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A SOURCE OF SEMIPRIMENESS ON INVERSE
AND COMPLETELY REGULAR SEMIGROUPS

JUKEPEJIO HAIIIBITPOCTOTHU HA OBEPHEHUX
TA HIJIKOM PETYJIAPHUX HAITNIBI'PYITAX

We define |Sg|-inverse semigroup and |Ss|-completely regular semigroup structures that are not encountered in the
literature and are studied in our work for the first time. The properties of these new semigroup types and their relations
with the other semigroup types, such as |Ss|-idempotent, |Ss|-regular, |Ss|-nonzero, and |Ss|-reduced semigroups, are
discussed. Further, the relationship between the source of semiprimeness and the semiprime ideal is analyzed. It is also
shown that the intersection of all semiprime ideals is equal to the source of semiprimeness. Moreover, if a function is
surjective, then it can be shown that the analyzed two structures are preserved under homomorphism.

BusHaueHo |Sg|-iHBepcHI HamiBrpynosi ta |Ss|-IOBHICTIO peryispHi HamiBrpyloBi CTPYKTYPH, SIKi HE 3yCTpPIYarOThCs B
JTEepaTypi Ta MOCTILKYIOTECS Brepmie. PO3MISHYTO BIACTHBOCTI IIMX HOBHX THIIB HAIIBrPYIl Ta IXHI 3B’S3KH 3 IHIIUMH
THIAaMH HAaMiBIPYI, TakKAMH 5K |Sg|-imemmorentHi, |Sg|-perymipHi, |Ss|-HeHymboBi Ta |Sg|-pemykoBani. Kpim Toro,
MPOAHATI30BaHO 3B 530K MK JDKEpPEJIOM HAIiBIPOCTOTH Ta HAIIBIPOCTHM ieajoM, a TaKOX IT0Ka3aHO, IO NMEPETHH YCiX
HAIiBIIPOCTHX iJealliB JOPIBHIOE Kepeny HamiBIpoCcTOTH. bimbin Toro, ams cyp’ekTuBHOI (QyHKIIT MOKa3aHo, IO IIi IBi
CTPYKTYpH 30€epiraroThCs MPpU rOMOMOPQi3mi.

1. Introduction. Semiprime ideals are an essential field of study for semigroups. Every semiprime
ideal of a semigroup is an intersection of prime ideals proved in [1]. In [2], argued the relationships
between semiprime ideals and prime ideals based on [3]. Since every ring is a semigroup under
multiplication, the authors generalized the study from [4] to [5]. The authors tackled idempotent,
reduced, regular, and nonzero-divisor semigroups in [6—8]. Within the scope of this articles, |Ss|-
idempotent semigroup, |Sg|-reduced semigroup, |Sg|-regular semigroup, and |Sg|-nonzero-divisor
semigroups are investigated in [5].

The current paper aims to characterize two types of semigroups yet to be included in the literature.
To define these new kinds of semigroups, a particular subset of a semigroup must be promoted, which
the authors call the source of semiprime of this semigroup in the sense of articles [4] and [5]. Adopting
present concepts in semigroup theory initially, slight generalizations of notions, such as |Sg|-inverse
and |Sg|-completely regular semigroups, are analyzed, respectively. The manuscript also presents
the relations between the |Sg|-reduced semigroup, |Sg|-idempotent semigroup, and |Sg|-regular
semigroup and |Sg|-completely regular semigroup, and |Sg|-inverse semigroup.

2. Preliminaries. First, a few definitions that will be needed are mentioned. Let (S,-) be a
semigroup. If 0 € S exists such that 0-a = a-0 =0, for all a € S, then the 0 € S element is called
a zero element of the S’ semigroup. Semigroup .S will represent a zero element semigroup throughout
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the research. The e € S such that e? = e, is called an idempotent element. A semigroup S whose
all elements are idempotent is called an idempotent semigroup. An element =z € S is called a regular
element if at least one y € S exists such that xyx = x. The semigroup whose all elements are regular
is called a regular semigroup. From [9], if an element b satisfies the conditions aba = a and bab = b
for all a € S, then the b element is called an inverse element of element a. A semigroup S is called
an inverse semigroup if each = € S has a unique inverse element 2! € S such that zz~'z = = and
rlzz™! = 271, A semigroup S is called a completely regular semigroup if there exists a unique
element 2! € S such that 2z~ 'z = 2 and z2~! = z~'2 for each « € S. For a € S, if there
exists n € Z* such that ™ = 0 and @' # 0, then a is called nilpotent. If the semigroup S has
no nilpotent elements other than zero, the semigroup S is called a reduced semigroup. If there are
y # 0 and z # 0 elements such that zy = 0 (left zero divisor) and zx = 0 (right zero divisor) for
an element x # 0 of .S, then the element x is called a zero divisor element. If S has no zero divisor
element, then S is called a nonzero divisor semigroup. From [10, 11], the subset I of semigroup S is
called an ideal if I.S C I (right ideal) and ST C I (left ideal). An ideal () in a semigroup S is called
a semiprime ideal, if A is an ideal in S such that A2 C @, then A C Q. Equivalent to this definition:
aSa C @ with a € S implies a € @, then @ is called the semiprime ideal. If A is an ideal such that
A™ = (0) for some positive integer n, then A is called a nilpotent ideal. If a.Sa = (0) with a € S
implies a = 0, then S is called the semiprime semigroup. A set IV of elements of a semigroup S is
called an n-system, if there exists x € S such that aza € N for a € N.

It is now appropriate to introduce our primary instrument, which we focus our notice on throughout
the paper, described in [5]. Let @ # A C S. The subset

Ss(A) ={a€ S|ada=(0)}

is called the source of semiprimeness of A in S. Sg will be used instead of Sg(.S) as the notation.

Let .S be a semigroup with zero.

1. If every element in set S — Sg is idempotent, then semigroup S is called |Sg|-idempotent
semigroup.

2. If every element in set S — Sg is regular, then semigroup S is called |Sg|-regular semigroup.

3. If there is no nilpotent element in the set S — Sg, then semigroup S is called |Sg|-reduced
semigroup.

4. 1If there is no zero divisor element in the set S — Sg, then semigroup S is called |Sg|-nonzero
divisor semigroup.

3. Main results.

Definition 1. Let S be a semigroup with zero.

1. S is called |Ss|-inverse semigroup, if each v € S — Sg has a unique inverse element x=1 € S
such that vx~'x = x and x 'wx~! = 271
2. S is called |Ss|-completely regular semigroup if there exist a unique element x=' € S such
1 V=212 for each x € S — S.

Theorem 1. If' S is a |Ss|-completely regular semigroup, then S is a |Sg|-inverse (regular)
semigroup.

that xx~"x = x and xx~

Proof. Let S be a |Ss|-completely regular semigroup and a € S — Ss. Therefore, aa~'a = a

and aa~' = a~'a. From equation aa~! = a~'a,

ataa™' =a ' la = (aara) T = ataa ™!
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Thence, S is a |Sg|-inverse semigroup.

Theorem 2. Let S be a commutative semigroup. If every elements of S—Sg are inverse elements
with uniqueness, then S is a |Sg|-inverse semigroup.

Proof. Let a € S — Sg be an inverse element. Thus, aba = a and bab = b. Assume that c € S
is another inverse element of a € S. Accordingly, aca = a and cac = ¢. Then

b = bab = b(aca)b = bac(aca)b
= c(aba)(bac) = ca(bac) = c(aba)c = cac = ¢,

S is a |Sg|-inverse semigroup.

Theorem 3. If S is a commutative |Sg|-inverse semigroup, then S is a |Ss|-completely regular
semigroup.

Proof. Let S be a commutative |Sg|-inverse semigroup and a € S — Sg. Therefore, aa"'a = a
and e~ 'aa~! = a~!. From these equations, aa " g is obtained. S is a |Ss|-completely regular
semigroup.

The following example shows that the |Sg|-inverse semigroup does not require the |Sg|-
completely regular semigroup when S is not a commutative semigroup.

Example 1. Let the operation table of semigroup S be as below

:a_

0 a b ¢ d
Oo(o0 0 0 O O
al0 a b 0 0
b0 0 0 a b’
c|0 ¢ d 0 0
d| 0 0 0 ¢ d

Ss = {0},

and
S —Ss={a,b,c,d}.

b € S — Sg is not an idempotent element. Therefore, S is not a |Ss|-idempotent semigroup. Since
aaa = a, bcb = b, cbc = ¢ and ddd = d, S is a |Sg|-regular semigroup. However, a and d are
zero divisor elements. Thus, S is not a |Sg|-nonzero divisor semigroup. S is not a |Sg|-reduced
semigroup since b and c are nilpotent elements. Since every elements of S — Sg are inverse elements
with uniqueness, S is a |Sg|-inverse semigroup. Thus, S is not a |Ss|-completely regular semigroup
because of aa = aa and dd = dd but bc = a # d = cb.

Example 2. Let the operation table of the semigroup S be given as follows:

o oL O

o O O oo
o o e O
S o Ol
o O OO0
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SS = {O,C},
and
S — Sg ={a,b}.

Since @ and b are idempotent and regular elements, S is a |Sg|-idempotent and |Sg|-regular
semigroup. However, since a and b are zero divisor elements, S is not a |Sg|-nonzero divisor
semigroup. S is also a |Sg|-reduced semigroup since a and b are not nilpotent elements. Every
elements of S — Sg are not inverse elements with uniqueness. Thus, S is not |Sg|-inverse and
|Ss|-completely regular semigroup.

Theorem 4. If S is a commutative |Sg|-regular semigroup, then S is a |Ss|-completely regular
semigroup.

Proof. Let S be a commutative |Sg|-regular semigroup and = € S — Sg. Then x is a regular
element. Since each regular element is an inverse element, x is an inverse element. From Theorem 2,
S is a |Sg|-inverse semigroup and, from Theorem 3, S is a |Sg|-comlpetely regular semigroup.

Theorem 5. If'S is a |Ss|-completely regular semigroup, then S is a |Ss|-reduced semigroup.

Proof. Let a € S — Ss be a nilpotent element. Therefore, there exist n € Z* such that a = 0
and a"~! # 0. Since S is a |Sg|-completely regular semigroup, aa 1

la = a, a®a~! = a is satisfied. Hence,

a=aand aa~! = ala. From

equation, aa~

0=qa" = CLn—1a2 — an—2a2a—1 _ an—2a — an—l
is provided. But this contradicts being ™! # 0. Thus, there is no nilpotent element in S — Ss.
Theorem 6. If' S is a commutative |Sg|-idempotent semigroup, then S is a |Sg|-completely
regular semigroup.
Proof. Let a € S — Sg. By hypothesis a? = a, and since a® = a, a is a regular element.
Since each regular element is an inverse element, a is an inverse element. From Theorem 2, S is a
|Sg|-inverse semigroup. Hence, from Theorem 3, S is a |Sg|-comlpetely regular semigroup.

3

Theorem 7. Let S be a semigroup with zero. S — Sgs is a n-system if and only if Sg is semiprime
ideal.

Proof. = Let S—Sg bean-systemand a € S—Sg. There exists x € S such that axa € S—Sg.
This implies that a ¢ Sg, and hence aSa Z Sg. Thus, Sg is a semiprime ideal.

< Let Sg be a semiprime ideal and a € S — Sg. Then aSa € Sg. There exists x € S such that
axa ¢ Ss. Hence, there exists € S such that aza € S — Sg fora € S — Sg.

Proposition 1. Let S be a semigroup and Sg is a semiprime ideal of S. Then the intersection
of all semiprime ideals of S is equal to Sg.

Proof. Let A be a semiprime ideal of S. If a € Sg, then aSa = (0) C A. a € A because of
A is semiprime. This means that Sg C A. Consider the set NA; intersection of all semiprime ideals
A; of S. Since Sg is contained in every semiprime ideal of S, Sg C NA;. Conversely, since Sg is
a semiprime ideal of S, NA; C Sg. Thus, Sg = NA; is provided for all semiprime ideals A; of S.

Corollary 1. If A is a semiprime ideal in S, then Sg is the smallest semiprime ideal in S
contained in A.

Proof. Let A be a semiprime ideal in S. From Proposition 1, NA; = Sg is semiprime ideal.

Theorem 8. Let S be a semigroup with zero. Ss = {0} if and only if no zero nilpotent ideal in
S is not contained in Sg.
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Proof. = Letbe Ss = {0} and A be a semiprime ideal in S. From Proposition 1, NA; = Sg.
Since intersection of all the semiprime ideals in S is a semiprime ideal, then NA; = Sg is semiprime
ideal. For any ideal K, if K # (0), then K € Sg and hence K2 ¢ Sg. Thus, K2 # (0). Since K
is not nilpotent ideal, no zero nilpotent ideal in S is not contained in Sg.

< If no zero nilpotent ideal in S is not contained in Sg, then A # (0) implies that A% # (0)
for every ideal A. Hence, ideal (0) is semiprime ideal. From Proposition 1, Sg = {0}.

Theorem 9. Let S be a semigroup with zero. If S is a regular semigroup, then Sg is a semiprime
ideal.

Proof. Let S be a regular semigroup. Thus, aba = a for each a € S. Assume that aSa C Sg
for each a € S. Since a € aSa C Sg, a € Sg is provided.

Corollary 2. If I and J are left (right, both sided) ideals of semigroup S and I N J # &, then
Ss(I) N Ss(J) is right (left, both sided) ideal.

Proof. Let I and J are left ideals and I N J # @&. Let a € Sg(I) N Sg(J). Then a € Sg(I)
and a € Sg(J). From Lemma 4 [5], Ss(I) and Sg(J) are right ideals. Therefore, Sg(I) N Sg(J) is
right (left) ideal.

Lemma 1. Let S be a |Ss|-inverse (completely regular) semigroup and P be a |Sp|-inverse
(completely regular) semigroup, and f: S — P be a homomorphism such that f(0g) = Op. If
f(z) € Sp, then x € Sg. Conversely, if f is surjective and x € Sg, then f(x) € Sp.

Proof. 1f x ¢ Sg, then x € S — Sg. Since S is a |Sg|-inverse semigroup, xx~

.'17_1.73.%‘_1 = :1:_1.

ly = 2 and

fla) = faa™ e) = f2) f(z71) f(z) = f(2)f(2) " f(2)

and

fl@)™h = fl@™h) = fa™laa™t)
= fz™)f(2)f(a™) = fla) " fla) fa) !

because of f is a homomorphism. Then f(z) € P — Sp.

Conversely, if x € Sg, then zaz = 0 for all a € S. From this equation, f(zaz) = f(0). Since
f is surjective, f(x)P f(x) = Op is written. This means that f(z) € Sp.

Theorem 10. [f S is a |Sg|-inverse semigroup, then S/p is a |Sg),|-inverse semigroup.

Proof. Let a € S — Sg. By hypothesis, aa"'a =a and a laa™' =a~!. Let y € S/p — Ss/p-
Then there exists a € .S such that y = ap. Therefore,

y =ap = (aa"'a)p = (a)p(a™")p(a)p = (a)p(a)” p(a)p

and

= (e Mp(a)p(a™")p = (a) " p(a)p(a) ' p.

Thus, (a)~'p € S/p for a™* € S. S/p is a |Sg/,|-inverse semigroup.
Theorem 11. Let S be a |Ss|-completely regular semigroup and f : S — P be a homomorphism
such that f(0g) = Op. If f is surjective, then f(S) is a |Sp|-completely regular semigroup.
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Proof. Leta € S— Ss. aa"'a = a and aa™' = a'a since S is a |Sg|-completely regular
semigroup. Let y € f(S) — Sp. Then there exists a € S such that y = f(a) ¢ Sp. From Lemma 1,
a ¢ Sg. Hence,

y = fla) = f(aa"'a) = f(a)f(a™")f(a) = f(a)f(a) " f(a)

and

= fla™ta) = f(a™ ") f(a) = f(a)"" f(a).
Therefore, f(a)~! € f(S) for a=! € S. f(9) is a |Sp|-completely regular semigroup.
Theorem 12. Let S be a |Sg|-inverse semigroup and f: S — P be a homomorphism such that
f(0s) = 0p. If f is surjective, then f(S) is a |Sp|-inverse semigroup.
Proof. Let S be a |Sg|-inverse semigroup and a € S — Sg. Thus, aa™'a = a and a " laa™! =
al. Let y € f(S) — Sp. Then there exists a € S such that y = f(a) ¢ Sp. From Lemma 1,
a ¢ Sg. Thus,

1

fla)f(a™)f(a) = f(a)f(a)" f(a)

<
I
-
—~
S
S~—
I
-
—
N
S
_
S
S~—
I

and

= fa ) f(a)f(a™) = fa)"' f(a) f(a)".
Therefore, f(a)~t € f(S) forall a=t € S. f(9) is a |Sp|-inverse semigroup.
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