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A GENERALIZATION FOR THE KINEMATICS
OF SLIDING-ROLLING MOTION IN THE SEMI-EUCLIDEAN SPACE \BbbR \bfthree 

\bfitvarepsilon 

УЗАГАЛЬНЕННЯ КIНЕМАТИКИ РУХУ КОВЗАННЯ-КОЧЕННЯ
В НАПIВЕВКЛIДОВОМУ ПРОСТОРI \BbbR \bfthree 

\bfitvarepsilon 

We propose a generalization for the sliding-rolling motion, which leads to meaningful physical and mathematical results
as the general metric includes the time dimension. We also investigate the kinematics of the relative motion of two rigid
objects, which maintain sliding-rolling contact, by using the general adjoint approach in the semi-Euclidean space \BbbR 3

\varepsilon ,
where \varepsilon \in \{ 0, 1\} . This generalization gives the geometric kinematic equations of the sliding-rolling motion in Minkowski
and Euclidean spaces. In these spaces, we get a set of overconstrained equations. Solving this system, we determine
translational and angular velocities of the moving surface. Finally, we illustrate the results by two examples.

Наведено узагальнення для руху ковзання-кочення, яке дає вагомi фiзичнi i математичнi результати, оскiльки за-
гальна метрика включає часовий вимiр. Також дослiджено кiнематику вiдносного руху двох твердих об’єктiв, що
пiдтримують контакт ковзання-кочення, за допомогою загального спряженого пiдходу у напiвевклiдовому просторi
\BbbR 3

\varepsilon , де \varepsilon \in \{ 0, 1\} . Запропоноване узагальнення дає геометричнi кiнематичнi рiвняння руху ковзання-кочення у
просторах Мiнковського та Евклiда. У цих просторах отримано систему рiвнянь iз надмiрними обмеженнями.
Розв’язуючи цю систему, ми визначаємо поступальну та кутову швидкостi рухомої поверхнi. Насамкiнець отриманi
результати проiлюстровано двома прикладами.

1. Introduction. Rolling contact between two surfaces plays an important role in robotics and
engineering in order to drive a moving surface on a fixed surface such as spherical robots, single
wheel robots, and multi-fingered robotic hands. This paper presents a method for sliding-rolling model
in Lorentzian geometry. In particular, we are interested in the question how the Lorentzian metric
affects the mechanics as the general metric includes the time dimension.

There are important and strong connections between Lorentzian geometry and physics. The
Lorentz transformation may include a rotation of space; a rotation-free Lorentz transformation is
called a Lorentz boost. In Minkowski space, the Lorentz transformations preserve the spacetime
interval between any two events. This property is the defining property of a Lorentz transformation.
They describe only the transformations in which the spacetime event at the origin is left fixed.
They can be considered as a hyperbolic rotation of Minkowski space. A Lorentz transform is a
transformation between two inertial (not accelerating) frames according to special relativity. The time
interval between two events can change in a Lorentz transformation. Thus, as both space and time
intervals have different values in different frames of reference, the velocity of an object in each
of these frames must be observed to be different. This article presents the kinematic formulation
using a general framework when two objects maintain the sliding-roll theme. Through this general
framework, the effect of the Lorentzian metric on this motion will be given. In Lorentzian space,
vectors and thus curves have three different causal characteristics due to their metric structure. Thus,
along a curve adjacent to a general surface, the velocity, arc length, and curvatures of the curve
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ISSN 1027-3190. Укр. мат. журн., 2024, т. 76, № 8 1235
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will change due to the time dimension effect. Hence, the kinematics of the two objects maintaining
slip-rotation contact will also change. When two moving frames are connected to the contact loci, the
metric has an effect on the geometric velocity of a random point on the moving object. By considering
the general metric, the velocity of this arbitrary point is found by using the geometric velocity, and
the translational and rotational velocity of the object. Then the effect of the Lorentzian metric on the
shear-rotational motion was determined by using an extremely constrained system consisting of eight
equations with five variables. Later, the angular and translational velocities were obtained by solving
this system of equations. Also, a visual example is given to illustrate the Lorentzian approach.

The sliding-spinning-rolling kinematics was derived in [1] by using the Taylor series. Kinematic
equations for this motion depending on the velocity relation of coordinate frames was obtained in
[2]. This method was applied to manipulate a multi-fingered robot hand in [3]. The challenges in
multi-fingered robotic hands has attracted the attention of many researchers [3 – 13]. In most of the
cases, authors examined the situation in which the frictional forces are large enough to prevent the
object from slipping on fingers. The conditions required for the fingertips to hold the object without
slipping were examined by taking the friction effect into account. The fingertips must be able to roll
and/or slide over the object surface in order to achieve the desired position without breaking and re-
establishing the contacts [1, 6, 14 – 16]. Contact points of the object and fingers may roll and/or slide.
Therefore, rolling and sliding contact is an important issue that must be handled by multi-fingered
hands. Although the Euclidean metric is commonly used, generalized metrics might be more suitable
in future applications. To this purpose, we study the sliding and rolling motion by using a generalized
metric that contains the Euclidean metric as special case.

In [17], authors investigated the velocity and acceleration equations for the contact between two 3-
dimensional bodies by using the Christoffel symbols and fundamental forms of the associated surfaces.
By using a different approach, kinematic equations similar to Montana’s work (see [2]) was provided in
[18]. In particular, the authors investigated a mathematical model of rolling between regular surfaces
by using the principal curvatures of the surfaces, and they provided a constructive controllability
algorithm for planning rolling motions for dexterous robot hands. Also, the authors developed
Montana’s classical contact kinematic equations using nonorthogonal object parameterizations in [19].

As the rolling motion and sliding motion are independent, the authors used the moving-frame
method to give a geometric approach of this motion in [20 – 22]. (See [23, 24] for details of the
moving-frame method.) In particular, they derived the system of equations for the velocity. The
solutions to this system give the angular and linear velocities of an arbitrary point.

A new mathematical model of the inverse kinematics of the robotic-hand by using the singular
value decomposition was obtained in [25]. In particular, the analytical solutions for the inverse
kinematics was presented for the first time in that paper. A general approach for the kinematics of a
sphere was presented in [26].

There are also several applications of this motion in the Minkowski space. For instance, a
one-parameter Lorentzian spherical motion was studied in [27]. The inverse kinematic equations of
spin-rolling motion without sliding a timelike surface on another timelike surface with the timelike
velocity vector was studied in [28] in which various characterizations of spinning-rolling motion of
the surfaces were given. Some other applications can be found in [29 – 36].
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In kinematics studies, the moving-frame method is useful in investigating the kinematics of the
contact of surfaces. Differential geometric properties of curves and surfaces are closely related to the
concept of curvature (see [37]). These curvatures depend on the Darboux frame defined on the curve
and surface. The Darboux frame is used to investigate the kinematics of the contact of objects on each
other such as sliding-rolling-spinning. Velocity equations are given by using the curvatures obtained
from derivative formulas of this moving-frame. In this aspect, our study is important. By defining the
generalized Darboux frame, we give the kinematics of the sliding-rolling motion in a unified form.
Hence, many of the studies mentioned above are a special case of this form. As an example, we
study the kinematics of the sliding-rolling motion in semi-Euclidean space and show that L. Cui and
J. S. Dai’s work is a special case of our form.

In the present paper, we obtain kinematic equations when two objects maintain sliding-rolling
contact in the semi-Euclidean 3-space \BbbR 3

\varepsilon , \varepsilon \in \{ 0, 1\} . We derive the velocities of the curve that is
adjoint to a general surface. Then we present the fixed point conditions by using the Darboux frame.
This approach is applied to the kinematics of two objects keeping sliding-rolling contact in this space.
Then we give the angular and translational velocities of an arbitrary point of the moving surface on
the fixed surface using the Darboux frame equations. We also investigate the rolling-sliding motion of
the unit disc on the Lorentzian plane. Moreover, we apply the proposed approach to general surfaces
in semi-Euclidean spaces.

As a result, in our study, we examine the sliding-rolling motion of two surfaces in both Euclidean
and pseudo-Euclidean spaces. Our methodology is rooted in the application of the Darboux frame
within these metrics. This approach enables us to derive kinematic equations, which we then apply to
typical surface scenarios, including spacelike and timelike cases. The paper is enriched with visually
informative illustrations, showcasing the motion of a hyperbolic cap as it rolls across the de Sitter
space.

2. Preliminaries. Let \varepsilon \in \{ 0, 1\} . Consider the 3-dimensional semi-Euclidean space \BbbR 3
\varepsilon , defined

as the vector space \BbbR 3 equipped with the semi-Riemannian metric

g(\bfv ,\omega \omega \omega ) = ( - \varepsilon 4)v1\omega 1 + v2\omega 2 + v3\omega 3 , \varepsilon 4 = ( - 1)\varepsilon +1,

where \bfv = (v1, v2, v3), \omega \omega \omega = (\omega 1, \omega 2, \omega 3) \in \BbbR 3
\varepsilon . If \varepsilon 4 = 1, then we have three types of vectors

according to their causal characters. Namely, \bfv is said to be spacelike if g(\bfv ,\bfv ) = \bfone , timelike if
g(\bfv ,\bfv ) =  - \bfone and lightlike (null) if g(\bfv ,\bfv ) = \bfzero with \bfv \not = \bfzero . A curve \gamma in \BbbR 3

\varepsilon is called spacelike
(resp., timelike, lightlike) if all of its velocities are spacelike (resp., timelike, lightlike). A surface
M said to be spacelike (resp., timelike, lightlike) if the unit normal vector of M is timelike (resp.,
spacelike, lightlike). If \varepsilon 4 =  - 1 then the vector \bfv , the curve \gamma and the surface M have a single
causal character in the Euclidean sense.

The cross product of two vectors \bfu ,\bfv \in \BbbR \bfthree 
\varepsilon is defined as

\bfu \times \bfv =  - \varepsilon \bffour (\bfu \bftwo \bfv \bfthree  - \bfu \bfthree \bfv \bftwo )\bfe \bfone + (\bfv \bfone \bfu \bfthree  - \bfv \bfthree \bfu \bfone )\bfe \bftwo + (\bfu \bfone \bfv \bftwo  - \bfu \bftwo \bfv \bfone )\bfe \bfthree ,

where \bfu = (\bfu \bfone ,\bfu \bftwo ,\bfu \bfthree ), \bfv = (\bfv \bfone ,\bfv \bftwo ,\bfv \bfthree ).

There exists an orthonormal Darboux frame \{ \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} along the curve \gamma on the surface M.

Here, \bfe \bfone =
\bfd \gamma 

\bfd \bfs 
= \gamma \prime is a tangent vector of \gamma , s denotes the arc-length of the curve, and \bfe \bfthree is unit

normal vector of the surface M. The vector \bfe \bftwo is obtained by \bfe \bftwo = \bfe \bfthree \times \bfe \bfone . All together, they
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satisfy the following equation (see [23] for the Euclidean situation):\left[  \bfe \prime \bfone \bfe \prime \bftwo 
\bfe \prime \bfthree 

\right]  =

\left[  0 kg \varepsilon 3kn
\varepsilon 2kg 0 \varepsilon 1\tau g
\varepsilon 4kn \varepsilon 4\tau g 0

\right]  \left[  \bfe \bfone \bfe \bftwo 
\bfe \bfthree 

\right]  . (1)

Here, g(\bfe \bfone , \bfe \bfone ) = \varepsilon \bfone , g(\bfe \bftwo , \bfe \bftwo ) = \varepsilon \bftwo , g(\bfe \bfthree , \bfe \bfthree ) = \varepsilon \bfthree , kg = \varepsilon 2g(\bfe 
\prime 
\bfone , \bfe \bftwo ), kn = g(\bfe \prime \bfone , \bfe \bfthree ), \tau g =

\varepsilon 1\varepsilon 3g(\bfe 
\prime 
\bftwo , \bfe \bfthree ). In these formulas kg = \kappa \scrC (\theta ), kn = \kappa \scrS (\theta ), \tau g = \tau +\theta \prime where \theta is the angle function

between the normal and binormal vector field of \gamma . The equalities C \prime (\theta ) = \varepsilon 2S(\theta ), \scrS \prime (\theta ) =C(\theta )

and C2(\theta ) - \varepsilon 2S
2(\theta ) = 1 hold, where \kappa and \tau are the curvature and torsion of \gamma .

If M is a timelike surface and \gamma is a timelike curve, then

\scrC (\theta ) = \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta , \scrS (\theta ) = \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta .

If both of M and \gamma are timelike (resp. spacelike), or if M and \gamma are in the Euclidean space, then

\scrC (\theta ) = \mathrm{c}\mathrm{o}\mathrm{s} \theta , \scrS (\theta ) = \mathrm{s}\mathrm{i}\mathrm{n} \theta .

The following are the special cases:
(a) If M is spacelike, then \gamma on M is spacelike and \varepsilon 1 = 1, \varepsilon 2 =  - 1, \varepsilon 3 = 1, \varepsilon 4 = 1.

(b) If M is a timelike and \gamma on M is spacelike, then \varepsilon 1 = 1, \varepsilon 2 = 1, \varepsilon 3 =  - 1, \varepsilon 4 = 1.

(c) If M is a timelike and \gamma on M is timelike, then \varepsilon 1 =  - 1, \varepsilon 2 = 1, \varepsilon 3 = 1, \varepsilon 4 = 1.

(d) If M is in the Euclidean space and \gamma is on M, then \varepsilon 1 = 1, \varepsilon 2 =  - 1, \varepsilon 3 = 1, \varepsilon 4 =  - 1.

3. An adjoint approximation to a general surface in semi-Euclidean space \BbbR \bfthree 
\bfitvarepsilon . This paper

gives a generalization for the adjoint approach to a general surface M. A point K traces a curve \alpha K

on M, and a frame \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} moves with K. The moving Darboux frame equations are given
as follows:

d

ds

\left[  \bfe \bfone \bfe \bftwo 
\bfe \bfthree 

\right]  =

\left[  0 kg \varepsilon 3kn
\varepsilon 2kg 0 \varepsilon 1\tau g
\varepsilon 4kn \varepsilon 4\tau g 0

\right]  \left[  \bfe \bfone \bfe \bftwo 
\bfe \bfthree 

\right]  .
Here, \bfe \bfone and \bfe \bfthree are the tangent vector of the curve and normal vector of the surface M at K,

respectively. Also,
drOK

ds
= e1, g(\bfe \bfone , \bfe \bfone ) = \varepsilon \bfone , g(\bfe \bftwo , \bfe \bftwo ) = \varepsilon \bftwo , g(\bfe \bfthree , \bfe \bfthree ) = \varepsilon \bfthree , and \bfr \bfO \bfK represents

the vector from O to K according to the fixed frame \{ O; \bfi , \bfj ,\bfk \} , and s denotes the arc-length of the
curve. If M is a spacelike or timelike surface in Minkowski 3-space, then \varepsilon 4 = 1. If M is a surface
in Euclidean 3-space, then \varepsilon 4 =  - 1. The symbols \tau g, kn and kg show the geodesic torsion, normal
curvature, and geodesic curvature of \alpha K , respectively. The curve \alpha P is determined by the point P
according to \{ O; \bfi , \bfj ,\bfk \} frame. The curve \alpha P is called adjoint curve of the curve \alpha K . Therefore, the
vector equality of the curve \alpha P according to the frame \{ O; \bfi , \bfj ,\bfk \} can be written as

\bfr \bfO \bfP = \bfr \bfO \bfK + p1\bfe \bfone + p2\bfe \bftwo + p3\bfe \bfthree ,

where (p1, p2, p3) are the coordinates of P according to the frame \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} , and \bfr \bfO \bfP is the
vector from O to P according to the frame \{ O; \bfi , \bfj ,\bfk \} . If we differentiate the vector \bfr \bfO \bfP with
respect to the parameter s of the locus \alpha K , then we obtain the following equation, by using the
Darboux frame equations:
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d\bfr \bfO \bfP 

ds
= A1\bfe \bfone +A2\bfe \bftwo +A3\bfe \bfthree , (2)

where

A1 = 1 +
dp1
ds

+ \varepsilon 2kgp2 + \varepsilon 4knp3,

A2 =
dp2
ds

+ kgp1 + \varepsilon 4\tau gp3, (3)

A3 =
dp3
ds

+ \varepsilon 3knp1 + \varepsilon 1\tau gp2.

The equation in (3) is called the adjoint equation.

Fig. 1. The curve \alpha P adjoint to the curve \alpha K on the surface M.

In Fig. 1, P is a fixed point according to the fixed frame \{ O; \bfi , \bfj ,\bfk \} and K is a moving point
on the surface M according to the moving frame \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} . The vectors \bfK \bfP and OK change
in time, however their sum, \bfO \bfP , remains constant. Then the points K draw a curve \alpha K , and the
points P draw a curve \alpha P . The curve \alpha P is adjoint to the curve \alpha K on the surface M. Therefore,

P is a fixed point according to the frame \{ O; \bfi , \bfj ,\bfk \} , the vector
d\bfr \bfO \bfP 

ds
vanishes. Hence, all of A1,

A2 and A3 are equal to zero. This gives

dp1
ds

=  - \varepsilon 2kgp2  - \varepsilon 4knp3  - 1,

dp2
ds

=  - kgp1  - \varepsilon 4\tau gp3, (4)

dp3
ds

=  - \varepsilon 3knp1  - \varepsilon 1\tau gp2.

The equation in (4) is called the fixed point condition of the fixed point P.
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4. Kinematics properties of contact loci of the sliding-rolling motion. A regular curve can
be parameterized by its arc-length parameter. Therefore, we can parametrize contact loci curves
according to their arc-length parameters. In [21], the parameters for the investigation of geometric
properties of the motion were chosen as the arc lengths of the contact loci. In this sense, we extend the
work [21] to semi-Euclidean space \BbbR 3

\varepsilon , where \varepsilon \in \{ 0, 1\} . In this section, we obtain a generalization
of this movement using a general framework that includes both Minkowski and Euclidean spaces.

Next, we give two cases related to the adjoint curves of the fixed and moving surfaces in \BbbR 3
\varepsilon .

Consider a fixed surface M. Let M\ast be the moving surface such that they keep sliding-
rolling contact at any movement. We denote the frame on M by \{ O; \bfi , \bfj ,\bfk \} , the frame on M\ast 

by \{ O\ast ; \bfi \ast , \bfj \ast ,\bfk \ast \} , the contact loci on M by \alpha , and the contact loci the M\ast by \alpha \ast . The curve \alpha \ast 

on M\ast is only generated via the rolling motion and the curve \alpha on M is obtained by both sliding
and rolling motions of the contact points K and K\ast on M and M\ast , respectively. The points K

and K\ast coincide as long as M and M\ast maintain a point contact. Let two right-handed orthonormal
Darboux moving frames related to the contact loci \alpha and \alpha \ast be represented by \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} and
\{ K; \bfe \ast \bfone , \bfe 

\ast 
\bftwo , \bfe 

\ast 
\bfthree \} , respectively. Here, \bfe \bfone and \bfe \ast \bfone are the unit tangent vectors of the related curves, and

\bfe \bfthree and \bfe \ast \bfthree are the unit normal vectors of the related surfaces. Directions of the sliding and rolling
motions are different in general. Therefore, there is an angle \theta between \bfe \bfone and \bfe \ast \bfone (see [21] and
Fig. 2).

Case 1. Suppose that P is an arbitrary point on M\ast . The position vector rO\ast P according to the
frame \{ O\ast ; \bfi \ast , \bfj \ast ,\bfk \ast \} can be written as

\bfr \bfO \ast \bfP = \bfr \bfO \ast \bfK + p\ast 1\bfe 
\ast 
\bfone + p\ast 2\bfe 

\ast 
\bftwo + p\ast 3\bfe 

\ast 
\bfthree , (5)

where (p\ast 1, p
\ast 
2, p

\ast 
3) are the coordinates of P according to the frame \{ K; \bfe \ast \bfone , \bfe 

\ast 
\bftwo , \bfe 

\ast 
\bfthree \} . By using the

fixed point condition in Eq. (4), we get

dp\ast 1
ds\ast 

=  - \varepsilon 2k
\ast 
gp

\ast 
2  - \varepsilon 4k

\ast 
np

\ast 
3  - 1,

dp\ast 2
ds\ast 

=  - k\ast gp
\ast 
1  - \varepsilon 4\tau 

\ast 
g p

\ast 
3,

dp\ast 3
ds\ast 

=  - \varepsilon 3k
\ast 
np

\ast 
1  - \varepsilon 1\tau 

\ast 
g p

\ast 
2,

where k\ast g , k
\ast 
n and \tau \ast g are the geodesic curvature, the normal curvature, and the geodesic torsion of

the frame \{ K; \bfe \ast \bfone , \bfe 
\ast 
\bftwo , \bfe 

\ast 
\bfthree \} , respectively. The notion s\ast represents the arc-length of the curve \alpha \ast . The

parameter s\ast is the distance of the contact point M traveling due to rolling motion.
Case 2. The point P generates curve \alpha P during the rolling-sliding motion of the surface M\ast on

the fixed surface M. Since the curve \alpha P is tangent to the contact locus \alpha , equation (3) in the adjoint
system yields the velocity of \alpha P , as outlined in equations (2) and (3).

4.1. The connection with the points p and p*. The frame \{ K; \bfe \ast \bfone , \bfe 
\ast 
\bftwo , \bfe 

\ast 
\bfthree \} is achieved via rotating

the frame \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} by an angle of \theta about the \bfe \bfthree axis, as shown in Fig. 2.
Then we have

\bfe \ast \bfone = \scrC (\theta )\bfe \bfone  - \varepsilon 2\scrS (\theta )\bfe \bftwo ,

\bfe \ast \bftwo =  - \scrS (\theta )\bfe \bfone + \scrC (\theta )\bfe \bftwo ,

\bfe \ast \bfthree = \bfe \bfthree .
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Fig. 2. The relations of two frames.

If \varepsilon 2 =  - 1, then M is a spacelike surface and the plane sp\{ \bfe \bfone , \bfe \bftwo \} is a spacelike plane. This gives

\scrC (\theta ) = \mathrm{c}\mathrm{o}\mathrm{s} \theta , \scrS (\theta ) = \mathrm{s}\mathrm{i}\mathrm{n} \theta .

If \varepsilon 2 = 1, then M is a timelike surface and the plane sp\{ \bfe \bfone , \bfe \bftwo \} is a timelike plane. This gives

\scrC (\theta ) = \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta , \scrS (\theta ) = \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta .

Here, \scrC \prime (\theta ) = \varepsilon 2S(\theta ), \scrS \prime (\theta ) = \scrC (\theta ) and \scrC 2(\theta ) - \varepsilon 2\scrS 2(\theta ) = 1.

In particular, the coordinates (p1, p2, p3) and (p\ast 1, p
\ast 
2, p

\ast 
3) are related by the following equations:

p1 = \scrC (\theta )p\ast 1 + \varepsilon 2\scrS (\theta )p\ast 2,

p2 = \scrS (\theta )p\ast 1 + \scrC (\theta )p\ast 2, (6)

p3 = p\ast 3.

Differentiating Eq. (6) with respect to the arc-length s of the contact locus \alpha and using the fix
point condition, we obtain

dp1
ds

= \lambda 

\biggl[ 
\varepsilon 2

\biggl( 
d\theta 

ds\ast 
 - k\ast g

\biggr) 
p2  - \varepsilon 4

\bigl( 
k\ast n\scrC (\theta ) + \varepsilon 2\tau 

\ast 
g\scrS (\theta )

\bigr) 
p3  - \scrC (\theta )

\biggr] 
,

dp2
ds

= \lambda 

\biggl[ 
\varepsilon 2

\biggl( 
d\theta 

ds\ast 
 - k\ast g

\biggr) 
p1  - \varepsilon 4

\bigl( 
k\ast n\scrS (\theta ) + \tau \ast g \scrC (\theta )

\bigr) 
p3  - \scrS (\theta )

\biggr] 
, (7)

dp3
ds

= \lambda 
\Bigl[ \Bigl( 

 - \varepsilon 3\scrC (\theta )k\ast n  - \varepsilon 1\varepsilon 2\tau 
\ast 
g\scrS (\theta )

\Bigr) 
p1 +

\Bigl( 
 - \varepsilon 3\scrS (\theta )k\ast n  - \varepsilon 1\tau 

\ast 
g \scrC (\theta )

\Bigr) 
p2

\Bigr] 
,

where \lambda is the ratio of rolling rate ds\ast to the rolling-sliding rate ds.

We now use the above formulas to define the geometric velocity of P. By using Eqs. (5) and (7),
the geometric velocity of the point P is calculated as

\bfd \bfr \bfO \bfP 

ds
= A1\bfe \bfone +A2\bfe \bftwo +A3\bfe \bfthree ,
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where

A1 = 1 - \lambda \scrC (\theta ) +
\biggl[ 
\lambda 

\biggl( 
d\theta 

ds\ast 
 - k\ast g

\biggr) 
+ kg

\biggr] 
\varepsilon 2p2 +

\Bigl[ 
\lambda 
\Bigl( 
 - k\ast n\scrC (\theta ) - \varepsilon 2\tau 

\ast 
g\scrS (\theta )

\Bigr) 
+ kn

\Bigr] 
\varepsilon 4p3,

A2 =  - \lambda \scrS (\theta ) +
\biggl[ 
\lambda 

\biggl( 
d\theta 

ds\ast 
 - k\ast g

\biggr) 
+ kg

\biggr] 
p1 +

\Bigl[ 
\lambda 
\Bigl( 
 - k\ast n\scrS (\theta ) - \tau \ast g \scrC (\theta )

\Bigr) 
+ \tau g

\Bigr] 
\varepsilon 4p3,

A3 =
\Bigl[ 
\lambda 
\Bigl( 
 - \varepsilon 3\scrC (\theta )k\ast n  - \varepsilon 1\varepsilon 2\tau 

\ast 
g\scrS (\theta )

\Bigr) 
+ \varepsilon 3kn

\Bigr] 
p1 +

\Bigl[ 
\lambda 
\Bigl( 
 - \varepsilon 3\scrS (\theta )k\ast n  - \varepsilon 1\tau 

\ast 
g \scrC (\theta )

\Bigr) 
+ \varepsilon 1\tau g

\Bigr] 
p2.

Hence, we obtained the geometric velocity (according to the arc-length parameter) of the contact
locus \alpha at an arbitrary point P in the frame \{ O; \bfi , \bfj ,\bfk \} .

5. The general form for the DOFs of moving surface in \BbbR \bfthree 
\bfitvarepsilon . In three dimensional spaces,

an object consists of six DOFs. Namely, it has three translational DOFs and three rotational DOFs.
However, while two objects maintain the rolling-sliding contact, one translational DOFs is reduced in
the direction parallel to the normal vector at the point of contact. Thus, the moving surface has two
translational DOFs and three rotational DOFs. The five DOFs according to the frame \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} 
are given as follows:

\bfv = v1\bfe \bfone + v2\bfe \bftwo ,

\omega \omega \omega = \omega 1\bfe \bfone + \omega 2\bfe \bftwo + \omega 3\bfe \bfthree .

Here, \bfv is the translational velocity and \omega is the rotational velocity.
These velocities can be expressed in two forms as follows. The geometric velocity in Eq. (2)

gives the first form as

\bfv \bfP =
d\bfr \bfO \bfP 

dt
=

ds

dt

d\bfr \bfO \bfP 

ds
= \sigma (A1\bfe \bfone +A2\bfe \bftwo +A3\bfe \bfthree ),

where the parameter t is the time parameter in the physical sense, s is the arc-length of the curve,
and \sigma = ds/dt denotes the rolling-sliding rate. The second form is given as

\bfv \bfO \bfP = \bfv +\omega \omega \omega \times \bfr \bfM \bfP 

= \bfv + (\omega 1\bfe \bfone + \omega 2\bfe \bftwo + \omega 3\bfe \bfthree )\times (p1\bfe \bfone + p2\bfe \bftwo + p3\bfe \bfthree )

=
\bigl( 
v1  - \varepsilon 4(p3\omega 2  - p2\omega 3)

\bigr) 
\bfe \bfone + (v2 + p1\omega 3  - p3\omega 1)\bfe \bftwo + (p2\omega 1  - p1\omega 2)\bfe \bfthree .

Since these two forms are equal we obtain the following equations:

v1  - \varepsilon 4(p3\omega 2  - p2\omega 3) = \sigma 
\Bigl( 
1 - \lambda \scrC (\theta ) +

\Bigl[ 
\lambda 
\Bigl( d\theta 

ds\ast 
 - k\ast g

\Bigr) 
+ kg

\Bigr] 
\varepsilon 2p2

+
\Bigl[ 
\lambda 
\bigl( 
 - k\ast n\scrC (\theta ) - \varepsilon 2\tau 

\ast 
g\scrS (\theta )

\bigr) 
+ kn

\Bigr] 
\varepsilon 4p3

\Bigr) 
,

v2 + p1\omega 3  - p3\omega 1 = \sigma 
\Bigl( 
 - \lambda \scrS (\theta ) +

\Bigl[ 
\lambda 
\Bigl( d\theta 

ds\ast 
 - k\ast g

\Bigr) 
+ kg

\Bigr] 
p1

+
\bigl[ 
\lambda 
\bigl( 
 - \varepsilon 4k

\ast 
n\scrS (\theta ) - \varepsilon 4\tau 

\ast 
g \scrC (\theta )

\bigr) 
+ \varepsilon 4\tau g

\bigr] 
p3

\Bigr) 
,

p2\omega 1  - p1\omega 2 = \sigma 

\biggl( \Bigl[ 
\lambda 
\bigl( 
 - \varepsilon 3\scrC (\theta )k\ast n  - \varepsilon 1\varepsilon 2\tau 

\ast 
g\scrS (\theta )

\bigr) 
+ \varepsilon 3kn

\Bigr] 
p1

+
\Bigl[ 
\lambda 
\bigl( 
 - \varepsilon 3\scrS (\theta )k\ast n  - \varepsilon 1\tau 

\ast 
g \scrC (\theta )

\bigr) 
+ \varepsilon 1\tau g

\Bigr] 
p2

\biggr) 
.

(8)
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The coordinates p1, p2, p3 of P take arbitrary values as P is an arbitrary point. The coefficients
of p1, p2, p3 must be equal on both sides of each equation in Eqs. (8), respectively. If we equate such
coefficients on both sides of Eqs. (8), the first equation gives

v1 = \sigma 
\bigl( 
1 - \lambda \scrC (\theta )

\bigr) 
,

\omega 2 = \sigma 
\Bigl[ 
\lambda 
\bigl( 
k\ast n\scrC (\theta ) + \varepsilon 2\tau 

\ast 
g\scrS (\theta )

\bigr) 
 - kn)

\Bigr] 
,

\omega 3 = \varepsilon 4\sigma 
\Bigl[ 
\lambda \varepsilon 2

\Bigl( d\theta 

ds\ast 
 - k\ast g

\Bigr) 
+ \varepsilon 2kg

\Bigr] 
,

while the second equation gives

v2 = \sigma 
\bigl( 
 - \lambda \scrS (\theta )

\bigr) 
,

\omega 1 = \sigma 
\Bigl[ 
\lambda 
\bigl( 
\varepsilon 4k

\ast 
n\scrS (\theta ) + \varepsilon 4\tau 

\ast 
g \scrC (\theta )

\bigr) 
 - \varepsilon 4\tau g

\Bigr] 
,

\omega 3 = \sigma 
\Bigl[ 
\lambda 
\Bigl( d\theta 

ds\ast 
 - k\ast g

\Bigr) 
+ kg

\Bigr] 
.

Using the third equation, we can write

\omega 1 = \sigma 
\Bigl[ 
\lambda 
\bigl( 
 - \varepsilon 3\scrS (\theta )k\ast n  - \varepsilon 1\tau 

\ast 
g \scrC (\theta )

\bigr) 
+ \varepsilon 1\tau g

\Bigr] 
,

\omega 2 = \sigma 
\Bigl[ 
\lambda 
\bigl( 
\varepsilon 3\scrC (\theta )k\ast n + \varepsilon 1\varepsilon 2\tau 

\ast 
g\scrS (\theta )

\bigr) 
 - \varepsilon 3kn

\Bigr] 
.

In the next section, we provide two special cases of the characterizations obtained in above
sections. The first case is given in Subsection 6.1, where we describe the sliding-rolling loci kinematics
in the Minkowski 3-space. The second case is given in Subsection 6.2, where we obtain the sliding-
rolling loci kinematics in the Euclidean space.

6. Special cases for the velocity of moving surfaces in \BbbR \bfthree 
\bfitvarepsilon . In this section, we demonstrate

the velocity of moving surfaces in three special cases.
6.1. The velocity of moving surfaces in the Minkowski space \BbbR \bfthree 

\bfone .
Case 1. If M is a spacelike surface, then \gamma can be a spacelike curve. In such case, \varepsilon 1 = \varepsilon 3 =

\varepsilon 4 = 1 and \varepsilon 2 =  - 1. This provides the following translational and angular velocities of M :

\bfv = \sigma (1 - \lambda \mathrm{c}\mathrm{o}\mathrm{s} \theta )\bfe \bfone  - \sigma \lambda \mathrm{s}\mathrm{i}\mathrm{n} \theta \bfe \bftwo ,

\omega \omega \omega = \sigma 
\bigl( 
\lambda (k\ast n \mathrm{c}\mathrm{o}\mathrm{s} \theta  - \tau \ast g \mathrm{s}\mathrm{i}\mathrm{n} \theta ) - kn

\bigr) 
\bfe \bftwo .

Here, \lambda k\ast n \mathrm{s}\mathrm{i}\mathrm{n} \theta + \lambda \tau \ast g \mathrm{c}\mathrm{o}\mathrm{s} \theta  - \tau g = 0 and  - \lambda k\ast g + \lambda 
d\theta 

ds\ast 
+ kg = 0.

Case 2. If M is a timelike surface, then \gamma can be a spacelike or timelike curve. If \gamma is spacelike,
then \varepsilon 1 = \varepsilon 2 = \varepsilon 4 = 1, \varepsilon 3 =  - 1. This provides the following velocities of the moving surface:

\bfv = \sigma (1 - \lambda \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta )\bfe \bfone  - \sigma \lambda \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta \bfe \bftwo ,

\omega \omega \omega = \sigma (\lambda k\ast n \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta )\bfe \bfone + \sigma (\lambda \tau \ast g \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta )\bfe \bftwo + \sigma 

\biggl( 
\lambda 

\biggl( 
 - k\ast g +

d\theta 

ds\ast 

\biggr) 
+ kg

\biggr) 
\bfe \bfthree .

Here, \lambda \tau \ast g \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta  - \tau g = 0 and \lambda k\ast n \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta  - kn = 0.
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If \gamma is timelike, then \varepsilon 2 = \varepsilon 3 = \varepsilon 4 = 1, \varepsilon 1 =  - 1. This gives the velocities of M as follows:

\bfv = \sigma (1 - \lambda \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta )\bfe \bfone  - \sigma \lambda (\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta )\bfe \bftwo ,

\omega \omega \omega = \sigma 
\bigl( 
\lambda \tau \ast g \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta  - \tau g

\bigr) 
\bfe \bfone + \sigma 

\bigl( 
\lambda (\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta )k\ast n  - kn

\bigr) 
\bfe \bftwo + \sigma 

\biggl( 
\lambda 

\biggl( 
 - k\ast g +

d\theta 

ds\ast 

\biggr) 
+ kg

\biggr) 
\bfe \bfthree .

(9)

Here, \lambda (\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta )k\ast n = 0 and \lambda \tau \ast g \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta = 0.

6.2. The velocity of moving surfaces in the Euclidean \bfthree -space \BbbR \bfthree . The equations and results
that we obtain in this subsection are the same as those of [21]. Therefore, this study is a generalization
of the work [21].

If M is a surface in the Euclidean 3-space, then we have \varepsilon 1 = \varepsilon 3 = 1, \varepsilon 2 = \varepsilon 4 =  - 1 leading to
the following velocities of M :

v1 = \sigma 
\bigl( 
1 - \lambda \scrC (\theta )

\bigr) 
,

\omega 2 = \sigma 
\Bigl( 
\lambda 
\bigl( 
k\ast n\scrC (\theta ) - \tau \ast g\scrS (\theta )

\bigr) 
 - kn

\Bigr) 
,

\omega 3 = \sigma 

\biggl( 
\lambda 

\biggl( 
d\theta 

ds\ast 
 - k\ast g

\biggr) 
+ kg

\biggr) 
.

The second equation gives

v2 = \sigma 
\bigl( 
 - \lambda \scrS (\theta )

\bigr) 
,

\omega 1 = \sigma 
\Bigl( 
\lambda 
\bigl( 
 - k\ast n\scrS (\theta ) - \tau \ast g \scrC (\theta )

\bigr) 
+ \tau g

\Bigr) 
,

\omega 3 = \sigma 

\biggl( 
\lambda 

\biggl( 
d\theta 

ds\ast 
 - k\ast g

\biggr) 
+ kg

\biggr) 
.

The third equation implies

\omega 1 = \sigma 
\Bigl( 
\lambda 
\bigl( 
 - \scrS (\theta )k\ast n  - \tau \ast g \scrC (\theta )

\bigr) 
+ \tau g

\Bigr) 
,

\omega 2 = \sigma 
\Bigl( 
\lambda 
\bigl( 
\scrC (\theta )k\ast n  - \tau \ast g\scrS (\theta )

\bigr) 
 - kn

\Bigr) 
.

Therefore, the velocities of M are calculated as follows:

v = \sigma (1 - \lambda \mathrm{c}\mathrm{o}\mathrm{s} \theta )e1  - \sigma \lambda \mathrm{s}\mathrm{i}\mathrm{n} \theta e2,

\omega 1 = \sigma 
\bigl( 
\lambda ( - \mathrm{s}\mathrm{i}\mathrm{n} \theta k\ast n  - \tau \ast g \mathrm{c}\mathrm{o}\mathrm{s} \theta ) + \tau g

\bigr) 
e1

+ \sigma 
\bigl( 
\lambda (\mathrm{c}\mathrm{o}\mathrm{s} \theta k\ast n  - \tau \ast g \mathrm{s}\mathrm{i}\mathrm{n} \theta ) - kn

\bigr) 
e2

+ \sigma 

\biggl( 
\lambda 

\biggl( 
d\theta 

ds\ast 
 - k\ast g

\biggr) 
+ kg

\biggr) 
e3.

In the following section, we present various examples to describe the sliding-rolling loci.
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Fig. 3. Rolling-sliding motion of the unit disc along a Lorentzian circle.

7. Example of the sliding-rolling loci in the Minkowski \bfthree -space \BbbR \bfthree 
\bfone . Consider the unit disc

(denoted by M\ast ) that maintains a sliding-rolling contact with the plane M. Then the contact loci is
a Lorentzian circle \alpha on the plane M, and the circle \alpha \ast on the disc. The angle between \alpha \ast and \alpha at
the contact point M is represented by \varphi . The notion \sigma denotes the rolling-sliding rate according to
the arc-length of \alpha , and \lambda represents the ratio of rolling rate ds\ast to sliding-rolling rate ds. They are
plotted in Fig. 3.

Let \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} be the frame on the contact loci \alpha and \{ K; \bfe \ast \bfone , \bfe 
\ast 
\bftwo , \bfe 

\ast 
\bfthree \} be the frame on the

contact loci \alpha \ast . Here, \bfe \bfone is the tangent vector of Lorentzian circle \alpha , \bfe \bfthree is the normal vector of M,

\bfe \ast \bfone is the tangent vector of \alpha \ast , and \bfe \ast \bfthree is the normal of the circle, pointing the center of the disc.
Then the frame \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} satisfies

d

ds

\left[  \bfe \bfone \bfe \bftwo 
\bfe \bfthree 

\right]  =

\left[  0 \kappa 0

 - \kappa 0 0

0 0 0

\right]  \left[  \bfe \bfone \bfe \bftwo 
\bfe \bfthree 

\right]  , (10)

where \kappa is the curvature of \alpha and s is the arc-length of \alpha on M.

The frame \{ K; \bfe \ast \bfone , \bfe 
\ast 
\bftwo , \bfe 

\ast 
\bfthree \} is given as

d

ds

\left[  \bfe \ast \bfone \bfe \ast \bftwo 
\bfe \ast \bfthree 

\right]  =

\left[  0 0 \kappa \ast 

0 0 0

 - \kappa \ast 0 0

\right]  \left[  \bfe \ast \bfone \bfe \ast \bftwo 
\bfe \ast \bfthree 

\right]  , (11)

where \kappa \ast is the curvature of the unit Lorentzian circle \alpha \ast and it satisfies \kappa \ast = 1. Also, s\ast is the
arc-length of the curve \alpha \ast on M\ast .

Using Eqs. (10) and (11) in equations (9), we calculate the velocities of the disc as follows:

\bfv = \sigma (1 - \lambda \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta )\bfe \bfone  - \sigma \lambda \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h} \theta \bfe \bftwo ,

\omega \omega \omega = \sigma \lambda \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h} \theta \bfe \bftwo + \sigma 2\kappa \bfe \bfthree , \theta = 0.

Here, \sigma is the sliding-rolling rate and \lambda is the ratio of the rolling rate ds\ast to the sliding-rolling rate
ds. Then the velocity of p is computed as

\bfv p = \bfv +\omega \omega \omega \times \bfe \bfthree = \sigma (1 - 2\lambda )\bfe \bfone .
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7.1. Numerical simulation. Let the contact locus \alpha on M be a Lorentzian circle of curvature
0.25 with \sigma = 1 and \lambda = 0.25 as in Fig. 3.

Consider the fixed frame \{ O; \bfi , \bfj ,\bfk \} . Assume that the k-axis is perpendicular to the plane, as in
Fig 2. Let the angle between the i-axis and \bfO \bfK be \theta . Then, it can be verified that \theta = s\kappa where

s = \sigma 
t

4
is the arc-length parameter enclosed in the period of time t.

Then the vectors \bfe \bfone , e2, and \bfe \bfthree according to the fixed frame \{ O; \bfi , \bfj ,\bfk \} are

\bfe \bfone =

\biggl[ 
\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h}

t

4
, \mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h}

t

4
, 0

\biggr] 
,

\bfe \bftwo =

\biggl[ 
\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{h}

t

4
, \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h}

t

4
, 0

\biggr] 
,

\bfe \bfthree = [0, 0, - 1].

The velocity components are plotted in Figs. 4, 5.

Fig. 4. Translational velocity components along \bfi  - , \bfj  - ,\bfk  - axis.

Fig. 5. Angular velocity components of the moving surface.

Consider the de Sitter space formed by rotating \alpha (s) =

\biggl( 
s2

2
,
s2

2
 - 1, s

\biggr) 
. Attach the moving

frames \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} and \{ K; \bfe \ast \bfone , \bfe 
\ast 
\bftwo , \bfe 

\ast 
\bfthree \} to the contact loci \alpha and \alpha \ast , respectively. Here, \bfe \bfone is
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the tangent vector of \alpha , \bfe \bfthree is the upward normal vector of the de Sitter surface M, \bfe \ast \bfone is the tangent
vector of the circle \alpha \ast , and \bfe \ast \bfthree is the normal of the hyperbolic cap, pointing the hyperbolic cap center.

The moving frame equation related to the frame \{ K; \bfe \bfone , \bfe \bftwo , \bfe \bfthree \} is given as

d

ds

\left[  \bfe \bfone \bfe \bftwo 
\bfe \bfthree 

\right]  =

\left[  0 1  - 1

1 0 0

1 0 0

\right]  \left[  \bfe \bfone \bfe \bftwo 
\bfe \bfthree 

\right]  . (12)

The moving Darboux frame equation related to the frame \{ K; \bfe \ast \bfone , \bfe 
\ast 
\bftwo , \bfe 

\ast 
\bfthree \} is

d

ds

\left[  \bfe \ast \bfone \bfe \ast \bftwo 
\bfe \ast \bfthree 

\right]  =

\left[  0  - 
\surd 
2 1\surd 

2 0 0

1 0 0

\right]  \left[  \bfe \ast \bfone \bfe \ast \bftwo 
\bfe \ast \bfthree 

\right]  . (13)

Using Eqs. (12) and (13) in equations (9) the velocities of the hyperbolic cap on the de Sitter space
are obtained as

\bfv = \sigma 2\bfe \bfone  - \sigma \lambda 

\sqrt{} 
1

\lambda 2
 - 1\bfe \bftwo ,

\omega \omega \omega = \sigma 

\Biggl( 
 - \lambda 

\sqrt{} 
1

\lambda 2
 - 1

\Biggr) 
\bfe \bfone + \sigma (\lambda (

\surd 
2) + 1)\bfe \bfthree .

The motion of the hyperbolic cap on the fixed surface de Sitter space plotted in Fig. 6.

Fig. 6. The hyperbolic cap sliding-rolling on the de Sitter space.

8. Conclusion. When two objects maintain the sliding-rolling motion, the contact points trace
a regular curve in the 3-dimensional space. The tangent, normal, and binormal vectors describe the
kinematic and geometric properties of these motions. Types of these vectors affect this trajectory
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during the sliding-rolling motion. The time dimension also affects the trajectory. Therefore, for more
general results, the sliding-rolling motion of these two objects should be investigated by taking the
time dimension into account. In this article, we studied the effects of the time-dimension on the
sliding-rolling motion of two objects. For this, we used the general Frenet frame given in Eq. (1)
which ideally describes the time-dependent sliding-rolling motion. In other words, the generalized
frame includes the Darboux frames of both Minkowski 3-space and Euclidean 3-space. By using
the generalized frame that we defined in this study, we obtained the equations of sliding-rolling
motion both in Lorentz – Minkowski and Euclidean spaces. Thus, our study includes the paper [21]
in the Euclidean space as a special case. Moreover, the equations of motion of all surfaces with
causal characters in the Lorentz – Minkowski space are also special cases of our characterization. For
example, there are three spheres in the Lorentz – Minkowski space. They can be defined as a set of
spacelike, timelike and lightlike unit vectors. If one of the two surfaces is a sphere, then there are
three separate cases in the sliding-rolling movement of the two surfaces. As a result, the equations
of the sliding-rolling motion for these different cases are special cases of our general equations. We
believe that this metric and frame can be used for different equations of motion problems.
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