,7,t) = (y1 (z,7,t),y2(x, T, t))T is a solution of a periodic or antiperiodic problem for
equation (4) corresponding to the spectral parameter A # 0, then y;(x,7,t) and yo(x,7,t) are
solutions of the boundary-value problem

_ylll + q1 (ﬂf + T, t)yl = )\2y17 Y1 (07 T, t) - :tyl (7T, T, t))
—yy + @z + T )y = Nya,  y2(0,7,1) = £ya(m, 7, 1),

where

1 1 1 1

Thus, we have
Q(1,1) = N+ Y (A1 + A3k — 2607, 1))
k=1

From here follows formula (19).

The lemma is proved.

Further, taking into account the trace formulas (18) and (19), the system (10) can be rewritten in
closed form

afna(tﬂt) = 2(=1)"0n (1, )V (€ (T, 1) — Xan—1)Nan — En(t, 7)) fu(E(T, 1)) gn(E(T, 1)), (20)
where
a(t)eC® r s
9n(§) = 2«(5?(7775)6Xp 2/ Y (=D op(s, t)hi(€) | ds . Q1)

0 \k=—00,k#0
Here, C(t) is some bounded continuous function. As a result of the change of variable

fn(T, t) = )\Zn—l + ()\271 - A271—1) Sin2 xn(Tv t)a ne Z\{O}v (22)
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the system of Dubrovin differential equations (20) and the initial conditions (11) can be rewritten as

a single equation in the Banach space K:

dx(7,t)

dt H(z(7,1)), (7, t)],—g = (1) e K,

where

K= {w(T,t) =(..,x_1(7,t),x1(1,t),...) : |Jz(7, 1)

o0

= Z (/\Zn — Azn_l)‘xn(’r, t)’ < OO}7

n=—00,n#£0
H(z)= (..., H(z), Hi(z),...),
Hy(z) = (=1)"0%(T)gn(. -, M + (A2 — A1) sin? 21 (7, 1),
X ooy A4 (Mo — M) sinzy(7,1), ,...)
= (=1)"on (1) gn(a(r, 1)) fu(z(7,1)).

)

(23)

It is known that if go(x + 7) = qo(x) € C3(R), then (go(z))" € C?(R). Therefore, the following

equality holds (see [59, p. 98]) for the gap length of the operator L(r,0):

_ |qgk| Ok
Ve = A2k — Agg—1 = ok T TRP
where
3 .
Aok =k + > ek +272k| 7|3, + k|2,
j=1

3
Aot = ko Y ek = 22k g + [k e
j=1

o0

o
Sl <o, D ()P <00, d=ef — o

k=—o00 k=—00

Hence, taking into account &, (7,t) € [Aan—1, A2n], We have
inf |, (7,t) — &k (T, t)] > a > 0.
k#n

Now, using inequality (25) and (22), (24), we estimate the functions

Ofn(x(1,1))

0T,

Fnla(r. D), \ L and Jga(a(n) \
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Lemma 2. The following estimates are valid:

Ofn
aslh@lzon |29 <o, 2o
Cy 3gn($) Cs5vm
<
@l < | < S e 2\, @)

where C; >0, j =1,2,3,4,5, do not depend on the parameters of m and n.

Proof. The inequalities (26) were proved in [50]. Therefore, we will prove the inequalities (27).
Since the function a(t) is bounded, there exists M > 0 such that the inequality |a(t)| < M holds.
Using this inequality and (26), we obtain the estimates

e ]
|gn(l‘(7', )| = 2’A2n—1 + Y Sil’l2 xn(,]_7 t)‘
copd [|30 () nof(s) sin(2an(s, ) il 1) ds
o |k=—o00, k0
M P C
< ———expl M, +/ Comds p < —,
S >y B
0 )
Ogula(r, )| _  la(t)}l®
Oxm, = 2| Aon_1 + Yo sin? 2, (1, 1))

7 o

X exp / > (=DM poR(s) sin(2a (s, 1)) fe(a(s, b)) |ds

0 |k=—00,k#0

T

X /(—1)m_1’7m0'9n(8) [2 co8(2xm,) frm (z) + sin(2z,,)
0

Ofm(2) ds

0T,

+/ i (—1)1671%02(3)Sin(2xk(37t))w ds

0 |k=—oc0, kzm Oz (s, t)

T

o0
expq M1 + Y. Conds
0 k=—00, k0

M
<
- 2A1|TL|

T

o
Cs
X B17m|7|+32772n|71—|—’ym/ g C3ypds p < ‘:‘m
0 k=—o00,k#m

Here,

M =sup C(t).
>0

The lemma is proved.
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Lemma 3. If qo(z + 7) = qo(z) € C3(R), then the vector function H(x(t,t)) satisfies the
Lipschitz condition in the Banach space K, i.e., there exists a constant L > 0 such that the following
inequality holds for arbitrary x(7,t), y(7,t) € K:

[H (a(r,t)) — H(y(r. )| < L|jz(7,) — y(7,1)]].

where
o
r=c Y <o (28)
n=—o00,n#0 ’n’

Proof. First, using Lemma 2, we estimate the derivative of the function F),(z) = g, (z) fn(x),
n € Z\{0}:

5 |2 ) O,
<[22 g, 0] 2222 )

C C C
< CS’Ymﬁ"i_Cb |513|m < —m

= T
where C' = const > 0 do not depend on m and n. Next, using the expression
Hy(x(7, 1)) = (=1)" 0 (1) Fu(a(7, 1), n € Z\{0},
we have
| (x(7,1)) = Hu(y(7, 1) = |Fu(x(7,1)) = Faly(7,1))].
Apply Lagrange mean value theorem on the segment ¢ € [0, 1] to the function
p(t) = Fo(z +t(y — 2)).

Then we get

Thus,

m=—00,m#0
where 0 = x + t*(y — z). Hence, it follows that

| Hn((7, 1)) = Hn(y(7,1))| = [Fu(2(7, 1)) — Fu(z(7,1))]

o0

< 2

m=—00,m#0

e em(r,) = s, )
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1230 A. B. KHASANOV, KH. N. NORMURODOV, T. G. KHASANOV

o0

C C
< —[A2m — Aom— m(Tt) —ym(7, )| = — — Y-
S 3 e el <val 0l = el

Now let us estimate the norm HH(x(T, t)) — H(y(r,t)) H

e}

|H(z) — H(y)|| = Z (A2n — A2n—1)|Hn(7) — Hy(y)|

n=—o00,n#0

= C
< > W(AQn_AQn—l)Hx_yH:LH«T_yH'

Here,

00 C 9] .
L= Z m()\gn — )\2n—1) =C Z Tn < 00

n=—00,n#0 n=—00,n#0

Thus, the Lipschitz condition is satisfied. Therefore, the solution of the Cauchy problem (10), (11)
exists and is unique for all ¢ > 0 and 7 € R.

The lemma is proved.

Remark 1. Theorem 1 and Lemma 3 give a method for finding a solution of the problem (1)-(3).

First, find the spectral data \,, £2(7), 0(7) = £1, n € Z\{0}, of the Dirac operator L(7,0).
Denote the spectral data of the operator L(7,t) by Ay, & (7,t), on(7,t) = £1, n € Z\{0}. Then,
solving the Cauchy problem (20), (11) for an arbitrary value of 7, we find &,(7,t), o,(7,t), n €
Z\{0}. From the trace formula (18) we define the function ¢,(7,t), i.e., find a solution to the
problem (1)-(3).

So far, we have assumed that the Cauchy problem (1)-(3) has a solution. It is easy to get rid
of this assumption by directly verifying that the function ¢.(7,t), 7 € R, ¢t > 0, indeed satisfies
equation (1).

Remark 2. The function ¢, (7,t), constructed using the system of Dubrovin differential equa-
tions (10), (11) and the trace formula (18) satisfies equation (1).

Differentiating formula (19) with respect to ¢, we have

o

S0 t) + S (ara(r ), = = Y 26(r)

k=—00,k0

afk (Ta t)
ST (29)

Here, we have used the equality (¢,(7,t)),, = (¢-(7,t)),,. Further, we put the system of Dubrovin
equations (10) to (29), we obtain

[e.9]

7. t)z(T zr(T,t) = — —1)Fo T, T,
QT( 7t) ( ,t)+ ( t) 8k:§k#0( 1) k( t)hk(g)gk( t)2§k(7',t)

a(t)

exp{q(7,t)}, (30)

where

z2(1,t) = qre(7, ). 31

Now, we use the system of Dubrovin differential equations (9), corresponding to equation (4), as well
as the trace formula (18). Then, from (30), we get a linear equation with respect to z(7,t):
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4 (7, 0)2(7, 1) + 2:(7, ) = 2a(t)e? T g (1, 1). (32)
It is easy to check that the function
2(7,t) = a(t)ed ™t 4 Oy (t)e~ 1D
is a solution of the linear equation (32). Choosing C(t) = b(t), we have
2(7,t) = a(t)el ™) 4 b(t)eah),
From here and from the notation (31), we obtain equation (1):
gre = a(t)e?™ + b(t)e~1TD.,

Remark 3. The uniformly convergence of the series in (18), (19), (21) and (28) follows from
equalities (24) and estimates (26).

Thus, we have proved the following theorem.

Theorem 2. [f the initial function qo(x) satisfies the condition

qo(z +7) = qo(z) € C°(R),

then there exists a solution ¢,,(x,t), x € R, t > 0, of the problem (1)—(3), which is uniquely given
by formula (18) and belongs to the class C’;”g (t>0NC(t>0).

Thus, in the class of C"(R), n > 3, periodic infinite-gap functions, the solvability of the problem
(1)-(3) is established. The question of the solvability of the problem (1)—(3) in the class C"(R),
0 < n < 2, periodic infinite-gap functions is still open.

Corollary 1. Using the results of [60, 67], we deduce that if the initial function qo(x) is a real
analytic ™ periodic function, then the solution q(x,t) of the problem (1)-(3) is a real analytic
function with respect to x.

Corollary 2. If the number g is a period (antiperiod) for the initial function qo(x), then all roots
of the equation A(X\)+2 =0 (A(X)—2 = 0) are double. Since the Lyapunov function corresponding
to the coefficient q(x,t) coincides with A(\), according to the results of [61, 62] the number g is
also the period (antiperiod) for the solution q(x,t) with respect to .

3. Conclusion. The inverse spectral problem method is used to integrate a nonlinear sine-
Gordon — Liouville-type equation in the class of periodic infinite-gap functions. The solvability of the
Cauchy problem for an infinite system of Dubrovin differential equations in the class of three times
continuously differentiable periodic infinite-gap functions was proved. It is shown that the sum of
a uniformly convergent functional series constructed by solving the system of Dubrovin equations
and the first trace formula satisfies sine-Gordon - Liouville-type equation. The solvability of the
Cauchy problem for a sine-Gordon — Liouville-type equation in the class of three times continuously
differentiable periodic functions is established. In addition, it is proved that if the initial function
is a real m-periodic analytic function, then the solution of the Cauchy problem for a sine-Gordon —
Liouville-type equation is also a real analytic function with respect to x; and if the number g is the

period (antiperiod) of the initial function, then the number T s the period (antiperiod) with respect

to x of the solution of the Cauchy problem for a sine-Gordon — Liouville-type equation.
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