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ON ESTIMATION OF THE UNIFORM APPROXIMATION ERROR
BY INTERPOLATING MULTILINEAR SPLINE WITH [,, DISTANCES

ITPO OHIHKY INOXUBKHU PIBHOMIPHOI'O HABJINKEHHSA
IPU IHTEPIOJAII MYJIbTHJITHIAHOTO CILIAMHA 3 l, BILICTAHAMU

We consider the estimation of the uniform approximation error on classes of functions by interpolating multilinear spline
with {,, distances for p > 3.

Po3misiHyTO OIIHKY ITOXHOKH PIBHOMIPHOTO HAONMKEHHS Ha Kiacax (yHKIIH 3a JOMOMOTOI0 iHTepIOJIANii My IbTIIIIHIHHIM
craiHoM 3 [, BiAcTaHAMM A1d p > 3.

1. Introduction. Let N be the positive integer set, Ng = NU{0}. For d € N, let x = (z1,x2,...,2q)
be a point in Cartesian product R¢, and

D=10,112=0,1] x ... x [0,1] € R%

By l,, 1 < p < oo, we denote the metric space R?, equipped with the distance

d pt
[x—yllp = (Z | —yi\p> :
i=1

where
X = (z1,22,...,%q), Y= (y1,Y2:- -+ Yd)-
Let Ng be the Cartesian product of d copies of Ng,we denote the multiindex notation
0=(0,0,...,0) € N¢,
e=(1,1,...,1) e N&,
a=(aj,0,...,0q) € Ng,
with |a| = a1 + ag + ... + ag, and, for a, 3 € N4, the convention that o« < 3 means that
oa; < By, 1=1,2,...,d,

and B —a = (b1 — o, B2 — a2,..., B4 — aa).
By Cp we denote the space of real-valued continuous functions f(x) = f(z1,z2,...,24) on the
domain D equipped with the uniform norm

| flle = max {| f(x)| : x € D}.
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For r € N4, r < e, by C%, we denote the class of functions f(x) € Cp with continuous
derivatives

x|
FOR) = ot (),

- (%1 g
ox{" ... 0z,

where a € N¢, a <r, fO(x) = f(x), and C = Cp.

The following definitions are adopted from [1].

For f € Cp, its modulus of continuity wy,(f;t) with respect to [,, 1 < p < oo, is defined as
follows:

wp(fit) =sup {|f(x) = fF(Y)|: x,y € D, [[x—yll, < t},

where 0 < ¢ < d%.
With the given univariate function of modulus of continuity type or MC-type function (for short)
Q(t), the class C]rj,p(Q), 1<p<oo, reNd r<e, is defined as

Ch,(Q) = {f € Ch:wp(f5t) <Qt), 0<t < d%}.
Given a vector n = (n1,ns,...,ng) € N%, we define the d-variate grid as
Xn =X, X X5, X oo X Xy,

where the univariate grid of nodes X,,; as follows:

1 1
Xm:{o,‘,...,m ,1}, i=1,2,...,d.

n; g

Thus,

Xn = {xj: (x{ﬂx%ﬁ...,xff) ‘xﬁ 1 4i=0,1,...,n;, i:1,27...,d},

i )
ng

where j = (j1,j2, ..., ja). For the grid of nodes X, and a given function f(x) € Cp, its multilinear
interpolating spline Sy (f;X) can be expressed as

Sal£ix) = > F(¥)u(x) (1)

0<u<e

for x € Xj("), where

d
Xj(n) _ H [J:J xjﬂrl],

10
i=1
u= (ug,ug,...,uq) eNg, u; € {0,1},

d

lL“(X) = H Hy, j; (),

=1
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1170 LAIYI ZHU, GUOYI YANG
ji+1 i
Ho g, (wi) =ni(2]" — i), Hyj (@) = ni(w; —27'),
i=0U1--yJa), 7i=0,1,....n;—1, i=1,2....d.
It is easy to verify that for the grid of nodes X,, any u,v,j € Ng, withu<e v<e j<n-—e,
1’ Ui = Uq,

Jitvi\ _ . -
Huw]z (xil l) - 6’1”,’1}1' - 1= 1, 27 ceey d7
O? 'Ui # Ui,

and
. 17 v - u7
la(X7Y) = buy =
0, v#u.

Thus, it follows from (1) that on every block Xj(n), Sn(f;x) is an algebraic polynomial of first
degree in x; for i = 1,2,...,d, and Sy(f;x) interpolates f(x) at the nodes X, i.e.,

Su(f:xh) = f(xd),
i=01...,40), §i=0,1,...,n; i=1,2....d.
Furthermore, the spline DSy (f;x) called the partial derivatives of Sy (f;x) is defined as
DySu(f;x) = ( H nz) Z (—1)2zien i H Hy, j,(z:) | f(ITY)
ieM, / 0<u<e i My
for x € f(j(n), where r = (r1,72,...,74) € N& with r < e,

M, ={i:r;, =1},

j:(jla"'ajd)7 u:(u17u27"'>ud)> uajENg7
X = (azl,xg,...,xd) €D,
~ d
Xj(n) = H L (x;),
=1

[, 2, i G = 0,1, — 2,

1
Ijz‘(xi) = . .
[l’gl,.%'gﬁ_l], if ]z =N; — 1,

DoSu(f;x) = Sa(f;X).

It is easy to see that when x € Xj(")

DiSu(f;x) = S,(,r)(f; X).

Finally, for given r € Nd with r <e, f € C]rj’p(Q) with 1 < p < oo, the error of approximation of
f™(x) by the spline D;.Sy(f;X) can be written as follows:
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E8(fix) = | (x) — Dy Sa(f;x)|, x€ D,

with EY(f;:x) = Eu(f;x). And for 1 < p < oo, the error of approximation on the class Ch () by
splines that interpolate at the nodes X, can be written as

En(Chp(Q) =sup {|Ex(Hllc: £ € Chp(Q)}

with EY(CY () = En(Cp,p(9).

In this paper, we consider the estimation E5(Cp ,(f2)) for r € Nd with r < e and p > 3. Such
error of approximation on some class by spline has been studied, for example, in [1-10]. In paper
[1], especially, R. Anderson et al. obtain the following explicit formulae:

En(Cpp(2) (Z n; ) )

EX(Cp,() = (H n) /Q S (2n)7F (H dti>,
Ir

i€ My i€ My it M; i€ My

where 1<p<3, Ir=]]  [0.n7"];

1€

In this paper, we prove that, for p > 3,

1 1
d P d P
1,2 _ 1 .
i (o) ) < mcnyion <ol af (7] )
i=1 i=1
S1(n,r,Q) < By (Ch,(Q)) < S2(n, 1, Q),
where A, is defined in Lemma 1,

Si(n,r, Q) = (H n) /Q (Z 4 A, Z(2ni)—p); (.H dti>>

ZEMr ZEMr ’L¢Mr ZEMr

Sa(n,r, Q) = (}H n) /Q (}Z 4+ A, ‘Z nipf (H dti>a

€My 1€ My i¢ My €My

L= ] 0.1

1€ My

2. The extrema of a kind of function. In order to obtain the explicit formulas E}(Cp ,(£2)),
we must find the extrema of a kind of function

gpt) =1 -t + (1 —-1t)Pt, p>0,
on the interval [0, 1].
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1172 LAIYI ZHU, GUOYI YANG

Lemma 1. Let A, be the maximum of function
gp(t) = (1 - t)tp + (1 - t)pt7 le [07 1]7 (2)

ie, Ay =maxycp 1) gp(t). Then, for p > 3,
1 P 1 P 1
LU 20 U U 2 L ®
p+1i\p+1 p+1\p+1 2p+

A(t) = t(1 — t)?,

Proof. Setting

then
gp(t) = A(t) + A(1—t), te]0,1]. 4)

Note that
gp(l—1t) =gp(t), te][0,1].

1
Thus, if ¢, € [0, 2} satisfies

t,)) =A, = t
Ip(tp) = Ap tgl[gff]gp(%

1
then 1 —t, € [2, 1} also satisfies
gp(1 —tp) = Ap.

Taking the derivative of A(t) with respect to ¢, we have

At) =1 -t 1~ (p+ 1)1 )

1
It follows from (5) that A(t) is nondecreasing for ¢ € (O, —H)’ and nonincreasing for ¢ €
p

1
——, 1. Thus, we get
p+1

1 1 p \*
max A(t) = A = (6)
t€[0.1] p+1 p+1\1+p

and

1 1 1

For p > 3, although we cannot get the explicit formula of A,, by (4), (6) and (7), we obtain
inequality (3).
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Remark 1. 1t is easy to see that, for p > 1,
P 1
P = € e_l,1 ,
p+1 <1 1>p 2

1 1 » \? 1
A > A - >
P <p+1> p+1(p+1> e(p+1)

and, for p > 4,

1 1 p \? 1 1
A, > A = > > —. 8
? (p+1) p+1(p+1) e(p+1) ~ 2v ®)

By [1, p. 89], we know that, for 0 < p < 3,

1
Ay = % 9)
Thus, it follows from (8) that, for p > 4, (9) does not hold.

3. The main results and their proofs. In this paper, we obtain the estimations of the uniform
error of approximation of multivariate function f(x) € Cp,(2) with p > 3 by the multilinear
interpolation splines Sy (f;x), as well as the error of approximation of the derivatives f*)(x) of
f(x) € C ,(2) with p > 3 by the splines Dy Sa(f;X).

Theorem 1. Let Q(t) be an arbitrary concave, MC-type, univariate function. Then, for n € N¢
with n; > 2,1 =1,2,...,d, the error on the class Cp ,(Q2) for p > 3 satisfies the inequalities

VAR LA\
Q| 547 X;n "] ] < Ea(Cpypl() < Q| 4Af 21” 71,
where Ay, is defined in (2).
d —
Proof. 1t follows from the proof of Theorem 2 in [1] that, for any x € Dy = H,_l [a;gl, a:g”Ll]

and for an arbitrary f € CT, (£2), we have

Ea(fi%) = | f(X) = Su(f;x)]

d
< Z (H Huz',jz‘ (331)> ‘f(x) - f(xj+u)|

0<u<e \i=1

d
=1

gz(

0<u<e

Hui,m)wp(ux—xH"Hp)

d p
Z(Huy (@) |i — $fi+ui\p>]

i=1

<Q

Fori=1,2,...,d, setting

ISSN 1027-3190. Ykp. mam. scypn., 2024, m. 76, Ne 8



1174 LAIYI ZHU, GUOYI YANG

then ¢ € [0, 1] and

1
a(z) = 3 Hu, g (w)|a; — 2l TP

= ni(xg"ﬂ — ;) (2 — ] ) + ni (i — x] )(ac‘zﬁl — ;)"

=1 P[(1— )P + (1 — t)P] = n; Pgp(t). (10)

Let A, be the maximum of function g,(¢) on [0, 1]. Since €(t) is nondecreasing, we obtain

d p
Ealfix) <Q|An” (Z n;P)

Thus,

Ea(Cpp()) < (Z n; )

To estimate the lower bound of Ey(Cp,(€2)), for each fixed j, we use the function f;" like the
one in [1], defined as follows:
—1

d p
. P
E (mm{gvz — sz xﬁ’“ - xz}) ] ,

=1

—1

fi(x) = A

where x € Dj and f(x) = 0 for x € D;. It is easy to see that

wp(f7,1) < QAT ') < Q(1), 0<t<d,

where the last inequality is from (3) with p > 3.
The fact

f]*(xj):O> j:(j1>"'>jd)a Ji=0,1,...,n4 i:172a"'7d7

implies that Sy ( £ x) =0
Thus, we get

BaCont) = ) e = 1571 = 5 ()

1 d 4
—1 _
=1

Theorem 1 is proved.
To get the estimation of the error of approximation of £(")(x) by Dy Su(f;x), for f(x) € Ch ()
with p > 3, we use the following integral formula instead of the divided difference in [1].
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Lemma 2. Let yp=a, y1 = b,

For any f(y) € Cl[a,b], we have
1 1
> flyn) Hi(y) = /f’y+t Yi—u — y)]dt.
u=0 u=0 0
Proof. Using the change of variables x = y + t(y1_,, — y), we obtain

1
Hu(y
Halw) [ I+t = ) = 0|
Y- — Y
0
It follows from (11) that

Hu(y) (_1)u ! /
= =—H!(y)=H|_,(y), u=0,1,
-7 b—a W) =Hy_y(y)

and
1 L 1-u
/ _ (*1) _

Thus, (12) follows from (13), (14) and (15).

1175

(1

(12)

(13)

(14)

(15)

Theorem 2. Let r € Ng, r < e, be given and Q(t) be an arbitrary concave, MC-type function.
Then, for n € N® with n; > 2, i =1,2,...,d, the error on the class Cﬁp(Q) for p > 3 satisfies the

inequalities
81(”, r, Q) < Errt (CrD,p(Q>) < 82(”7 r, Q)a

where

Si(n,r,Q) = < ) ( P4+ A, Z (Qni)p>p ( H dt;
i€ M, &M, i€ M,

Zﬁh42n> OI%

SQ(”7 r, Q) = (
€M,

'LEMr Z%Mr ieMr
-1
I, = [07 Uu; ]
’LeMr
; d jit1
Proof. For any x from any arbitrary Dj = H l‘, x;'

k € My, using Lemma 2 with v = ug, y, = {C’“Jr“,
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1176 LAIYI ZHU, GUOYI YANG

Hu(y) = Huk,jk(xk)> f(y) = f(a Tk, ')a

where (-, 2k, ) = (1,22, .+, Th—1, Tk, Tht1, - - -, Lq), for fixed x;, ¢ # k,we have
sew-( T ») <—1>Eiwnw[ IT sl
1€ My i#k 0’ <u’<e’ i¢ My
1
)
uk=0
(1) 5 o e
i€ My ik 0 <u'<e’ i My
1
% Jetuk Uk:Jk
Z f( Ly ’ ) dl’k
=0
() e
1€ My ,i#k 0/ <u'<e’ i¢ My
1
H tr (a1 ) | dt
wpjr (Tk) f Sk + e ( i) |dtk,
up=0 0
where w' = (ug,u2,. .., Up_1,Ups1,---,uq) € NS0 = (0,...,0) € NI o = (1,...
Ng-L

Repeating this process for each k € M,;, we obtain

DSi(fix) = 3 (HHU,,]Z 7 ) / 7 <H dti>,

0Suze i€ My
where
Jr = [0, 1]
and
X" = (27,25, ...,2))
with
. xﬁ—tz( Jitl—u; _g:i), if e M,

R if Q¢ M,

Note that
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- () o 114)

=1 1€My

Therefore, we obtain

Enlfix) = ‘f(r)(x) - DrSn(fﬂ‘)‘

d
=12 (HHM%)) / [f<r><x>—f<r><x*>}<r[ dtz—>
=1 7

0<u<e d 1€ My
< 3 ([l f1row oo (11 o)
0<u<e \i=1 1€ My
3 ([sten) [o| | 5 (res)
< UisJi xl g
0’ <u'<e’ \i= : T 1€ My i ’
p!
+ Z (ni_lﬂl_uiji)p ( H dtl> .
i¢ My i€ My

By using the proof methods of Theorem 4 in [1], we get

Sg(f;x)§<Hni> > th—&—Za(xi)r (H dti>,

1€ My orgurge,%ur i€ My i My 1€ My
where
0, =(0,....,00 e Ny, e =(1,..., ) eNL wr = (s uigy,),
ik € My, k=12, M|,  Few =[] [0,0] " Hu, ()],
1€ My

1
alz;) = Z Hy, j, (zi)| @i — :L'jﬁui

u; =0

< Apni_pa

by (10) and Lemma 1.
Therefore, it follows from (25) in [1] that

ENfix) < (H n)/Q (th+ApZn;P>pl (H dt,-).

’LEMr Ir iEMr Z%Mr ieMr

Thus,
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—1

By (Ch,(9) < (H n) /Q S+ A, 0T p (H dti>.

M, /g i€ My ig My i€ My

To get the estimation of the lower bound of E} (CTD’p(Q)), we construct the function patterned

after the one in [1],
falx) = [ 90(9)< 11 dm-),

T i€EMr
where [ = ) ,Til, 0 = (01,00,...,04) wit
here I Her[o ], 0= (6,0 04) with

t;, if i€ M,
0; =
€Ty, if ¢ ¢ Mr,

and the function p(x) is defined as

-1

p(x) = Q { PG R e L M S I C DR i —xz-)]”}p

i€ My i My

i u;+1 i ui+1 )
er[““+ ]xH[“ Uit ] w € {0,1}, i=12,...,d

r

S+ A (2m')—1’] p_l< 11 dti>

1€ My i§ZMr i€ My

for

i€ My

and then extended so that (6) is Zni_l-periodic for x; such that ¢ € M, and is n;l-periodic for x;,
where i ¢ M,.

It is easy to see that fo(x) € CT, (€) and

P
fo(x1) =0, i=01..,d4), Ji=0,1,...,n,:
So it follows that
Sa(fo;x) =0
and
DySn(fo;x) = 0.

Thus, we obtain

E5(Ch () = x|, = 117, = |77 (80|
pfl
:(Hm)/() S+ A, > (2ni)7P (H dt,),
i€ My 7. i€ My i¢ M, i€ My
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o 0) ,(0 0
where 0y = (9% ),Hé ),...,Gé )),

-1 . .
40 _ n; -, if 1€ M.,

(2ni)~t, if Q¢ M,.
Theorem 2 is proved.
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