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EXPLICIT ESTIMATES OF THE NUMBER
OF DISTINCT PRIME DIVISORS OF BINOMIAL COEFFICIENTS

ЯВНI ОЦIНКИ КIЛЬКОСТI РIЗНИХ ПРОСТИХ ДIЛЬНИКIВ
БIНОМIАЛЬНИХ КОЕФIЦIЄНТIВ

We propose explicit estimates of the number of distinct prime divisors of a binomial coefficient through the explicit
generalizations of some principal existing results. We also prove interesting number-theoretical propositions for the terms
of a sequence of primes.

Запропоновано явнi оцiнки кiлькостi рiзних простих дiльникiв бiномiального коефiцiєнта, отриманi за допомогою
явних узагальнень деяких основних вiдомих результатiв. Доведено також деякi цiкавi результати з теорiї чисел щодо
членiв послiдовностi простих чисел.

1. Introduction and statement of results. As usual, let

\biggl( 
n

k

\biggr) 
denote the binomial coefficient indexed

by a pair of integers n \geq k \geq 0. There is a rich structure in the pattern of the primes dividing binomial

coefficients, and the problem of a precise estimate of the number \omega 

\biggl( \biggl( 
n

k

\biggr) \biggr) 
, where \omega (n) denotes the

number of prime distinct divisors of a given positive integer n, has been studied extensively (see,
for instance, [1, 2, 4 – 12, 14, 15]). Also, for a geometric distribution study of prime factors of the
binomial coefficients, see [9, 11].

The exceptional path used to study the factorization of a given integer, it is to compare it with a
primorial number. A primorial number Nk is the product of the k first terms of the sequence (pk)k\geq 1

of primes. The first values of Nk are listed in sequence A002110 in [16].
The initial association between binomial coefficients and primorial numbers is due to a remarkable

short paper published by Gupta and Khare [10], where they proved that

Qk =

\biggl( 
k2

k

\biggr) 
Nk

< 1 \forall k \geq 1794. (1)

This implies that the number of prime distinct divisors of the binomial coefficient

\biggl( 
k2

k

\biggr) 
is no longer

than k which improves an earlier result of Erdős, Gupta and Khare [6].
Recently, Alzer and Sándor [1] further improved inequality (1) and showed the following:

\mathrm{e}\mathrm{x}\mathrm{p}(k(c0  - \mathrm{l}\mathrm{o}\mathrm{g}2 k)) \leq Qk \leq \mathrm{e}\mathrm{x}\mathrm{p}(k(c1  - \mathrm{l}\mathrm{o}\mathrm{g}2 k)) \forall k \geq 5 (2)
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with the constants c0 = 1.10298 . . . and c1 = 2.04287 . . . .

In this paper, taking advantage of the good lower and upper bounds on binomial coefficients
given by Stănică [17], we are able to refine double-inequality (2) (by replacing the absolute constants
c0 and c1 by simple continuous functions of k) and also generalize the inequalities to the ratio\biggl( 
km+1

k

\biggr) 
/Nmk which are valid for any positive integer m and the most values of positive integer k.

Our first contribution is the following quite precise result.
Theorem 1. For every integers m \geq 1, k \geq 126, we have

emk(c(m) - \mathrm{l}\mathrm{o}\mathrm{g}2 mk - Clw(m,k)) <

\biggl( 
km+1

k

\biggr) 
Nmk

< emk(c(m) - \mathrm{l}\mathrm{o}\mathrm{g}2 mk+Cup(m,k)),

where c(m) = 1 +
1

m
 - \mathrm{l}\mathrm{o}\mathrm{g}m, Clw(m, k) =

1.92

mk
, and

Cup(m, k) =
m - 1

2m

\mathrm{l}\mathrm{o}\mathrm{g} k

k
 - \mathrm{l}\mathrm{o}\mathrm{g}2mk  - 2.1454

\mathrm{l}\mathrm{o}\mathrm{g}mk
.

The upper bound also holds for k \geq 3.

This result implies an explicit evaluation of the upper bound of the number \omega 

\biggl( \biggl( 
n

k

\biggr) \biggr) 
. We deduce

the following corollary.
Corollary 1. For any integer n \geq 3, there is an effective positive integer k0 such that\biggl( 

n

k

\biggr) 
< p1 . . . p\Bigl\lceil \mathrm{l}\mathrm{o}\mathrm{g}n

\mathrm{l}\mathrm{o}\mathrm{g} k
 - 1

\Bigr\rceil 
k

\forall k \geq k0,

where \lceil x\rceil denotes the smallest integer great than or equal to x. Consequently, we have

\omega 

\biggl( \biggl( 
n

k

\biggr) \biggr) 
<

\biggl\lceil 
\mathrm{l}\mathrm{o}\mathrm{g} n

\mathrm{l}\mathrm{o}\mathrm{g} k
 - 1

\biggr\rceil 
k \forall k \geq k0.

In the process, for m \geq 1, it appears the interesting sequence

Fk(m) =
1

mk
\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
+ \mathrm{l}\mathrm{o}\mathrm{g}2mk  - 1

mk
\theta (pmk),

where \theta denotes the Chebyshev function. Alzer and Sándor [1] showed that the sequence (Fk(1))k\geq 2

is convergent towards 2. We prove in Proposition 1 that the sequence (Fk(m))k\geq 2 is convergent
towards the constant c(m).

Moreover, we give very explicit versions of another results of Erdős [5, 7], where he proved the
followings:

\omega 

\biggl( \biggl( 
2k

k

\biggr) \biggr) 
< \mathrm{l}\mathrm{o}\mathrm{g}(4)

k

\mathrm{l}\mathrm{o}\mathrm{g} k
(1 + \varepsilon ) \forall k \geq k0(\varepsilon )

for any \varepsilon > 0, and

\omega 

\biggl( \biggl( 
nk

mk

\biggr) \biggr) 
< \mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
nn

(n - m)n - m

\biggr) 
k

\mathrm{l}\mathrm{o}\mathrm{g} k
+ o

\biggl( 
k

\mathrm{l}\mathrm{o}\mathrm{g} k

\biggr) 
\forall n \geq m.

We show this in following theorem.
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Theorem 2. For every integers m, k \geq 2, we have

\omega 

\biggl( \biggl( 
mk

k

\biggr) \biggr) 
< \mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mm

(m - 1)m - 1

\biggr) 
k

\mathrm{l}\mathrm{o}\mathrm{g} k

\biggl( 
1 +

1

\mathrm{l}\mathrm{o}\mathrm{g} k
+

2.89726

\mathrm{l}\mathrm{o}\mathrm{g}2 k

\biggr) 
.

We end this statement of results by mentioning the following answer concerning the lower bound

of the number \omega 

\biggl( \biggl( 
n

k

\biggr) \biggr) 
.

Theorem 3. For every integers n \geq 2k > 2, we have\biggl\lfloor 
k

\mathrm{l}\mathrm{o}\mathrm{g}\lfloor n/k\rfloor 
\mathrm{l}\mathrm{o}\mathrm{g}\lfloor n/k\rfloor + \mathrm{l}\mathrm{o}\mathrm{g} k

\biggr\rfloor 
< \omega 

\biggl( \biggl( 
n

k

\biggr) \biggr) 
,

where \lfloor x\rfloor denotes the largest integer less than or equal to x.

Sheid [15] showed the same statement, but with 2 instead of \lfloor n/k\rfloor . This result implies, for a

given k > 1 and sufficiently large n, that the binomial coefficient

\biggl( 
n

k

\biggr) 
will always contain at least

k different prime divisors. Finally, throughout this paper, e represents Napier’s constant, o(1) the
Landau notation, and \mathrm{l}\mathrm{o}\mathrm{g}i denote the i-fold iterated logarithm.

2. Preliminary lemmas. In this section, we collect some preliminary results needed in later
arguments. For a primorial number Nk, we get \mathrm{l}\mathrm{o}\mathrm{g}Nk = \theta (pk). Let us recall the bounds of \theta (pk)

given by Robin [13].
Lemma 1 (Robin). The following estimates hold:

\theta (pk) \geq k

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g} k + \mathrm{l}\mathrm{o}\mathrm{g}2 k  - 1 +

\mathrm{l}\mathrm{o}\mathrm{g}2 k  - 2.1454

\mathrm{l}\mathrm{o}\mathrm{g} k

\biggr) 
\forall k \geq 3, (3)

\theta (pk) \leq k

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g} k + \mathrm{l}\mathrm{o}\mathrm{g}2 k  - 1 +

\mathrm{l}\mathrm{o}\mathrm{g}2 k  - 1.9185

\mathrm{l}\mathrm{o}\mathrm{g} k

\biggr) 
\forall k \geq 126. (4)

The following two lemmas are due to the recent bounds of binomial coefficients

\biggl( 
mn

pn

\biggr) 
explained

by Stănică [17], namely,

\biggl( 
mk

pk

\biggr) 
>

\mathrm{e}\mathrm{x}\mathrm{p}

\biggl( 
1

12k

\biggl( 
1

m
 - 1

p
 - 1

m - 1

\biggr) \biggr) 
mmk+1/2

(m - 1)(m - 1)k+1/2ppn+1/2
\surd 
2\pi k

(5)

and

\biggl( 
mk

pk

\biggr) 
<

\mathrm{e}\mathrm{x}\mathrm{p}

\biggl( 
1

12km
 - 1

12pk + 1
 - 1

12k(m - p) + 1

\biggr) 
mmk+1/2

(m - 1)(m - 1)k+1/2ppn+1/2
\surd 
2\pi k

, (6)

where m, k, p be arbitrary positive integers, with only m > p \geq 1 and k \geq 2. It suffices to replace,
in inequalities (5) and (6), m by km, and take p = 1. Then apply the natural logarithm.

Lemma 2. For every integers k \geq 2, m \geq 1, we have

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
>

\biggl( 
km+1 +

m - 1

2m

\biggr) 
\mathrm{l}\mathrm{o}\mathrm{g} km  - 

\biggl( 
km+1  - k +

1

2

\biggr) 
\mathrm{l}\mathrm{o}\mathrm{g}(km  - 1)

 - 1

12k
 - 1

12km+1(km  - 1)
 - 1

2
\mathrm{l}\mathrm{o}\mathrm{g} 2\pi .
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Lemma 3. For every integers k \geq 2, m \geq 1, we obtain

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
<

\biggl( 
km+1 +

m - 1

2m

\biggr) 
\mathrm{l}\mathrm{o}\mathrm{g} km  - 

\biggl( 
km+1  - k +

1

2

\biggr) 
\mathrm{l}\mathrm{o}\mathrm{g}(km  - 1)

+
1

12km+1
 - 1

12k + 1
 - 1

12k(km  - 1) + 1
 - 1

2
\mathrm{l}\mathrm{o}\mathrm{g} 2\pi .

For the proof of Theorem 2 we will ask the following lemma.
Lemma 4. The following inequalities hold:

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mk

k

\biggr) 
< k \mathrm{l}\mathrm{o}\mathrm{g}

mm

(m - 1)m - 1
\forall m, k \geq 2,

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mk

k

\biggr) 
> k \forall m \geq 3, k \geq 2,

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
2k

k

\biggr) 
> k \forall k \geq 4.

Proof. The three properties are derived from the natural logarithm applied to inequalities (5)
and (6) with p = 1. For the first one we have, for m, k \geq 2, the following:

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mk

k

\biggr) 
< k \mathrm{l}\mathrm{o}\mathrm{g}

mm

(m - 1)m - 1
 - \mathrm{l}\mathrm{o}\mathrm{g}(2\pi k/m)

2
 - 1

2
\mathrm{l}\mathrm{o}\mathrm{g}(m - 1)

+
1

12km
 - 1

12k + 1
 - 1

12k(m - 1) + 1
. (7)

As
1

12km
 - 1

12k + 1
< 0 when m \geq 2 then the inequality follows. The last two inequalities are a

bit more complicated. Similarly, one gets, for all m, k \geq 2, the following:

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mk

k

\biggr) 
> k \mathrm{l}\mathrm{o}\mathrm{g}

mm

(m - 1)m - 1
 - \mathrm{l}\mathrm{o}\mathrm{g}(2\pi k/m)

2
 - 1

2
\mathrm{l}\mathrm{o}\mathrm{g}(m - 1) - 1

12k

\biggl( 
1 +

1

m(m - 1)

\biggr) 
. (8)

This leads us to study, for a fixed m \geq 2 and with respect to k, the function fm(k) equal to the
difference between the left-hand side of (8) and k. Differentiation reveals that the sign of f \prime 

m(x)

depends on the sign of the trinomial Tm(x) = a(m)x2  - 6x+ b(m), where

a(m) = 12(m \mathrm{l}\mathrm{o}\mathrm{g}m - (m - 1) \mathrm{l}\mathrm{o}\mathrm{g}(m - 1) - 1), b(m) = 1 +
1

m(m - 1)
.

At this level, through simple study of functions, we can distinguish two cases. If m \geq 3 then Tm(2)

and fm(2) are strictly positive. Nevertheless, in the case m = 2 we check that T2(2) > 0 and f2(x)

is positive only when x > 3.

The lemma is proved.
Lemma 5. For every integers k \geq 126, m \geq 1, we have

k  - 1/2

km
+

1

12k
+

1

12km+1(km  - 1)
+

\mathrm{l}\mathrm{o}\mathrm{g} 2\pi 

2
< 1.92.

Proof. This inequality comes from the fact that, for all k \geq 2 and m \geq 1, the first term of the
left-hand side is less than one and the sum of the last three terms are no longer than 0.92, when
k \geq 126.
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3. Proof of Theorem 1. We will propose similar arguments to that of Alzer and Sándor [1]. The
exponential that appears in the inequalities of Theorem 1 comes from the natural logarithm applied

to

\biggl( 
km+1

k

\biggr) 
/Nmk. So, we need to show that the following inequalities hold:

 - Clw(m, k) \leq F (m, k) - c(m) \leq Cup(m, k),

where

F (m, k) =
1

mk
\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
+ \mathrm{l}\mathrm{o}\mathrm{g}2mk  - 1

mk
\mathrm{l}\mathrm{o}\mathrm{g}Nmk. (9)

Let us start with the lower bound by writing the term \mathrm{l}\mathrm{o}\mathrm{g}(km  - 1) in the relation of Lemma 2 as a
function of \mathrm{l}\mathrm{o}\mathrm{g} km. Applying the classical inequalities:

1

x
< \mathrm{l}\mathrm{o}\mathrm{g} x - \mathrm{l}\mathrm{o}\mathrm{g}(x - 1) <

1

x - 1
, x > 1, (10)

and setting x = km, we obtain, for k \geq 2 and m \geq 1, the following:

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
>

\biggl( 
k  - 1

2m

\biggr) 
\mathrm{l}\mathrm{o}\mathrm{g} km + k

 - 
\biggl( 
k  - 1/2

km
+

1

12k
+

1

12km+1(km  - 1)
+

1

2
\mathrm{l}\mathrm{o}\mathrm{g} 2\pi 

\biggr) 
.

As a consequence, we deduce the following:

1

mk
\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
>

\biggl( 
1 - 1

2mk

\biggr) 
\mathrm{l}\mathrm{o}\mathrm{g} k +

1

m

 - 
\biggl( 
k  - 1/2

mkm+1
+

1

12mk2
+

1

12mkm+2(km  - 1)
+

\mathrm{l}\mathrm{o}\mathrm{g} 2\pi 

2mk

\biggr) 
.

Hence, using definition (9) and the upper bound of \theta (pmk) given in (4) valid for k \geq 126 and m \geq 1,

one gets

F (m, k) > 1 +
1

m
 - \mathrm{l}\mathrm{o}\mathrm{g}m - C(m, k), (11)

where

C(m, k) =
k  - 1/2

mkm+1
+

1

12mk2
+

1

12mkm+2(km  - 1)
+

\mathrm{l}\mathrm{o}\mathrm{g} 2\pi 

2mk
.

Finally, we conclude with Lemma 5 which guarantees the following:

C(m, k) <
1.92

mk
\forall k \geq 126, m \geq 1.

Similarly, starting from the relation of Lemma 3 without using inequality (10), we show the upper
bound. First, one gets, for all k \geq 2 and m \geq 1:

1

mk
\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
<

(m - 1)

2m

\mathrm{l}\mathrm{o}\mathrm{g} k

k
+

km

m
\mathrm{l}\mathrm{o}\mathrm{g} km  - 

\biggl( 
km

m
 - 1

m
+

1

2mk

\biggr) 
\mathrm{l}\mathrm{o}\mathrm{g}(km  - 1)
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+
1

12mkm+2
 - 1

12mk2 +mk
 - 1

12mkm+2  - 12mk2 +mk
 - 1

2mk
\mathrm{l}\mathrm{o}\mathrm{g} 2\pi .

Then in order to simplify the following formulas, we set the function

G(m, k) =
1

12mkm+2
 - 1

12mk2 +mk
 - 1

12mkm+2  - 12mk2 +mk
.

This allows us to write that

1

mk
\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
 - \mathrm{l}\mathrm{o}\mathrm{g} k <

m - 1

2m

\mathrm{l}\mathrm{o}\mathrm{g} k

k
+

(km  - 1)

m
\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
1 +

1

km  - 1

\biggr) 
+G(m, k) - 1

2mk
\mathrm{l}\mathrm{o}\mathrm{g} 2\pi (km  - 1).

Now, as (x  - 1) \mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
1 +

1

x - 1

\biggr) 
< 1 when x > 1, and the fact that we have immediately the

inequality

G(m, k) - 1

2mk
\mathrm{l}\mathrm{o}\mathrm{g} 2\pi (km  - 1) < 0 \forall k \geq 2, \forall m \geq 1,

using definition (9) and the lower bound of \theta (pmk) given by inequality (4) for k \geq 3, we reach the
desired result:

F (m, k) < 1 +
1

m
 - \mathrm{l}\mathrm{o}\mathrm{g}m+

(m - 1)

2m

\mathrm{l}\mathrm{o}\mathrm{g} k

k
 - \mathrm{l}\mathrm{o}\mathrm{g}2mk  - 2.1454

\mathrm{l}\mathrm{o}\mathrm{g}mk
. (12)

This result leads to the following number-theoretical proposition.
Proposition 1. For every integer m \geq 1, the sequence (Fk(m))k\geq 2, defined by

Fk(m) =
1

mk
\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
km+1

k

\biggr) 
+ \mathrm{l}\mathrm{o}\mathrm{g}2mk  - 1

mk
\theta (pmk),

is convergent to c(m) = 1 +
1

m
 - \mathrm{l}\mathrm{o}\mathrm{g}m.

Proof. It is a straightforward consequence of the above results. Indeed, according to inequalities
(11) and (12), we deduce the following:

F (m, k) = 1 +
1

m
 - \mathrm{l}\mathrm{o}\mathrm{g}m+ o(1).

This guarantees the convergence of the sequence Fk(m) to c(m).

The computations we ran make us think plausible that, for 1 \leq m \leq 6 and for each value of k up
to 106, (Fk(m))k\geq 2 is a infinite unimodal sequence. We formulate the following general question.

Question 1. Is is true that, for every positive integer m, (Fk(m))k\geq 2 is a infinite unimodal
sequence?

3.1. Proof of Corollary 1. Let n, k be integers such as 3 \leq k < n. If n \leq km+1 for a given
integer m \geq 1, then \biggl( 

n

k

\biggr) 
\leq 
\biggl( 
km+1

k

\biggr) 
< Nmke

mk(c(m) - \mathrm{l}\mathrm{o}\mathrm{g}2 mk+Cup(m,k)).
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Hence, it suffices to find the smallest value of k0(m) \geq 3 such as

c(m) + Cup(m, k) < \mathrm{l}\mathrm{o}\mathrm{g}2mk.

The value of k0(m) exists since the function \mathrm{l}\mathrm{o}\mathrm{g}2mk is strictly increasing towards +\infty , and one
gets that, for any mk > 1,

Cup(m, k) \leq 1

2e
 - \mathrm{l}\mathrm{o}\mathrm{g}2 3 - 2.1454

\mathrm{l}\mathrm{o}\mathrm{g} 3
< 2.052.

The final value of k0 is verified by computer. If n \leq k2, computer verification shows that we have
first k0(1) = 1838 then the value k0 = 1794 given by [10]. The values of k0 for large values of m
is quite surprising. We get that when 2 \leq m \leq 106 the value k0 = 1. Finally, as the smallest positive
integer m0 solution of the inequality n \leq km+1 is given by

m0 =

\biggl\lceil 
\mathrm{l}\mathrm{o}\mathrm{g} n

\mathrm{l}\mathrm{o}\mathrm{g} k
 - 1

\biggr\rceil 
,

we can easily deduce the desired results.
4. Proof of Theorem 2. We will use the most extended estimate of the function \omega (n) given by

Robin [13], namely,

\omega (n) \leq \mathrm{l}\mathrm{o}\mathrm{g} n

\mathrm{l}\mathrm{o}\mathrm{g}2 n

\biggl( 
1 +

1

\mathrm{l}\mathrm{o}\mathrm{g}2 n
+

2.89726

\mathrm{l}\mathrm{o}\mathrm{g}22 n

\biggr) 
\forall n \geq 3. (13)

For this, we must show, for any m, k \geq 2 that the following inequality holds:\biggl( 
mk

k

\biggr) 
\geq 3.

As a glance at the Pascal triangle would confirm, this is a triviality, though we provide a proof. First,

it is clear that the sequence

\biggl( 
mk

k

\biggr) 
(with respect to m) is strictly increasing and, therefore, greater

than

\biggl( 
4

2

\biggr) 
> 3. Now, let the function \Upsilon = \Gamma /\Gamma \prime , where \Gamma denotes the Euler gamma function. We

define, for m \geq 2 and x \geq 2, the function

\frakB m(x) = \mathrm{l}\mathrm{o}\mathrm{g}
\Gamma (mx)

\Gamma ((m - 1)x)\Gamma (x)
,

in order to obtain \frakB m(k) = \mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mk

k

\biggr) 
. Differentiation gives

\frakB \prime 
m(x) = m[\Upsilon (mx) - \Upsilon ((m - 1)x)] + [\Upsilon ((m - 1)x) - \Upsilon (x)].

As it is known that the function \Upsilon is strictly increasing on (0,\infty ), we can deduce that \frakB \prime 
m > 0 for

every m,x \geq 2. So, the sequence

\biggl( 
mk

k

\biggr) 
(with respect to k ) is strictly increasing, and also greater

than

\biggl( 
4

2

\biggr) 
> 3. Hence, using (13) together with the second inequality of Lemma 4, the theorem

follows for m \geq 2 and k \geq 4. A computer check handles the cases m = 2 with k = 2 and k = 3.

Next, we propose another number-theoretical proposition which comes from a similar discussion
exposed in [1].
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Proposition 2. For every integer m \geq 2, the following statement is false:

\exists \delta < 0, \exists k0 \geq 1, \forall k \geq k0 :

\biggl( 
m(k + 1)

k + 1

\biggr) 
e\delta pk+1 \geq 

\biggl( 
mk

k

\biggr) 
e\delta pk .

Proof. Indeed, this is equivalent to, say,

\sigma k =

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
m(k + 1)

k + 1

\biggr) 
 - \mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mk

k

\biggr) 
pk+1  - pk

\geq  - \delta \forall k \geq k0. (14)

However, from relations (7) and (8), we can obtain the asymptotic formula

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mk

k

\biggr) 
= k \mathrm{l}\mathrm{o}\mathrm{g}

mm

(m - 1)m - 1
 - \mathrm{l}\mathrm{o}\mathrm{g}(2\pi k/m)

2
 - 1

2
\mathrm{l}\mathrm{o}\mathrm{g}(m - 1) + o(1).

So, we deduce the following:

\mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
m(k + 1)

k + 1

\biggr) 
 - \mathrm{l}\mathrm{o}\mathrm{g}

\biggl( 
mk

k

\biggr) 
= \mathrm{l}\mathrm{o}\mathrm{g}

mm

(m - 1)m - 1
+ o(1). (15)

Applying (15) and the known-limits, as k \rightarrow +\infty :

\mathrm{l}\mathrm{o}\mathrm{g} pk
\mathrm{l}\mathrm{o}\mathrm{g} k

\rightarrow 1 and \mathrm{i}\mathrm{n}\mathrm{f}
\mathrm{l}\mathrm{o}\mathrm{g} pk

pk+1  - pk
\rightarrow 0,

yields us that

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow +\infty 

\mathrm{i}\mathrm{n}\mathrm{f} \sigma k = \mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow +\infty 

\mathrm{i}\mathrm{n}\mathrm{f}

\Biggl( 
\mathrm{l}\mathrm{o}\mathrm{g} pk

pk+1  - pk
,
\mathrm{l}\mathrm{o}\mathrm{g} mm

(m - 1)m - 1 + o(1)

\mathrm{l}\mathrm{o}\mathrm{g} pk

\Biggr) 
= 0. (16)

From (14) and (16) we conclude that \delta \geq 0, contradiction.
The proposition is proved.
5. Proof of Theorem 3. The statement we present is somewhat more improved than the one of

Sheid [15] since
\Bigl\lfloor n
k

\Bigr\rfloor 
is the best possible value we can obtain instead of 2. For any n \geq mk > 2,

we have

n

\Bigl\lfloor 
k \mathrm{l}\mathrm{o}\mathrm{g}m
\mathrm{l}\mathrm{o}\mathrm{g}mk

\Bigr\rfloor 
\leq n

k \mathrm{l}\mathrm{o}\mathrm{g}m
\mathrm{l}\mathrm{o}\mathrm{g}mk \leq n

k
\mathrm{l}\mathrm{o}\mathrm{g}(n/k)

\mathrm{l}\mathrm{o}\mathrm{g}n =
\Bigl( n
k

\Bigr) k
\leq 
\biggl( 
n

k

\biggr) 
.

Now, since

\biggl( 
n

k

\biggr) 
has less than s \geq 1 distinct prime divisors whenever ns \leq 

\biggl( 
n

k

\biggr) 
(see [15]), the

theorem follows.
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