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ON ESTIMATION OF THE UNIFORM APPROXIMATION ERROR
BY INTERPOLATING MULTILINEAR SPLINE WITH \bfitl \bfitp DISTANCES

ПРО ОЦIНКУ ПОХИБКИ РIВНОМIРНОГО НАБЛИЖЕННЯ
ПРИ IНТЕРПОЛЯЦIЇ МУЛЬТИЛIНIЙНОГО СПЛАЙНА З \bfitl \bfitp ВIДСТАНЯМИ

We consider the estimation of the uniform approximation error on classes of functions by interpolating multilinear spline
with lp distances for p > 3.

Розглянуто оцiнку похибки рiвномiрного наближення на класах функцiй за допомогою iнтерполяцiї мультилiнiйним
сплайном з lp вiдстанями для p > 3.

1. Introduction. Let \BbbN be the positive integer set, \BbbN 0 = \BbbN \cup \{ 0\} . For d \in \BbbN , let x = (x1, x2, . . . , xd)

be a point in Cartesian product \BbbR d, and

D = [0, 1]d = [0, 1]\times . . .\times [0, 1] \subset \BbbR d.

By lp, 1 \leq p < \infty , we denote the metric space \BbbR d, equipped with the distance

\| x  - y\| p =

\Biggl( 
d\sum 

i=1

| xi  - yi| p
\Biggr) p - 1

,

where

x = (x1, x2, . . . , xd), y = (y1, y2, . . . , yd).

Let \BbbN d
0 be the Cartesian product of d copies of \BbbN 0,we denote the multiindex notation

0 = (0, 0, . . . , 0) \in \BbbN d
0,

e = (1, 1, . . . , 1) \in \BbbN d
0,

\bfitalpha = (\alpha 1, \alpha 2, . . . , \alpha d) \in \BbbN d
0,

with | \bfitalpha | = \alpha 1 + \alpha 2 + . . .+ \alpha d, and, for \bfitalpha ,\bfitbeta \in \BbbN d
0, the convention that \bfitalpha \leq \bfitbeta means that

\alpha i \leq \beta i, i = 1, 2, . . . , d,

and \bfitbeta  - \bfitalpha = (\beta 1  - \alpha 1, \beta 2  - \alpha 2, . . . , \beta d  - \alpha d).

By CD we denote the space of real-valued continuous functions f(x) = f(x1, x2, . . . , xd) on the
domain D equipped with the uniform norm

\| f\| c = \mathrm{m}\mathrm{a}\mathrm{x}
\bigl\{ 
| f(x)| : x \in D

\bigr\} 
.
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For r \in \BbbN d
0, r \leq e, by Cr

D we denote the class of functions f(x) \in CD with continuous
derivatives

f (\bfitalpha )(x) =
\partial | \bfitalpha | f

\partial x\alpha 1
1 . . . \partial x\alpha d

d

(x),

where \bfitalpha \in \BbbN d
0, \bfitalpha \leq r, f (0)(x) = f(x), and C0

D = CD.

The following definitions are adopted from [1].

For f \in CD, its modulus of continuity \omega p(f ; t) with respect to lp, 1 \leq p < \infty , is defined as
follows:

\omega p(f ; t) = \mathrm{s}\mathrm{u}\mathrm{p}
\bigl\{ 
| f(x) - f(y)| : x, y \in D, \| x  - y\| p \leq t

\bigr\} 
,

where 0 \leq t \leq d
1
p .

With the given univariate function of modulus of continuity type or MC-type function (for short)
\Omega (t), the class Cr

D,p(\Omega ), 1 \leq p < \infty , r \in \BbbN d
0, r \leq e, is defined as

Cr
D,p(\Omega ) =

\Bigl\{ 
f \in Cr

D : \omega p

\bigl( 
f (r); t

\bigr) 
\leq \Omega (t), 0 \leq t \leq d

1
p

\Bigr\} 
.

Given a vector n = (n1, n2, . . . , nd) \in \BbbN d, we define the d-variate grid as

Xn = Xn1 \times Xn2 \times . . .\times Xnd
,

where the univariate grid of nodes Xni as follows:

Xni =

\biggl\{ 
0,

1

ni
, . . . ,

ni  - 1

ni
, 1

\biggr\} 
, i = 1, 2, . . . , d.

Thus,

Xn =

\biggl\{ 
xj =

\bigl( 
xj11 , xj22 , . . . , xjdd

\bigr) \bigm| \bigm| \bigm| xjii =
ji
ni

, ji = 0, 1, . . . , ni, i = 1, 2, . . . , d

\biggr\} 
,

where j = (j1, j2, . . . , jd). For the grid of nodes Xn and a given function f(x) \in CD, its multilinear
interpolating spline Sn(f ; x) can be expressed as

Sn(f ; x) =
\sum 

0\leq u\leq e

f
\bigl( 
xj+u\bigr) lj,u(x) (1)

for x \in X
(n)
j , where

X
(n)
j =

d\prod 
i=1

\bigl[ 
xjii , x

ji+1
i

\bigr] 
,

u = (u1, u2, . . . , ud) \in \BbbN d
0, ui \in \{ 0, 1\} ,

lj,u(x) =
d\prod 

i=1

Hui,ji(xi),
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H0,ji(xi) = ni

\bigl( 
xji+1
i  - xi

\bigr) 
, H1,ji(xi) = ni

\bigl( 
xi  - xjii

\bigr) 
,

j = (j1, . . . , jd), ji = 0, 1, . . . , ni  - 1, i = 1, 2, . . . , d.

It is easy to verify that for the grid of nodes Xn, any u, v, j \in \BbbN d
0, with u \leq e, v \leq e, j \leq n - e,

Hui,ji

\bigl( 
xji+vi
i

\bigr) 
= \delta ui,vi =

\left\{   1, vi = ui,

0, vi \not = ui,
i = 1, 2, . . . , d,

and

lj,u
\bigl( 
xj+v\bigr) = \delta u,v =

\left\{   1, v = u,

0, v \not = u.

Thus, it follows from (1) that on every block X
(n)
j , Sn(f ; x) is an algebraic polynomial of first

degree in xi for i = 1, 2, . . . , d, and Sn(f ; x) interpolates f(x) at the nodes Xn, i.e.,

Sn(f ; x
j) = f(xj),

j = (j1, . . . , jd), ji = 0, 1, . . . , ni, i = 1, 2, . . . , d.

Furthermore, the spline DrSn(f ; x) called the partial derivatives of Sn(f ; x) is defined as

DrSn(f ; x) =

\Biggl( \prod 
i\in Mr

ni

\Biggr) \sum 
0\leq u\leq e

( - 1)
\sum 

i\in Mr
ui

\left[  \prod 
i/\in Mr

Hui,ji(xi)

\right]  f(xj+u)

for x \in \~X
(n)
j , where r = (r1, r2, . . . , rd) \in \BbbN d

0 with r \leq e,

Mr = \{ i : ri = 1\} ,

j = (j1, . . . , jd), u = (u1, u2, . . . , ud), u, j \in \BbbN d
0,

x = (x1, x2, . . . , xd) \in D,

\~X
(n)
j =

d\prod 
i=1

Iji(xi),

Iji(xi) =

\left\{   
\bigl[ 
xj1i , xj1+1

i

\bigr) 
, if ji = 0, 1, . . . , ni  - 2,\bigl[ 

xj1i , xj1+1
i

\bigr] 
, if ji = ni  - 1,

D0Sn(f ; x) = Sn(f ; x).

It is easy to see that when x \in \~X
(n)
j ,

DrSn(f ; x) = S
(r)
n (f ; x).

Finally, for given r \in \BbbN d
0 with r \leq e, f \in Cr

D,p(\Omega ) with 1 \leq p < \infty , the error of approximation of
f (r)(x) by the spline DrSn(f ; x) can be written as follows:
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\scrE r
n(f ; x) =

\bigm| \bigm| f (r)(x) - Dr \mathrm{S}n(f ; x)
\bigm| \bigm| , x \in D,

with \scrE 0
n(f ; x) = \scrE n(f ; x). And for 1 \leq p < \infty , the error of approximation on the class Cr

D,p(\Omega ) by
splines that interpolate at the nodes Xn can be written as

Er
n

\bigl( 
Cr
D,p(\Omega )

\bigr) 
= \mathrm{s}\mathrm{u}\mathrm{p}

\bigl\{ 
\| \scrE r

n(f)\| C : f \in Cr
D,p(\Omega )

\bigr\} 
with E0

n

\bigl( 
C0
D,p(\Omega )

\bigr) 
= En(CD,p(\Omega )).

In this paper, we consider the estimation Er
n(CD,p(\Omega )) for r \in \BbbN d

0 with r \leq e and p > 3. Such
error of approximation on some class by spline has been studied, for example, in [1 – 10]. In paper
[1], especially, R. Anderson et al. obtain the following explicit formulae:

En(CD,p(\Omega )) = \Omega 

\left(  1

2

\Biggl( 
d\sum 

i=1

n - p
i

\Biggr) p - 1\right)  ,

Er
n(CD,p(\Omega )) =

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left(   
\left[  \sum 
i\in Mr

tpi +
\sum 
i/\in Mr

(2ni)
 - p

\right]  p - 1
\right)   \Biggl( \prod 

i\in Mr

dti

\Biggr) 
,

where 1 \leq p \leq 3, Ir =
\prod 

i\in Mr
[0, n - 1

i ].

In this paper, we prove that, for p > 3,

\Omega 

\left(  1

2
A

1
p
p

\Biggl( 
d\sum 

i=1

n - p
i

\Biggr) 1
p

\right)  \leq En(CD,p(\Omega )) \leq \Omega 

\left(  A
1
p
p

\Biggl( 
d\sum 

i=1

n - p
i

\Biggr) 1
p

\right)  ,

S1(n, r,\Omega ) \leq Er
n

\bigl( 
Cr
D,p(\Omega )

\bigr) 
\leq S2(n, r,\Omega ),

where Ap is defined in Lemma 1,

S1(n, r,\Omega ) =

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left[  \Biggl( \sum 
i\in Mr

tpi +Ap

\sum 
i/\in Mr

(2ni)
 - p

\Biggr) 1
p

\right]  \Biggl( \prod 
i\in Mr

dti

\Biggr) 
,

S2(n, r,\Omega ) =

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left[  \Biggl( \sum 
i\in Mr

tpi +Ap

\sum 
i/\in Mr

n - p
i

\Biggr) 1
p

\right]  \Biggl( \prod 
i\in Mr

dti

\Biggr) 
,

Ir =
\prod 
i\in Mr

[0, n - 1
i ].

2. The extrema of a kind of function. In order to obtain the explicit formulas Er
n(CD,p(\Omega )),

we must find the extrema of a kind of function

gp(t) = (1 - t)tp + (1 - t)pt, p > 0,

on the interval [0, 1].
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Lemma 1. Let Ap be the maximum of function

gp(t) = (1 - t)tp + (1 - t)pt, t \in [0, 1], (2)

i.e., Ap = \mathrm{m}\mathrm{a}\mathrm{x}t\in [0,1] gp(t). Then, for p > 3,

1

p+ 1

\biggl( 
p

p+ 1

\biggr) p

< Ap \leq 
1

p+ 1

\biggl( 
p

p+ 1

\biggr) p

+
1

2p+1
. (3)

Proof. Setting
A(t) = t(1 - t)p,

then
gp(t) = A(t) +A(1 - t), t \in [0, 1]. (4)

Note that

gp(1 - t) = gp(t), t \in [0, 1].

Thus, if tp \in 
\biggl[ 
0,

1

2

\biggr] 
satisfies

gp(tp) = Ap = \mathrm{m}\mathrm{a}\mathrm{x}
t\in [0,1]

gp(t),

then 1 - tp \in 
\biggl[ 
1

2
, 1

\biggr] 
also satisfies

gp(1 - tp) = Ap.

Taking the derivative of A(t) with respect to t, we have

A\prime (t) = (1 - t)p - 1[1 - (p+ 1)t]. (5)

It follows from (5) that A(t) is nondecreasing for t \in 
\biggl( 
0,

1

p+ 1

\biggr) 
, and nonincreasing for t \in \biggl( 

1

p+ 1
, 1

\biggr) 
. Thus, we get

\mathrm{m}\mathrm{a}\mathrm{x}
t\in [0.1]

A(t) = A

\biggl( 
1

p+ 1

\biggr) 
=

1

p+ 1

\biggl( 
p

1 + p

\biggr) p

(6)

and

A(1 - t) < A

\biggl( 
1

2

\biggr) 
=

1

2p+1
, t \in 

\biggl[ 
0,

1

2

\biggr] 
. (7)

For p > 3, although we cannot get the explicit formula of Ap, by (4), (6) and (7), we obtain
inequality (3).
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Remark 1. It is easy to see that, for p \geq 1,\biggl( 
p

p+ 1

\biggr) p

=
1\biggl( 

1 +
1

p

\biggr) p \in 
\biggl( 
e - 1,

1

2

\biggr) 
,

Ap > A

\biggl( 
1

p+ 1

\biggr) 
=

1

p+ 1

\biggl( 
p

p+ 1

\biggr) p

>
1

e(p+ 1)
,

and, for p \geq 4,

Ap > A

\biggl( 
1

p+ 1

\biggr) 
=

1

p+ 1

\biggl( 
p

p+ 1

\biggr) p

>
1

e(p+ 1)
>

1

2p
. (8)

By [1, p. 89], we know that, for 0 < p \leq 3,

Ap =
1

2p
. (9)

Thus, it follows from (8) that, for p \geq 4, (9) does not hold.
3. The main results and their proofs. In this paper, we obtain the estimations of the uniform

error of approximation of multivariate function f(x) \in CD,p(\Omega ) with p > 3 by the multilinear
interpolation splines Sn(f ; x), as well as the error of approximation of the derivatives f (r)(x) of
f(x) \in Cr

D,p(\Omega ) with p > 3 by the splines Dr \mathrm{S}n(f ; x).

Theorem 1. Let \Omega (t) be an arbitrary concave, MC-type, univariate function. Then, for n \in \BbbN d

with ni \geq 2, i = 1, 2, . . . , d, the error on the class CD,p(\Omega ) for p > 3 satisfies the inequalities

\Omega 

\left(  1

2
A

1
p
p

\Biggl( 
d\sum 

i=1

n - p
i

\Biggr) 1
p

\right)  \leq En(CD,p(\Omega )) \leq \Omega 

\left(  A
1
p
p

\Biggl( 
d\sum 

i=1

n - p
i

\Biggr) 1
p

\right)  ,

where Ap is defined in (2).

Proof. It follows from the proof of Theorem 2 in [1] that, for any x \in DJ =
\prod d

i=1

\bigl[ 
xjii , x

ji+1
i

\bigr] 
and for an arbitrary f \in Cr

D,p(\Omega ), we have

\scrE n(f ; x) =
\bigm| \bigm| f(x) - Sn(f ; x)

\bigm| \bigm| 
\leq 
\sum 

0\leq u\leq e

\Biggl( 
d\prod 

i=1

Hui,ji(xi)

\Biggr) \bigm| \bigm| f(x) - f
\bigl( 
xj+u\bigr) \bigm| \bigm| 

\leq 
\sum 

0\leq u\leq e

\Biggl( 
d\prod 

i=1

Hui,ji(xi)

\Biggr) 
\omega p

\Bigl( \bigm\| \bigm\| x  - xj+u
\bigm\| \bigm\| 
p

\Bigr) 

\leq \Omega 

\left(  \Biggl[ d\sum 
i=1

\Bigl( 
Hui,ji(xi)| xi  - xji+ui

i | p
\Bigr) \Biggr] p - 1\right)  .

For i = 1, 2, . . . , d, setting

ISSN 1027-3190. Укр. мат. журн., 2024, т. 76, № 8
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t = ni

\bigl( 
xi  - xjii

\bigr) 
,

then t \in [0, 1] and

\alpha (xi) =

1\sum 
ui=0

Hui,ji(xi)| xi  - xji+ui
i | p

= ni

\bigl( 
xji+1
i  - xi

\bigr) \bigl( 
xi  - xjii

\bigr) p
+ ni

\bigl( 
xi  - xjii

\bigr) \bigl( 
xji+1
i  - xi

\bigr) p
= n - p

i

\bigl[ 
(1 - t)tp + t(1 - t)p

\bigr] 
= n - p

i gp(t). (10)

Let Ap be the maximum of function gp(t) on [0, 1]. Since \Omega (t) is nondecreasing, we obtain

\scrE n(f ; x) \leq \Omega 

\left[  Ap - 1

p

\Biggl( 
d\sum 

i=1

n - p
i

\Biggr) p - 1\right]  .
Thus,

En(CD,p(\Omega )) \leq \Omega 

\left[  Ap - 1

p

\Biggl( 
d\sum 

i=1

n - p
i

\Biggr) p - 1\right]  .
To estimate the lower bound of En(CD,p(\Omega )), for each fixed j, we use the function f\ast 

j like the
one in [1], defined as follows:

f\ast 
j (x) = \Omega 

\left[  Ap - 1

p

\Biggl[ 
d\sum 

i=1

\Bigl( 
\mathrm{m}\mathrm{i}\mathrm{n}

\bigl\{ 
xi  - xjii , x

ji+1
i  - xi

\bigr\} \Bigr) p\Biggr] p - 1\right]  ,
where x \in Dj and f\ast 

j (x) = 0 for x \in Dj. It is easy to see that

\omega p

\bigl( 
f\ast 

j , t
\bigr) 
\leq \Omega 

\bigl( 
Ap - 1

p t
\bigr) 
\leq \Omega (t), 0 \leq t \leq d

1
p ,

where the last inequality is from (3) with p > 3.

The fact

f\ast 
j

\bigl( 
xj\bigr) = 0, j = (j1, . . . , jd), ji = 0, 1, . . . , ni, i = 1, 2, . . . , d,

implies that Sn
\bigl( 
f\ast 

j ; x
\bigr) 
= 0.

Thus, we get

En
\bigl( 
CD,p(\Omega )

\bigr) 
\geq 
\bigm\| \bigm\| \scrE n
\bigl( 
f\ast 

j

\bigr) \bigm\| \bigm\| 
C
=
\bigm\| \bigm\| f\ast 

j

\bigm\| \bigm\| 
C
\geq f\ast 

j

\biggl( 
1

2n

\biggr) 

= \Omega 

\left(  1

2
Ap - 1

p

\Biggl( 
d\sum 

i=1

n - p
i

\Biggr) p - 1\right)  .

Theorem 1 is proved.
To get the estimation of the error of approximation of f (r)(x) by Dr \mathrm{S}n(f ; x), for f(x) \in Cr

D,p(\Omega )

with p > 3, we use the following integral formula instead of the divided difference in [1].
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Lemma 2. Let y0 = a, y1 = b,

Hu(y) =
( - 1)u

b - a
(y1 - u  - y), y \in [a, b], u = 0, 1. (11)

For any f(y) \in C1[a, b], we have

1\sum 
u=0

f(yk)H
\prime 
u(y) =

1\sum 
u=0

Hu(y)

1\int 
0

f \prime \bigl[ y + t(y1 - u  - y)
\bigr] 
dt. (12)

Proof. Using the change of variables x = y + t(y1 - u  - y), we obtain

Hu(y)

1\int 
0

f \prime \bigl[ y + t(y1 - u  - y)
\bigr] 
dt =

Hu(y)

y1 - u  - y

\bigl[ 
f(y1 - u) - f(y)

\bigr] 
. (13)

It follows from (11) that

Hu(y)

y1 - u  - y
=

( - 1)u

b - a
=  - H \prime 

u(y) = H \prime 
1 - u(y), u = 0, 1, (14)

and

1\sum 
u=0

H \prime 
u(y) =

1\sum 
u=0

( - 1)1 - u

b - a
= 0. (15)

Thus, (12) follows from (13), (14) and (15).
Theorem 2. Let r \in \BbbN d

0, r \leq e, be given and \Omega (t) be an arbitrary concave, MC-type function.
Then, for n \in \BbbN d with ni \geq 2, i = 1, 2, . . . , d, the error on the class Cr

D,p(\Omega ) for p > 3 satisfies the
inequalities

\scrS 1(n, r,\Omega ) \leq Er
n

\bigl( 
Cr
D,p(\Omega )

\bigr) 
\leq \scrS 2(n, r,\Omega ),

where

S1(n, r,\Omega ) =

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left[  \Biggl( \sum 
i\in Mr

tpi +Ap

\sum 
i/\in Mr

(2ni)
 - p

\Biggr) 1
p

\right]  \Biggl( \prod 
i\in Mr

dti

\Biggr) 
,

S2(n, r,\Omega ) =

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left[  \Biggl( \sum 
i\in Mr

tpi +Ap

\sum 
i/\in Mr

n - p
i

\Biggr) 1
p

\right]  \Biggl( \prod 
i\in Mr

dti

\Biggr) 
,

Ir =
\prod 
i\in Mr

[0, u - 1
i ].

Proof. For any x from any arbitrary Dj =
\prod d

i=1

\bigl[ 
xjii , x

ji+1
i

\bigr] 
and for given f \in Cr

D,p(\Omega ), fixing

k \in Mr, using Lemma 2 with u = uk, yu = xjk+u
k ,
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Hu(y) = Huk,jk(xk), f(y) = f(\cdot , xk, \cdot ),

where (\cdot , xk, \cdot ) = (x1, x2, . . . , xk - 1, xk, xk+1, . . . , xd), for fixed xi, i \not = k,we have

Dr\scrS n(f ; x) =

\Biggl( \prod 
i\in Mr,i \not =k

ni

\Biggr) \sum 
0\prime \leq u\prime \leq e\prime 

( - 1)
\sum 

i\in Mr,i \not =k ui

\Biggl[ \prod 
i/\in Mr

Hui,ji(xi)

\Biggr] 
nk

\times 
1\sum 

uk=0

( - 1)ukf
\bigl( 
\cdot , xjk+uk

k , \cdot 
\bigr) 

=

\Biggl( \prod 
i\in Mr,i \not =k

ni

\Biggr) \sum 
0\prime \leq u\prime \leq e\prime 

( - 1)
\sum 

i\in Mri\not =k ui

\Biggl[ \prod 
i/\in Mr

Hui,ji(xi)

\Biggr] 

\times 
1\sum 

uk=0

f
\bigl( 
\cdot , xjk+uk

k , \cdot 
\bigr) dHuk,jk(xk)

dxk

=

\Biggl( \prod 
i\in Mr,i \not =k

ni

\Biggr) \sum 
0\prime \leq u\prime \leq e\prime 

( - 1)
\sum 

i\in Mr,i \not =k ui

\Biggl[ \prod 
i/\in Mr

Hui,ji(xi)

\Biggr] 

1\sum 
uk=0

Huk,jk(xk)

1\int 
0

f \prime 
k

\Bigl[ 
\cdot , xk + tk

\bigl( 
xjk+1 - uk
k  - xk

\bigr) \Bigr] 
dtk,

where u\prime = (u1, u2, . . . , uk - 1, uk+1, . . . , ud) \in \BbbN d - 1
0 , 0\prime = (0, . . . , 0) \in \BbbN d - 1

0 , e\prime = (1, . . . , 1) \in 
\BbbN d - 1
0 .

Repeating this process for each k \in Mr, we obtain

Dr\scrS n(f ; x) =
\sum 

0\leq u\leq e

\Biggl( 
d\prod 

i=1

Hui,ji(xi)

\Biggr) \int 
\scrJ r

f (r)(x\ast )

\Biggl( \prod 
i\in Mr

\mathrm{d}ti

\Biggr) 
,

where

\scrJ r = [0, 1]| Mr| 

and

x\ast = (x\ast 1, x
\ast 
2, . . . , x

\ast 
d)

with

x\ast i =

\left\{   xi + ti
\bigl( 
xji+1 - ui
i  - xi

\bigr) 
, if i \in Mr,

xji+ui
i , if i /\in Mr.

Note that
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f (r)(x) =
\sum 

0\leq u\leq e

\Biggl( 
d\prod 

i=1

Hui+ji(xi)

\Biggr) \int 
\scrJ r

f (r)(x)

\Biggl( \prod 
i\in Mr

dti

\Biggr) 
.

Therefore, we obtain

\scrE r
n(f ; x) =

\bigm| \bigm| f (r)(x) - DrSn(f ; x)
\bigm| \bigm| 

=

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\sum 

0\leq u\leq e

\Biggl( 
d\prod 

i=1

Hui,ji(xi)

\Biggr) \int 
\scrJ r

\bigl[ 
f (r)(x) - f (r)(x\ast )

\bigr] \Biggl( \prod 
i\in Mr

dti

\Biggr) \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
\leq 
\sum 

0\leq u\leq e

\Biggl( 
u\prod 

i=1

Hui,ji(xi)

\Biggr) \int 
\scrJ r

\bigm| \bigm| f (r)(x) - f (r)(x\ast )
\bigm| \bigm| \Biggl( \prod 

i\in Mr

dti

\Biggr) 

\leq 
\sum 

0\prime \leq u\prime \leq e\prime 

\Biggl( 
u\prod 

i=1

Hui,ji(xi)

\Biggr) \int 
Jr

\Omega 

\left(   
\left[  \sum 

i\in Mr

\biggl( 
ti
ni

Hui,ji

\biggr) p

+
\sum 
i/\in Mr

\bigl( 
n - 1
i H1 - uiji

\bigr) p\right]  p - 1
\right)   \Biggl( \prod 

i\in Mr

dti

\Biggr) 
.

By using the proof methods of Theorem 4 in [1], we get

\scrE r
n(f ; x) \leq 

\Biggl( \prod 
i\in Mr

ni

\Biggr) \sum 
0r\leq ur\leq er

\int 
\scrJ r,ur

\Omega 

\left(  \Biggl[ \sum 
i\in Mr

tpi +
\sum 
i/\in Mr

\alpha (xi)

\Biggr] p - 1
\right)  \Biggl( \prod 

i\in Mr

dti

\Biggr) 
,

where

0r = (0, . . . , 0) \in \BbbN | Mr| 
0 , er = (1, . . . , 1) \in \BbbN | Mr| 

0 , ur =
\bigl( 
ui1 , ui2 , . . . , ui| Mr| 

\bigr) 
,

ik \in Mr, k = 1, 2, . . . , | Mr| , \scrJ r,ur =
\prod 
i\in Mr

\bigl[ 
0, n - 1

i Hui,ji(xi)
\bigr] 
,

\alpha (xi) =

1\sum 
ui=0

Hui,ji(xi)
\bigm| \bigm| xi  - xji+ui

i

\bigm| \bigm| p \leq Apn
 - p
i ,

by (10) and Lemma 1.
Therefore, it follows from (25) in [1] that

\scrE r
n(f ; x) \leq 

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left[  \Biggl( \sum 
i\in Mr

tpi +Ap

\sum 
i/\in Mr

n - p
i

\Biggr) p - 1
\right]  \Biggl( \prod 

i\in Mr

dti

\Biggr) 
.

Thus,
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Er
n

\bigl( 
Cr
D,p(\Omega )

\bigr) 
\leq 

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left[   
\left(  \sum 

i\in Mr

tpi +Ap

\sum 
i/\in Mr

n - p
i

\right)  p - 1
\right]   \Biggl( \prod 

i\in Mr

dti

\Biggr) 
.

To get the estimation of the lower bound of Er
n

\bigl( 
Cr
D,p(\Omega )

\bigr) 
, we construct the function patterned

after the one in [1],

f0(x) =
\int 
I

\varphi (\bfittheta )

\Biggl( \prod 
i\in Mr

dti

\Biggr) 
,

where I =
\prod 

i\in M\=r

[0, xi], \bfittheta = (\theta 1, \theta 2, . . . , \theta d) with

\theta i =

\left\{   ti, if i \in Mr,

xi, if i /\in Mr,

and the function \varphi (x) is defined as

\varphi (x) = \Omega 

\left(  \Biggl\{ \sum 
i\in Mr

\bigl[ 
( - 1)ui

\bigl( 
n - 1
i  - xi

\bigr) \bigr] p
+Ap

\sum 
i/\in Mr

\bigl[ 
( - 1)ui

\bigl( 
2 - 1n - 1

i  - xi
\bigr) \bigr] p\Biggr\} p - 1

\right)  

 - 

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left(  \Biggl[ \sum 
i\in Mr

tpi +Ap

\sum 
i/\in Mr

(2ni) - p

\Biggr] p - 1\Biggl( \prod 
i\in Mr

dti

\Biggr) 

for

x \in 
\prod 
i\in Mr

\biggl[ 
ui
ni

,
ui + 1

ni

\biggr] 
\times 
\prod 
i/\in Mr

\biggl[ 
ui
2ni

,
ui + 1

2ni

\biggr] 
, ui \in \{ 0, 1\} , i = 1, 2, . . . , d,

and then extended so that \varphi (\bfittheta ) is 2n - 1
i -periodic for xi such that i \in Mr and is n - 1

i -periodic for xi,
where i /\in Mr.

It is easy to see that f0(x) \in Cr
D,p(\Omega ) and

f0
\bigl( 
xj\bigr) = 0, j = (j1, . . . , jd), ji = 0, 1, . . . , ni.

So it follows that

\scrS n(f0; x) = 0

and

Dr\scrS n(f0; x) = 0.

Thus, we obtain

Er
n

\bigl( 
Cr
D,p(\Omega )

\bigr) 
\geq 
\bigm\| \bigm\| \scrE r

n(f0)
\bigm\| \bigm\| 
c
=
\bigm\| \bigm\| f (r)

0

\bigm\| \bigm\| 
c
\geq 
\bigm| \bigm| f (r)

0

\bigl(  - \rightarrow 
\theta 0
\bigr) \bigm| \bigm| 

=

\Biggl( \prod 
i\in Mr

ni

\Biggr) \int 
Ir

\Omega 

\left[   
\left(  \sum 

i\in Mr

tpi +Ap

\sum 
i/\in Mr

(2ni) - p

\right)  p - 1
\right]   \Biggl( \prod 

i\in Mr

dti

\Biggr) 
,
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where
 - \rightarrow 
\theta 0 =

\bigl( 
\theta 
(0)
1 , \theta 

(0)
2 , . . . , \theta 

(0)
d

\bigr) 
,

\theta 
(0)
i =

\left\{   n - 1
i , if i \in Mr,

(2ni) - 1, if i /\in Mr.

Theorem 2 is proved.
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