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MULTIPLE SOLUTIONS FOR A p(x)-LAPLACIAN-LIKE PROBLEM
UNDER NEUMANN BOUNDARY CONDITION

HE€IUHI PO3B’SI3KU 3AJAUI p(x)-JAIIJTACOBOI'O THUILY,
1O 3AIOBOJIbHAIOTh TPAHUYHY YMOBY HEMMAHA

We prove the existence of at least three weak solutions for a class of p(x)-Laplacian-like problems with Neumann boundary
conditions by using a critical theorem of Bonanno and Marano [Appl. Anal., 89, 1-10 (2010)].

JloBe/IeHO iCHYBaHHsI IIOHANMEHIIE TPHOX CIIAOKUX PO3B’SI3KIB I Kiacy 3aqad p(x)-IaiacoBOro TUITY i3 TPaHUYHHMHE
ymoBamu HeiimMaHa 3a 1ormomMororo KpuTudHoi Teopemu bonanHo i Mapano [Appl. Anal., 89, 1-10 (2010)].

1. Introduction. The interest of the study of problems relating to the p(z) Laplacian comes from
the fact that they are very useful in many fields of physics and applied mathematics, including,
electrorheological fluids [19], elastic mechanics [20], stationary thermorheological viscous flows of
non-Newtonian fluids [17], image processing [4], and mathematical description of the processes of
filtration of barotropic gas through a porous medium [1]. The purpose of this work is to prove the
existence of three weak solutions to the capillary-related problem

L(w) = a(f(@)[w|™™ 2w + g(z)|w ™ ?w) in Q,
s (1.1)

%:0 on 89,

where Q is a bounded domain in RY, N > 2, with regular boundary 9Q, the functions p, ¢, s and
[ belong to C1(Q), C+(Q) :={h|h e C(Q), h(z) > 1forall z € O},

|V P(®)

V14 |[Vw|?r@)

the function b is assumed in C'(Q) such that inf,co b(z) > 0, v is the outer unit normal to 09, o > 0

L(w) = —div <<1 + )]pr?(l’)—?w) + b(z)|w[P®) 2y,

is a parameter, f and g are functions in a generalized Lebesgue space L*'(*)(Q) and L%2(*)(Q),
respectively.

In this paper, we assume that

(A) max(It,qg+) < p~ < p¥ < N < min(sy(),so(x)) forall x € Q, where, for any
p € C(Q), p = sup,egp(z) and p~ = infreq p(2).

Capillarity is described in a concise manner by the interaction phenomenon that occurs at the
interfaces of two non-miscible liquids, a liquid and air, or a liquid and a surface. It is caused by surface
tension forces between the various phases present. Recently, the research of capillary phenomena has
drawn some interest. In addition, to being fascinated by naturally occurring phenomena like the
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motion of drops, bubbles, and waves, this growing interest is also brought on by these phenomena
significance in a variety of practical sectors, including industrial, biomedical, pharmaceutical, and
microfluidic systems. It is much work has been done on the study of capillarity (one can see [11] and
[12]). Other recent works have been developped in recent years. For example, using Mountain Pass
lemma and Fountain theorem, Rodrigues in [18] investigated the existence of nontrivial solutions of
the problem

p(x)
—div| |1+ _ [Vl IVulP@ =2y | = Af(z,u), =€,
V14 |Vu|?()

u=0, x€ai,

where Q € RN, N > 2, is a bounded regular, \ is a positive parameter, and f is a Carathéodory
function.

Similar problems have already been investigated by several authors. We refer, e.g., to recent paper
of [8], in which the authors studied the problem

‘ |Vulp®) 5 _
—div 1+ ———1||Vu P(r) =2 | = A r,u) in £,
(( rentrerag I (. w)

@:0 on Of).

ov
The authors discussed the existence of at least three weak solutions of the p(z)-Laplacian-like
problem, originated from a capillary phenomena, provided
N <p~ :=inf p(x) < p' :=supp(r) < +oo.
CCEQ er

Their main tools are the local minimum theorem for differentiable functionals due to Bonanno
[2] and the Mountain Pass theorem given by Pucci and Serrin [14]. To learn more about these types
of operators, the reader can see [21] and [7]. It should be noted that the cases of a source term with
indefinite weights for p™ < N has never been discussed in literature.

Before presenting the main results and, for n > 0, h € C(Q), we set

h™:= inf h(z),  ht:=suph
inf (=) sup (x)

and
]h h— h*}

. - +
M]" := max{n" ,n" }, [1]n = mm{nh 777h }

So, [77]% = max{nh%,nh%} and [n]1 := min {7,#777;?},

Let

1
h

d(z) :==sup{d > 0| B(x,0) C Q} forall z € Q,

where B is the ball centered at = and of radius d. It is easy to see that there exists xyp € Q such that
B(xo, D) C €, where D = sup g 6(z).
This paper requires the following hypothesis:
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(A1) Suppose that f € L*1(*)(Q) and satisfy

<0 for z € Q\ B(zg, D),

f(ﬁ) ={ 2 fO for x € B<$07 ?)7

D
>0 for z¢€ B(a:o,D)\B<$o,2>7

and g € L*2(®*)(Q) satisfies the following:

<0 for x € Q\ B(zo,D),

D
g(xz) :={ =90 for ze B(xo, 2),

D
>0 for x € B(xg,D) \ B(l‘o, 2>,

where B(xg, D) is the ball centered at z¢ and of radius D, and fj, go are positive constants.
In the sequel, put

D\Y 5 2 b

L:zm DN— — s m;:,n-i and M:: max| —, ” ||OO 7

2 N_(N o

=
2 2

where T denotes the Euler function. Furthermore, let c¢i,co > 0 are the best constants for which

inequalities (2.1) below hold. The main result of this paper now reads as follows.
Theorem 1.1. Assume that conditions (A) and (A1) are fulfilled, so there exist r,d > 0 with

1 [2d
— =L
T<p+[DL

and

+ 1+

hSAl

L2 o) g [1]7)'

(L soiay+ i )m(2)

<4 := N

M [ ﬁer +dPL + [d]Pm<§> +19)

— 1
Then, for any o € A, := | —, > , problem (1.1) has at least three weak solutions.

Yd Wy
Remark1.1. If r = 1, then assertions of Theorem 1.1 can be read as follows: there exists d > 0

which verify

2
p+<[d] L
Dp
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and
+£ N i
_ prr pt)r
= E g

(2] 9] s5(2) ¢ < Va-

The paper is organized as follows. In Section 2, we give some preliminary remarks and necessary
basic results on Sobolev spaces with variable exponents, while Section 3 is devoted to proving our
main result.

2. Mathematical background. In this section, we recall some properties and definitions of
Sobolev spaces with variable exponents. To gain a deeper understanding of these spaces, we refer
readers to [6, 15, 16] and for other background documents at [13].

In the hole paper, the function p is assumed to be in C(Q) and verify the following:

1 <p~:=minp(z) < p" := maxp(z) < +oc.
z€Q z€Q

We define the Lebesgue variable exponent space as

LP@(Q):={w | w: Q — R measurable, /|w(m)|p(””)d:13 < o0y,
Q

which is equipped with the so-called Luxemburg norm

|wp(ey == inf{n >0 ‘ /‘w;x) p(x)d:v <1
Q

Variable exponent Lebesgue spaces are like classical Lebesgue spaces in many respects: they are
Banach spaces and are reflexive if and only if 1 < p~ < ¢ < co. Moreover, the inclusion between
Lebesgue spaces is generalized naturally: if ¢;, g2 are such that p;(z) < pa(x) for a.e. z € Q, then
there exists a continuous embedding

L2 (2)(Q) — L (2)(Q).
For w € LP(*)(Q) and v € LV (*)(Q), the Holder inequality holds

/wvd:c < <1+1>]w\ ]
J =\p W) p(x) 1V1p' ()

1 1
where —— + —— =1
p(x)  p(x)
The modular on the space L(*)(Q) is the map Pp(z) : LP®)(Q) — R defined by

Pp(a) (W) = / |w [P da.

Q

Let us define the Sobolev space with variable exponent
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Wl,p(x)(Q) — {w c LP(QE)(Q): |Vw| € Lp(‘r)(Q)}a

we equip this space with the norm [[wl|1 p(z) := [w]p(z) + [VW[pea)-
For any w € W'P(®)(Q), let
\V4 p(x)
lw] == inf{ >0 /O W@ ™ )
Q

w(x)

B

p(z)
der <1

We mention that |lwl| is an equivalent norm to |lu||; ,(,) on WP()(Q). In what follows, we

B

will consider || - || as a norm instead of || - [|; ;) on X = wir@)(Q).
We define the map p,(;): X — R by

ooy (W) = / (IVwlP® + b(a)|w"@) da,
Q

as the so-called modular on the space X.

Note that this map satisfy some properties introduced in [6].

Proposition 2.1. For any w,w, € X, one has:

(D) wl] <1 (resp., = 1,> 1) <= pp(z)(w) < 1 (resp., = 1,> 1);

@) [lwllp < pp@)(w) < [lw][]P;

3) |lwn|| = 0 (resp., — x0) < Pp(z) (wp) — 0 (resp., — 00).

Proposition 2.2 [5]. Let p and q be measurable functions such that p € L*°(Q) and 1 <
p(x)q(z) < oo for ae x € Q. Let w € LI (Q), w # 0. Then

lwlp@ya]le < 10D 0 < 10l
We recall that the Sobolev critical exponent is determined by

Np(x) . :
() i= ——F—, if p(x) < N or *(z) := 400, if p(z) > N.
P () N = @) p(z) p'(x) p(z)
Remark2.1 [9]. Express the conjugate exponents of the functions si(x), s2(x) as s} (x), sh(x)
s1(z)q(x) sa(@)l(x)

and set f(z) = ————— n(x) = ————

blw) s1(x) — q(x) () so(x) — l(x)

embedding X — L#1®4)(Q), X — L5@2)(Q), X «— LF®)(Q) and X — L"*)(Q). Let the
best constants ¢, co > 0 such that

. So one has both compact and continuous

(Wlgt (1)qx) S allw||  and  fwlg @) < coflwl]- (2.1)

In order to formulate the variational approach to problem (1.1), let us recall the definition of a weak
solution for our problem.
Definition 2.1. We say that w € X\{0} is a weak solution of problem (1.1) if

2p(z)—2
/<|Vw|p(m)_2Vw+ Vol Vw)Vvdx+/b(x)|w|p(x)_2wvd1:

V 1+ |[Vw|?@)
Q Q

—a/f(x)]wW(x)Qwvdx — a/g(a:)\wl(x)Qwvdx =0 forall veX.
Q Q
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We will mostly utilize the essential theorem Bonanno—Marano [3], which we rephrase into a
more manageable format.

Theorem 2.1 [3, Theorem 3.6]. Let X be a reflexive real Banach space and ®: X — R a
coercive, continuously Gateaux differentiable and sequentially weakly lower semicontinuous functional
whose Gdteaux derivative admits a continuous inverse on X. Let ¥ : X — R be a continuously
Gdteaux differentiable functional whose Gdteaux derivative is compact such that

(a0) infrex ®(x) = (0) = ¥(0) = 0.

Assume that there exist v > 0 and T € X, with r < ®(T), such that:
(a1) SUPg(4) <, V() < U(T)
r o(z)’
o(7) r
\Ij(j) ’ SUP® (4)<r \I/($)

Then for each o € A, the functional ® — aV has at least three distinct critical points in X.

3. Proof of the main result. In this section, we present how to prove Theorem 1.1. To start, let
us define

(ag) for each a € A, := ( ), the functional ® — oV is coercive.

w) e (L ol 7@ o)l @ ) e
W(w) !(qmﬂ ) + ool )

The Euler — Lagrange functional of problem (1.1) is characterized by I, : X — R,
Iy(w) = ®(w) — a¥(w) Yw e X,

where

1
B(w) / s (IF0P® + /1 + Vw2 + b(@) P )de vw e X.

Q

It is well-known that ® € C'(X,R), moreover,

2p(z)—2
o' (w)(v) = / VP2 4+ V2 VO ) Goda
J V 1+ |[Vw|?@)

+/b(a:)|w(m)]p(x)Qw(:c)v(:c)da: Vw,v € X.
Q

Furthermore, ® is coercive, since

V14 [Vw|?p@) 1
> Yw 13(95)7
O O

SO

d(w) > / (IVw|P® + b(z)|wP®))d

Q

1
p*
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The above inequality and the assertion (2) in Proposition 2.1 assures that for w € X with [jw| > 1
we have

1

D) >

p-

which follow that ® is coercive. Moreover, ® is convex, sequentially weakly lower semicontinuous
and ®': X — X* is an homeomorphism [18]. By virtue of Proposition 2.2, ¥ is well-defined, in
fact for all w € X, one has

1 1
w(w)| < = [1f@lef@ds+ = [ o) oo
Q Q

IN

1 x 1 x
qi|f(x)|sl(x)’ |,w|q( )|s’1(x) + F|g(x)‘52(x)| |w|l( )’8/2($)

1 1 l
< qf!f(w)|51(x) [[w]s: @)q(@)] * + 9@ @) [0l @] -
Besides, using inequality (2.1) we obtain
1 .1 .
W (w)| < qt\f(w)!s(x)l[QIIwH] +1219(@) sy llezllw]-
Therefore, ¥ is indeed well-defined. Moreover, ¥’ is compact [10, Lemma 3.1].

Proof of Theorem 1.1. As we have observed above, the functionals ® and ¥ fulfill the consistency
presumptions of Theorem 2.1. Now, let v; € X be the function defined by

O7 lfl'GQ\B(:LDaD)?
2d . D
vy = 5(D—\af—:v0\), 1fx€B(ar0,D)\B<$o,2>7
D
d, ifm€B<x0,2>,

where |.| denotes the Euclidean norm in RY,
Using inequality (2) in Proposition 2.1 and the hypothesis on the function f, we have

S |Vuglde < ®(vg) < 3_ Vg |P® da
pt P
B(x():D)\B(xOv%) B(wo,D)\B(Io,%)
1
tlol+ [ M@,
B(zo,D)
1 [2d 2 (2417 1
| z= < < Z|Z= _—
pt [D]me < Blva) < p- [D] mL+p*|Q|
N
P 2 P
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1 [2d 2d1? D\
- DLng D (vg) < M[ D] L+[d]PL+[d]pm<2> +19]].
Moreover,
U(vg) > / (f(x)v 9@ 4 @‘v \l(”))da; > if [d] m<D)N + L [d] m(D>N
d) = q(2) d I(2) d = 01aq B l+90 l B )
B(z0,%)
and, hence,
1 1 DAV
vy (el peoidn) () .
d - N ’
(va) M[[QgrLJr[d]PLJr[d]Pm(l;) +19)

1 {2d
Using the fact that r < — [D] L, one has 7 < ®(vg) and, for all w € ®~1((—o0,7]), due to
p p

inequality (2) in Proposition 2.1, we get
L < 3.1
L], < (3.1)
Proposition 2.2, inequalities (3.1), and (2.1) now yield

1 X 1 x
Y(w) < qi|f!sl(m)\|w\q( Ny @) + F\Q\SQ(x)l\wll( sy @)

1 1
< Wl [elwl]’ + =gl [ellwl)

1 1

< Sl (097 1)+ ol el [ 01

+ i+

) 1 H)p— 1
L ) 19917+ L2l s [

2
|

IN

Therefore,

The next step is to prove that for any « > 0, the energy functional ® — oW is coercive. In fact,
by using Remark 2.1, one has

U (w)

IA

L [ sl et L [ o)l
Q

Q

IN

1 1 1
qf’f\sl(z) [er[|wl]|]* + F|g|32(:1:) [eallw]]". (3.2)
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For ||w|| > 1, inequality (2) in Proposition 2.1 and relation (3.2) give the following:
1

1 l
pt '

-1
O(w) —a¥(u) = —|ul” - qilflsl(x) [eal|w]]]” ~ = 19ls2() [e2lw]]]

By using assumption (A), it follows that ®(w) — a¥(w) is coercive. Finally, due to the fact that

~_ (1 1 D(vg) r
A= (Vd’wr> = (‘I’(vd)7 SUD (1) <r ‘I’(w)>’

Theorem 2.1 assures that for any a € A,., the functional ® — a¥ has at least three critical points in
X and consequently problem (1.1) admits three distinct weak solutions.
Theorem 1.1 is proved.

1 3
An example. Let Q = {(:U,y) e R?/x? 4+ 9% < } and p(x,y) = 22 + 9% + 2 it is clear that

3
11
1<p = g and pT = r < 2 = N. Suppose that b = 1, q(x) = q, l(z) =, si(x) = s; and

s2(x) = s are a real numbers verifying the inequalities
3 11
1<q<l<§§€<2<min(sl,52).

Put

2+ 2+§
L(w) = —div<<1+ 7 Vel ) jgult ) + b,
1+ |Vw[227 25743

Problem (1.1) becomes
L(w) = a(f(m)\w|q72w + g(x)]w|l*2w) in Q,

ow
E =0 on 8Q,

and it has three distinct weak solutions.
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