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DIRECT AND INVERSE APPROXIMATION THEOREMS
FOR FUNCTIONS DEFINED IN DAMEK - RICCI SPACES

TEOPEMM ITPSIMOT'O TA OBEPHEHOI'O HABJIMKEHHS 1151 ®YHKIIINA,
BU3HAYEHUX Y IPOCTOPAX JTAMEKA - PIYYI

We introduce the notion of kth modulus of smoothness and establish the direct and inverse theorems in terms of the
quantities F,(f) and the moduli of smoothness generated by the spherical mean operator defined on the L?-space for
the Damek —Ricci spaces. These theorems are analogous to the well-known theorems of Jackson and Bernstein. We also
consider some problems related to the constructive characteristics of functional classes defined by the majorants of the
moduli of smoothness of their elements.

VBeneHoO MOHATTA k-ro MOXYJIS IIAAKOCTI Ta JOBENCHO HPsMy i OOEpHEHy TeopeMmu LIomo BenuduH F(f) Ta Momynis
IVIaJIKOCTi, 3reHEPOBAHHX OTIEPATOPOM CHEPHIHOTO CEPETHBOTO, AKHiT BU3HaYeHo Ha L2 -mpocTopi mns mpoctopis Jlameka —
Piyui. Lli Teopemu ananoriuni BizomMum TeopemaMm [Ixexcona i bepHmrteiina. Takok po3IsSHYTO MHUTaHHSA, MOB’s3aHi 3
KOHCTPYKTHBHHMHU XapaKTePUCTHKaMH (YHKIIOHAJIBHHUX KJIACIB, SIKI BU3HAYAIOTHCS MaKOPAHTAMH MOJYJIIB IIIAJKOCTI IXHIX
€IIEMEHTIB.

1. Introduction. This section is devoted to a brief study on direct theorems of D. Jackson and inverse
theorems of S. N. Bernstein wich play a fundamental role in approximation of periodic functions.
These will be established not only for trigonometric polynomials of best approximation but theorems
of these two types will also be studied for particular singular integrals.

Let C(T), T := [0, 2], denote the space of 27-periodic continuous functions with the usual max-
norm || f|| = max,er|f(z)|. Defining the best approximation of degree n of the function f € C(T)
by trigonometric polynomials ¢,, of degree n by E,(f) = infy, || f — ty||, the theorem of Weierstrass
states simply that E,,(f) — 0 as E,(f) — 0 foreach f € C(T). Yet it does not reveal how fast £, (f)
tends to zero. The theorems under discussion relate the rapidity with which E,,(f) approaches zero to
the smoothness properties of f. More precisely, the classical theorem of Jackson (1912) says that i)
if, for the function f € C(T), there exists the derivative (") € C(T), then the following inequality
is true: En(f) < Kon~lw(f,n71), n=1,2,..., where w(f,t) := supy <[l f(. + h) — f(h)]]
is the modulus of continuity of f. This assertion is a direct approximation theorem, which shows
that smoothness of the function f yields a quick decrease to zero of its error of approximation by
trigonometric polynomials.

On the other hand, the following inverse theorem of Bernstein (1912) is well-known: ii) if for
some 0 < o < 1, we have F,(f) < K,n~ "% n = 1,2,..., then there exists the derivative
f) € C(T) and w(f(T), t) = O(t*), t — 0T. In ideal cases, the two theorems match each other.
For example, it follows from i) and ii) that E,,(f) = O(n®), 0 < a < 1, is equivalent to the condition
w(f,t) = 0(t*), t — 0" (i.e., to the inclusion f € Lip,). In such cases, it is said that for the classes
Lip,, constructive characteristics is obtained in terms of the best approximations of functions.
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Direct and inverse theorems are the central theorems of the approximation theory. They were
studied by numerous authors. Here, we mention only the monographs [7-11, 14, 21, 22], where one
can find the fundamental results obtained in this field.

In the present paper, we introduce the notion of kth modulus of smoothness in L2-space on
Damek — Ricci spaces and establish statements analogous to the well-known theorems of Jackson and
Bernstein. Application of the results are also proposed. In particular, the constructive characteristics
of functional classes defined by such moduli of smoothness are given.

This paper is organized as follows. In the following section, we collect some useful results related
to Damek —Ricci spaces and we give the main properties of the Helgason Fourier transform and
the spherical mean operator. In Section 3, we give definitions and discuss further properties of the
modulus of smoothness of higher orders. Section 4 is devoted to the analog of the classical theorems
of Jackson, Section 5 to those of Bernstein in terms of E(f) and w(f,d)2%. The constructive
characteristics of functional classes is discussed in Sections 6.

2. Preliminaries on Damek — Ricci spaces. A Damek — Ricci space is a one-dimensional extension
of a generalized Heisenberg group and a Lie group with the Lie algebra of Iwasawa type. It is a
solvable Lie group with a left invariant metric, and is a Riemannian manifolds which includes all
rank-one symmetric spaces of the noncompact type; except from these, Damek —Ricci spaces are
harmonic manifolds in general non symetric [6]. One of the interesting features of these spaces is
that the radial analysis on these spaces behaves similar to the hyperbolic spaces as observed in [1]
and, therefore, it fits into the perfect setting of Jacobi analysis developed by Flensted—Jensen and
Koornwinder [17].

In this section, we will explain the notation and gather relevant results on Damek — Ricci spaces.
Most of these results can be found in [1, 5, 6, 20]. Relevant results for the spherical and Fourier
transforms on these spaces can be found in [1-3].

Let a be a one-dimensional real vector space, B a nonzero vector in a and n = b@j3 a generalized
Heisenberg algebra, where 3 is the center of n. We denote the inner product and the Lie bracket on
n by (.,.), and [., .|, respectively, and consider a new vector space s := a @ n as the vector space
direct sum of a and n. Each vector in s can be written in a unique way in the form sB +V +Y
with some V' € b, Y € 3 and s € R.

We now define an inner product (.,.) and a Lie bracket [.,.] on s by

(rB+U+X,sB+V+Y):=rs+(U+X,V+Y),

and
1 1
rB+U+ X,sB+V +Y]:= [U,V]n+§ﬂ/f§sU+rstX

for U,V €b, X,Y €3, s,r€R.

In this way s becomes a Lie algebra with an inner product. The corresponding simply connected
Lie group AN, equipped with the induced left-invariant Riemannian metric, is denoted by S and is
called a Damek —Ricci space.

We suppose that dima = m and dimj = [. Then Q = % + [ is called the homogeneous

dimension of S. For convenience we will use the symbol p for Q and d for m + 1+ 1 = dim (s).

To define Fourier— Helgason transform on .S we need to introduce the notion of Poisson kernel
[2]. The Poisson kernel P: S x N — R is given by
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1134 S. EL OUADIH

P(nag,n') = P, (n'_ln),

where
-Q

2
X2
Pat(n):Pat(X,Z):CatQ (Gt+|4|> —HZ\Q ,
ar =¢e', t € R, and n = (X, Z) € N. The value of C is suitably adjusted so that / P,(n)dn =1
N
and P;(n) < 1. For A € C, the complex power of the Poisson kernel is defined by

=

Pir(xz,n) = P(z, n)%_

It is known [2, 15] that for each fixed z € S, Py(z,.) € LP(N) for 1 < p < oo if X = iy,p,
where 7, = — — 1. A very special feature of Py(z,n) is that it is constant on the hypersurfaces
Hy 4, = {no(an’): 0’ € N}, where o stands for the geodesic inversion [15].

Let Ag be the Laplace—Beltrami operator on S. Then, for every fixed n € N, Py(z,n) is an
QQ
4

eigenfunction of Ag with eigenvalue — </\2 + > (see [2]). For a measurable function f on S,

the Fourier — Helgason transform is defined as

Fun) = / F ()P (),
S

whenever the integral converge.
We denote by C2°(S) the set of infinity differentiable compactly supported functions on S and
by LP(S), p > 1, the space of measurable functions on S with finite norm

1/p

1]l zes) = / Fo)dz | < oo
S

It is known that, for f € C2°(S), the following Fourier inversion and the Plancherel formula
holds [2]:
(1) For f € C(5),

f@)=C / / FOUR)Ps(,m) e\ "2dAdn Vi € S,
R N

where

| 2 1
2Q-2AD(2\)T <m +2l ks )

r<§+m>r<m;1+i)\> .

(2) The Fourier transform extends from C2°(S) to an isometry of the Hilbert space L?(S) onto
the Hilbert space L2(R, x N) with respect to the Plancherel measure C|c(\)|"2dAdn. The precise
value of the constants C' are given in [2].

c(\) =
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The following estimates for the function |c(\)| holds:
T < eV < (L4 AT

for all A € R (see, e.g., [15]). In [15, Theorem 4.6], the authors proved the following version of the
Hausdorff- Young inequality: for 1 <p < 2 and ¢ = Ll’ we have

[ 17+ o[ dnle2ax | < Glflags)
R N

A function f on S is called radial if, for all z,y € S, f(x) = f(y) if u(x,e) = u(y,e) where p
is the metric induced by the canonical left invariant Riemannian structure on S and e is the identity
element of S. Note that radial functions on S can be identified with the functions f = f(r) of the
geodesic distance r = u(z,e) € [0,00) to the identity. It is clear that pu(as,e) = |t] for t € R. At
times, for any radial function f we use the notation f(a;) = f(t). For any function space F(.5)
on S, the subspace of radial functions will be denoted by F(S)*. The elementary spherical function
ox(z) is defined by

oa(z) == [ Pr(x,n)P_x(z,n)dn.
/

It follows [1, 2] that ¢, is a radial eigenfunction of the Laplace —Beltrami operator A of S with
2

eigenvalue —()\2 + Ci) such that ¢ (1) = ¢_x(x), dr(z) = ¢a(x™!) and ¢y(e) = 1. It is also
evident from the fact that, for every fixed n € N, Py(x,n) is an eigenfunction of A with eigenvalue

2
— ()\2 + ci), that, for suitable function f on S, we have

—_— Q2 l~
Ay = (% + %) Foun m

for every natural number [ (see [2, p. 416]). In [1], the authors showed that the radial part (in geodesic
polar coordinates) of the Laplace — Beltrami operator A, given by

9?2 m + 1 l 0
rad A = e < 5 coth +§tanh >6t

t 1 l+2 -1
is (by substituting r = 5) equal to Zﬁa’ﬁ with indices o = % nd § = — , where L, g

is the Jacobi operator studied by Koornwinder [17] in detail. It is worth noting that we are in the ideal

situation of Jacobi analysis with a > 8 > —3 In fact, the Jacobi functions qﬁi’ﬁ and elementary

spherical functions ¢, are related as [1]: ¢)(t) = (b < ) As consequence of this relation, the

following estimates for the elementary spherical functions hold true (see [16]).
Lemma 2.1. The following inequalities are valid for spherical functions ¢ (t), A\, t € Ry:

@) loa() <1,

(i) [1- 01 )!<2<A2 <),
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1136 S. EL OUADIH

(i) there exists a constant ¢ > 0, depending only on \, such that

‘1 - (b/\(t)’ 2 C,

for At > 1.

For a > _7, we introduce the Bessel normalized function of the first kind j, defined by

o~ (=D)"(2/2)*"

]a(x)zr(a+1)7§nlf(n+a+l)’ z € R.
In the terms of j,(z), we have (see [19])
Vird(tr) = O(1), tx >0, )

where J,(x) is Bessel function of the first kind, which is related to j,(x) by the formula

2T (a+1)
T ar

Jal(x) Jo (). 3)
-1
Lemma 2.2 [4]. Let « > 5 and to > 0. Then, for |y| < p, A € R, there exists a constant
co > 0 such that
1= Gasir ()] = col1 — ulN0)

forall 0 <t <t.
This has the following consequence: for a fixed 0 < 49 < p, there exists a positive constant cf,
such that, for all |y| <y, A€ Rand ¢t > 0,

11— dasin(t)] > pmin{1, (A)*}.

Let o; be the normalized surface measure of the geodesic sphere of radius ¢. Then oy is a
nonnegative radial measure. The spherical mean operator M; on a suitable function space on S is
defined by M;f := f % o4. It can be noted that M, f(x) = R(f*)(t), where f* denotes the right
translation of function f by x and R is the radialization operator defined, for suitable function f, by

Rf(x) = / F(y)dow(y),
Sy

where v = r(z) = u(C(z),0), C is the Cayley transform, and do,, is the normalized surface measure
induced by the left invariant Riemannian metric on the geodesic sphere S, = {y € S: u(y, e) = v}.
It is easy to see that R f is a radial function and, for any radial function f, Rf = f. Consequently,
for a radial function f, M, f is the usual translation of f by t. In [18], the authors proved that, for a
suitable function f on S,

Mif(An) = ¢x(ar) f(A,n), )

whenever both make sense. Also, M;f converges to f as ¢t — 0, i.e., u(a;,e) — 0. It is also
known that M, is a bounded operator on L?(.S) with operator norm equal to ¢o(t). In particular, for

f € L*(S), we have HMtf||L2(5) < ¢0(t)||f||L2(S)'
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3. Differences and modulus of smoothness. We begin this section by recalling the definition
of the finite differences on Damek - Ricci spaces. For f € L?(S), we define the finite differences of
first and higher order as follows:

Aff:(lth)kf, k:1)2’37a (5)

where I is the unit operator in the space L2(S).
Denote by W5 (A),r = 0,1,2..., the class of functions f € L2(S) that have generalized
derivatives in the sense of distributions satisfying A" f € L?(9). i..,

Wi(A) = {f € L*(S): A" f € L*(S)},

where AVf = f, A"f = A(A™1f), r=1,2,....
Lemma 3.1. For f € W5(A) and t > 0,

+oo
|AFAT f|20(5) = / / (A2 + 02271 = d(ae) 1A ) PN dn, ©)
0 N

where du(X) = |e(N)]2dA.
Proof. Relations (4) and (5) yield

ALF(n) = T\ n) = Mf (A n) = (1 — éa(ar) F(A n),

consequently, for each f € L%(S),

AFF(A,n) = (1= da(ar)* F(An). (7

By using the formulas (1) and (7), we get

AEATF(An) = (=1)" (A + p?)"(1 — palar))* F(A, n).

Now by Plancherel formula, we have the result.
The spherical modulus of smoothness (continuity) of a function f € L?(S) is defined by using
the spherical mean operator M; as follows:

w(f,6)2n = sup [|Af fllr2(s), 6> 0.
0<t<d

Proposition 3.1. The spherical modulus of smoothness w(f,d)2, possesses the following
properties:

(i) w(f,0)2x is nondecreasing function of 6.

(11) w(fa 5)2,1: < W(fv 5)2,k + w(fv 5)2,k7 f?g € LQ(S)a

(iil) w(f,0)2k < (14 dolar))¥[| fllL2(s),

(iv) if L <k, then w(f,8)2x < (L4 ¢olar))*w(f,8)ay,

(V) if f € WE(A), then

w(f,8)2 < 8 AF fll2s).- (®)
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1138 S. EL OUADIH

Proof. Properties (i) and (ii) follow from the definition of the spherical modulus of smoothness
w(f,6)2,k- Properties (iii) and (iv) hold because || M f| 12(s) < ¢o(ar)|| fllz2(s) for f € L3(8S).
If f € W5(A), then, by (1), (4), Plancherel formula and Lemma 2.1, we obtain

“+oo

1887 e = [ [ 1= 6xa)PHIFO 0) ()
0 N
+00
<ot [ 024 22500, m)Rdp(A)dn
[

+00
— 4k |ARFON, n)[2dp(N)dn.
/]

Therefore,

IAF fllz2gs) < EFIAF £l 12(s). C)

Property (v) follows from (9) and the definition of the spherical modulus of smoothness.

4. Direct theorem for Damek — Ricci spaces. Now we give direct theorem in the space L?(S) in
+oo

terms of F,(f) := / / | F(\,n)|2dp(N)dn and moduli of smoothness w(f, )2,k We establish

Jackson inequalities of the %\(])llowing form.
Theorem 4.1. Given k,r and f € W5 (A). Then there exists a constant ¢ > 0 such that, for all
s> 0,
EZ(f) = O(s " w(A"f,es )3 ).

Proof. Firstly, we have
+oo +oo
B < [ Ol + [ 1= da(30)ldn() (10

with dn(\) = / |F(A\, n)[2dndyu()). The parameter ¢ > 0 will be chosen later. In view of formulas
N
(2) and (3), there exists a constant ¢; > 0 such that

la(A)| < c1(A) 073,
Then

+o0o
/ a(ADldn(N) < 1 (ts) 3 B2(f).

Lol
Choose a constant ¢y such that the number c3 = 1 — c1¢, 477 s positive.

Setting t = ¢y /s in inequality (10), we obtain
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—+00

EHf) < [ 1L g ldnO. (a1

S
By Holder inequality and Lemma 2.2 the second term in (11) satisfies
12k /4o 1-1/2k

+00 +o0
/ 11— a(AD)dn(\) < / 11— aA8)PEdn(\) / dn(\)

S
+-00 1/2k

/ A2+ ) 21— JaMDPEO2 + 22 dg(n) | (Ea(f)2

s

IN

1/2k

(24 ) / L GO 27 dn(3) | (L))

IN

oo 1/2k

/ 2+ )71 — o (Odn(n) | ()2

S

S—2r/k

IN

€o

From Lemma 3.1, we conclude that
“+00
[ 024 = a0 dnO) < 8573

Therefore,

_MHMA’“fH”’“ (B ()R,

/|1Ja () dn(A) <

For t = ¢y /s, we have

S—Zr/k

esEZ(f) < TOW

(A", cafs)y ) (Bo(£))* 71/,

Consequently, by raising both sides to the power k and simplifying by (FEs(f))%*, we finally obtain
cbc5 Ba(f) < N™2w(A"f,c2/5) 2k

for all s > 0.

The theorem is proved with ¢ = ca.

5. Inverse theorems for Damek — Ricci spaces. Now, we prove assertion similar to the theorem
of Bernstein ii) formulated above.

Theorem 5.1. Let f € L?(S). Then, for all s > 0,

1

s—1 2
w(f,s Vo =0|s"2 (Z(z + 1>4’f‘1E?<f>>

=0
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Proof. From Lemma 3.1, we get

+oo
188 ey = [ [ 1= on(@) T, wPdu(dn
N

0

This integral is divided into two:

—+00 s “+o00
[I-]]]]-n
N s N

0 N

o

where s = [t71]. We estimate them separately.
From (i) of Lemma 2.1, we have the estimate

B<a [ [1FOmPduNdn = ciB(5)
s N
Now, we estimate /7. From formula (ii) of Lemma 2.1, we obtain
<ot [ O 0170 Pdu(N)dn
0 N

s I+1

— gk / / At o)1 F 0, ) Pda(N) dn
I N

l

|
—

Il
o

s—1

<t (14 p+ DR(EXS) - B2 (f)).-

1=0
From the inequality [+ p+ 1 < (p+ 1)(l + 1), we conclude

s—1

L <(p+ 1)4kt4k Z a (E?(f) - E52+1(f))

=0
with a; = (l + 1)4k.

For all integers m > 1, by rearranging terms analogous to summation by parts we have

Zaz(Elz(f) — B} (f) = a0 B3 (f) + Z a — ai—1)E; (f) — amEp 1 (f)
=1

=0

< aB(f)+ Y (a—a—1)EF(f),

1M

because apm EZ, 1 (f) > 0.
Hence,
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s—1
I < (p+ 1)k~ (E&(f) + > (a+ ™ =) B - 84’“E§(f)> .
=1

Moreover, by the Lagrange mean value theorem, we get
(I + )% — 1% <41+ 1)1
Then .
L< (p+1)*s (ES(f) +4k Y (1+ DT (S) - 84'“E3(f)> .

=1
Combining the estimates for /; and I» gives

s—1
HAff”%?(s) =0 <5_4k Z(l + 1)4’“_1E12(f)> :

1=0
which implies
1
s—1 2
w(fisop =057 (Z(z + 1)4’“‘1E?(f)>
1=0

The theorem is proved.
In particular, Theorem 5.1 yields the following statement.
Corollary5.1. Let f € L*(S) and, for some a > 0,

By(f) :O<(8+11)a>,s€N.

Then, for all k > 0,

O(t*), 0 < a <2k,
w(f,t)2, = O<t2k|lnt|1/2), a =2k,
o(12+), o > 2k.

Theorem 5.2. Let f € L?(S). If the series

[e.9]

S PEf), r=12,...,

=1

converges, then f € W5 (A) and, for all s > 0,

s—1 00

W(A"f, s ok =0 <s4k >+ 1)4”4’“1E12(f)> +o| Y e

1=0 I=[2]
Proof. Let f € L?(S). By formula (1) and Plancherel theorem, we have

+oo
I8 sy = [ [ O3+ 2P PN
0 N
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1
[0+ 17O Pd(N)an
N

N
Il
=)

Il
NE
T—F

1
A+ p) YA n)Pdu(N)dn.

Il
o

IA
Nk
TY—7F
2

l

By rearranging terms analogous to summation by parts, we obtain

JA" FI22s) < B(F) +4r S (1 +p+ LB ().
=1

From the inequality [ +p+ 1< (I+1)(p+1) < 2l(p + 1), we conclude

IA” 1725y < €5 <E0 )+ [+ ) TEE( f)>
=1

Hence,

A" fllz2(s) = O <Z lzrlEl(f)) :
=1

Since the series
o

S PE(f), r=12,...,

1=1
converges, we see that f € Wi (A).
From Lemma 3.1, we have

+oo
|AFAT fI2506) = / / (N2 4 2271 — g (ar) P FO, ) Pdu(N)dn
0 N

This integral is divided into two:

+oo s +oo
[[=]]+][-rx+x
0 N 0 N s N

where s = [t71]. We estimate them separately.

S. EL OUADIH

By rearranging terms analogous to summation by parts and proceeding as with /7, we obtain

Ky, = //()\2 +p2)27"]1 _ qﬁ)\(at)‘%‘f(/\,n)\Qd,u()\)dn
0 N

< gk / / (At )" F (A ) Pdpa(N)dn
0 N
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s—1 1
<3 [ [0k o T Pl an
1=0

N
s—1
< C6S—4k Z(Z+ 1)4T+4k_1El2(f)-
=0

Now we estimate K, by formula (i) of Lemma 2.1 we get

+oo
fa = / / (A + 02?1 — da(a) P ) Pdu(N) dn
s N

/ (A )7 [ F O\ ) Pdpu( N
N

0o 2Mg
o(z / /)\4r|f()\,n)\2du()\)dn

3
I

oam—1g N

Sems [ 1o Pduan

ie.,

Taking account of the fact that

oam—lg

24r Z l2r71El(f) > 247"(2m728)(2r71)2m728E2m718(f) _ (QmS)QTEQm—ls(f),
1=2m"2541

we have the estimate

2m1

(K2)7 =0 Z S R

m=1]= 27n2 +1

Combining the estimates for K; and Ky gives
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N

s—1
IAFA" £l L2(s) = O (S“““ >+ 1)4”4'“_11912(.1"))

=0

+O| > PR |,

=[3]

which implies

s—1 % ()
W(Arf, 3_1)2,}: -0 <8—4k Z(Z + 1)4r+4k—1E12(f)> +0 Z l?r—lEl(f)

1=0 I=[5]

The theorem is proved.

6. Constructive characteristics of the classes of functions defined by the kth moduli of
smoothness. The statements presented above allow us to draw conclusions about the constructive
characteristics of function classes defined on Damek — Ricci space .S by the kth moduli of continuity
in the space L%(S).

Let w be a function defined on interval [0; 1]. For a fixed k£ > 0, we set

Hyo(S) = {f € L*(8): w(f,8)2 = O(w(5)),d — 0T }. (12)

Further, we consider the functions w(d), d € [0; 1] satisfying the following conditions:
(1) w(d) is continuous on [0; 1],
(2) w(9) monotonically increases,
(3) w(0) =0.
In this case, we say that w belongs to the class .
We say that a function ¢ € ® satisfies condition B,., r > 0, if

sre(i) =olo(3))

Condition B,., r > 0 was introduced by Bari (see, e.g., [12, 13]).
Theorem 6.1. Let w(5) be such that w?(d) satisfies condition Byy. Then, for the function
f € L3(S), belongs to the class HYo(S), it is necessary and sufficient that

Es<f>=0<w(sj1>>. (13)

Proof. Let f € Hi»(S), by virtue of Theorem 4.1, we get

Ey(f) = O(w(f, s 2)-

Therefore, relation (12) yields (13). On the other hand, if relation (13) holds, then, by virtue of
Theorem 5.1, we obtain

s—1 %
w(f, s Vo =0[s"2 (Z(z + 1)4"“‘1E12(f)>

=0
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s—1 2
1
—2k ak—1, 2
=0|s E (+1D)*  w <l 1>

=0

1

s 1 2
-0 —2k 2 l4k:— 1,2 =
S w ]

=1

Since w?(§) satisfies the condition B, it follows that

I\ /2
w(f,s ok =0( s <84kw2 <S>>

(+(5))
= w _ N

s
and, in that case, f € Hp/»(95).

The function w(d) = 6%, o < r, satisfies condition 9B,.. Therefore, if H,(S) is the class
HiZo(S) for w(d) = 0%, 0 < v < 2k, we obtain the following statement. 7
Corollary 6.1. Let o € (0,2k), k > 0. In order that a function f € L*(S) belongs to the class
k2(S) it is necessary and sufficient that

£ =0( (o110 )

7. Conclusion. Direct and inverse approximation theorems are proved in the space L?(S) in
terms of the quantities F(f) and moduli of of smoothness generated by spherical mean operator
on Damek — Ricci space. These theorems are analogous to the well-known theorems of Jackson and
Bernstein.
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