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DYNAMIC CHARACTERISTICS AND EFFICIENCY ASSESSMENT OF THE
ADSORPTION METHOD FOR WATER PURIFICATION BASED ON THE LANGMUIR
ISOTHERM

Abstract. This study provides an analysis of the mass transfer kinetic characteristics relevant to the treatment of
mining industry wastewater using a porous adsorbent, based on filtration equations and the Langmuir adsorption iso-
therm. The findings reveal that the coefficient defining the adsorption rate has a considerable impact on the behavior of
kinetic curves. The calculations show that an increase in this coefficient leads to a steeper concentration curve, which
progresses along the apparatus's axis over time, resulting in a more frontal process. The initial concentration of the sub-
stance being removed is critically important: as this initial concentration diminishes, the operational lifespan of the appa-
ratus is significantly prolonged. Within the developed mathematical model, an estimate is derived for the time-averaged
concentration of the pollutant in the treated water volume, which is a key indicator of the absorber efficiency. This esti-
mate reveals that the concentration of the pollutant in the treated water volume, denoted as cg, depends on the initial
concentration and the characteristics of the adsorption isotherm. As the adsorption rate coefficient 8 increases, the puri-
fication efficiency improves, meaning the ratio of the pollutant concentration cr to the initial concentration decreases.
Conversely, if the initial concentration decreases (while 8 remains unchanged), the purification efficiency slightly declines
(i.e., the aforementioned ratio increases); therefore, the coefficient 8 is crucial to the overall process and, consequently,
to the final outcome. The estimates of calculation accuracy presented at the end of the article demonstrate a remarkably
satisfactory correlation with calculations derived from the mass balance of purified water alongside the water retained in
the porous adsorbent. Thus, the study demonstrates that when a formal mathematical representation of the adsorption
process is established (specifically, the Langmuir isotherm) the suggested mathematical model is applicable for as-
sessing the operational lifespan and effectiveness of a particular adsorbent, in addition for monitoring the dynamic char-
acteristics of filtration flow and the kinetics involved in the water purification process.

Keywords: water purification, adsorption, concentration, Langmuir isotherm.

1. Introduction

At present, waters discharged by the mining industry are under intense scrutiny
from the public and environmentalists, as their polluting impact on the environment is
becoming hazardous [1, 2]. A diverse range of techniques and technologies is availa-
ble for the treatment of mining waters, allowing for the effective management of this
Issue in numerous cases. The substantial global knowledge amassed in this domain
suggests that this intricate problem should be tackled through the application of a
wide variety of treatment methods [1, 3, 4]. Among currently known purification
techniques, adsorption-based water treatment occupies a prominent position and is
widely employed for the removal of aromatic compounds, dyes, heavy metals, valua-
ble constituents, and other substances. Typically, it constitutes an integral component
of a broader, comprehensive treatment process, which may also incorporate filtration,
reverse 0smosis, evaporation, membrane technologies, and similar methods. While a
vast arsenal of adsorbents is already available for this purpose, new materials contin-
ue to be developed — primarily based on natural carbon and plant-derived materials
[5-8].
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Various mathematical models are employed to describe the adsorption process,
one of which is the Langmuir model. The Langmuir adsorption formula for a specific
component of a solution takes the following form [9, 10]:

B Apc
= 1 o) @

where a is the adsorption capacity (kg/m?3), ¢ is the mass concentration of the compo-
nent being removed from the solution; A is the adsorbent capacity for this substance
(kg/m3), and p is a parameter characterizing the adsorption rate.

It should be noted that, strictly speaking, Formula (1) is valid for a substance that
forms a monolayer over the adsorbent surface. In all other scenarios, as noted in [9],
the mechanism of adsorption may vary significantly. Nevertheless, this relationship
often remains valid for both gas mixtures and solutions. This is clearly demonstrated
in studies [5, 6]. Furthermore, [6] highlights that the adsorption capacity of activated
carbons in solutions is based on two distinct physical mechanisms: the influence of
surface forces and the existence of functional groups. However, in both cases, the
Langmuir model frequently demonstrates superiority in various situations, thus ena-
bling this relationship to act as a fundamental framework for characterizing the ad-
sorption process. Of course, should the situation demand it, an alternative functional
form can be utilized to derive the necessary parameter.

The objective of this study is to conduct a numerical assessment of the efficiency
of an adsorption-based method for purifying a flowing fluid stream, and to elucidate
the Kinetic aspects of this process based on equations of fluid filtration flow and a
known adsorption isotherm (specifically, the Langmuir isotherm).

2. Methods

The mathematical representation of filtration flow issues of this nature relies on
the mass conservation equation along with Darcy's equation [11]. Let us write out the
one-dimensional equation of mass conservation for the component under considera-
tion:

o(see) | dlepuc) _ o ( 80)
a oo T PP )T @)

where t is time (c); x is the spatial coordinate (m); u is velocity (m/s); p is the density
of the fluid mixture, (kg/md); c is the mass concentration of the component; ¢ is the
adsorbent porosity; Der is the effective diffusion coefficient (m?/s); and g =—0a/ct

represents the mass gain or loss of the component under consideration associated
with the adsorption process (kg/(m3-s)).

Let us assume that the adsorbent layer is uniform and that its porosity remains un-
changed. Additionally, we assume that equilibrium in the adsorption process is
reached almost instantaneously concerning the filtration parameters—that is, the time
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needed for molecular equilibrium to be established at the surface is significantly less
than the characteristic time scales of the diffusion and filtration processes. This limit-
ing model of the process is of particular interest because it provides an upper bound
for the efficiency of the purification process. Given that the fluid is incompressible
(meaning its density can be considered constant throughout the entire domain) and
that the concentration c is a relatively small quantity, we assume that the flow veloci-
ty within the porous medium is constant—specifically, u = 0.001 m/s. The selection
of this specific value is dictated by general principles of filtration, and, in particular,
by the applicability of Darcy's law. The boundary conditions for c are defined by the
following relations:

at (=0 c=co; at {=1 ac/o¢ =0, (3)

where (= x/L, L is the length of the porous body (m), and ¢y is the concentration of
the pollutant at the inlet.

The effective diffusion coefficient Dgg in equation (2) according to [12] is ex-
pressed through the diffusion coefficient D as Dgg =¢D/y. The tortuosity coeffi-

cient y in this equation serves as a fitting parameter that is associated with the internal
structure of the pore space. In [12], a series of formulas are presented that may vary
significantly from one another, yet are well-suited for each specific case. Selecting
the appropriate formula for tortuosity may present a distinct challenge for certain ma-
terials utilized as adsorbents. For our modeling task, we will employ the formula that
has been established for coal seams [13]

]/=6‘+1.5(1—8). 4)

The solution to equation (2), taking into account (4) and the boundary condi-
tions (3), was conducted numerically using an explicit finite difference scheme.

3. Results and discussion

In the calculations, it was accepted: D = 2:10° m?/s; ¢ = 0.3 (porosity was consid-
ered constant both over time and in space); p = 1000 kg/m3, L =1 m; time scale
T =L/u=1000s. In formula (1), the quantities A and g are experimental. For our cal-
culations, we will assume the value of A to be 200 kg/m3 (which is quite high, yet a
realistic figure for activated carbons). Furthermore, considering that the value of g is
determined experimentally in practice and can vary significantly, we will vary it in
our calculations from 10 to 1000.

Two primary scenarios for the calculation were conducted: ¢o=0.02 and
co = 0.004, with the coefficient 5 set to values of 10, 20, 50, 100, 200, 500, and 1000.
Figures 1 (a) and (b) illustrate the curves of concentration changes along the porous
medium as a function of the dimensionless time (¢ = t/T).

Figure 1 illustrates that the absorption of the component by the adsorbent leads to
an almost frontal alteration along the length of the working body. The curves for
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S =100 are noticeably steeper than those for f = 10. At the end of the channel, the
concentration ¢, which is nearly zero, remains for a certain duration until a wave of
concentration rise approaches this point. With its arrival, the concentration here
sharply increases, and the purification process concludes, as the concentration at the
end becomes equal to that at the beginning of the apparatus. The curves provided in-
dicate a dynamic adsorption process in the context of [14]. Similar curves have also
been obtained for gas in the work [15].
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Figure 1 — Variation in the concentration of the adsorbed substance within the flow along the porous
body as a function of the dimensionless time for ¢o = 0.02
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Figure 2 — Dimensionless operating time of the apparatus as a function of the coefficient £ and co

Figure 2 illustrates the dimensionless operating times of the apparatus (zr) as a
function of the coefficient . The operating time of the apparatus is conventionally
defined as the dimensionless time interval during which the outlet concentration
changes from zero to co. It is evident from the figure that as the value of £ increases,
the operating time also increases, and it appears that further increases will asymptoti-
cally approach a certain value. Additionally, this figure clearly demonstrates that the
initial value of ¢, significantly impacts the operating time curve. This is understanda-
ble, as a lower concentration of the adsorbed substance in water necessitates a longer
time for it to saturate the adsorbent capacity. Consequently, it follows that the effec-
tive duration of the adsorbent's operation is directly related to the initial concentration
of the pollutant and, naturally, to the degree of purification. The degree of purifica-
tion can be assessed by the subsequent Figure 3.
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Figure 3 — The relationship of the averaged concentration of the pollutant in the mass of water dis-
charged from the apparatus over its operational period

Figure 3 illustrates the curves representing the average concentration of the sub-
stance in the water that has flowed out of the apparatus during its operation. This is a
significant indicator of the adsorber's efficiency. From Figures 2 and 3, important pa-
rameters emerge that characterize the adsorbent—namely, its operational time and the
degree of purification in relation to the initial value co.

Now we will demonstrate the accuracy of the calculations performed (Table 1).

Table 1 — Values of adsorbed masses of the substance for two scenarios at different values of

S m — formula (1) | m - calculation | error, % |m - formula (1)| m - calculation | error, %
10 33.333 32.33 3.01 7.692 7.46 3.02
20 57.143 55.3 3.225 14.815 14.404 2.773
50 100 97.09 2.91 33.333 32.454 2.638
100 133.333 129.6 2.8 57.143 55.666 2.585
200 160 155.84 2.6 88.889 86.62 2.553
500 181.818 176.64 2.848 133.333 130.007 2.495
1000 190.476 184.96 2.896 160 155,937 2.54

Table 1 presents the values of adsorbed mass per unit area m = a-L (kg/m?) of the
substance for two scenarios at various £ values. The second column (c¢o = 0.02) and
the fifth column (co = 0.004) display the mass values calculated using formula (1) at
the point when the process is complete and the adsorbed mass is in equilibrium. The
third and sixth columns show the mass values of the substance that was adsorbed dur-
ing the operation of the apparatus, derived from numerical calculations.

The provided error values in percentage indicate that the compared quantities are
closely aligned, meaning the calculation was conducted satisfactorily. From the last
row of the table at # = 1000, it is evident that the adsorption value, particularly in the
first variant, is already quite close to its maximum value (m = A-L) at a relatively low
equilibrium concentration co.

4. Conclusion
The calculations conducted have demonstrated the frontal nature of the cleaning
process under the selected parameters, as well as the impact of adsorption parameters
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and the initial concentration of the contaminating component on its efficiency. The
values obtained for the operating time of the adsorber and the concentrations of the
residual mass of the adsorbed component can provide insights into the effectiveness
of using a particular adsorbent.

Thus, through a formal description of the adsorption process using a mathematical
model, one can trace the dynamic aspect of the filtration flow and assess the operat-
ing time and efficiency of a specific adsorbent.
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AUHAMIYHI OCOBNUBOCTI | OLIHKA E®EKTUBHOCTI A[ICOPBELIMHOIO METOLY OUULLEEHHS
BOAW HA OCHOBI I3OTEPMU JNIEHT MIOPY
€nicees B.1., llyueHko B.I., bepkym B./.

AHoTauif. Y uin poboTi Ha OCHOBI (hinbTpauiiHWUX piBHAHL Ta i30Tepmn aacopbuii JleHrmiopa npoBeaeHo
PO3paxyHkM KIHETUYHMX XapaKTEpUCTWK MacoobMiHYy NpuM  AOOYWLiEHHI 3abpyaHeHux Bog  ripHU40400yBHOI
MPOMKCIIOBOCTI y nopucTtoMmy agcopbepi. PesynbTaTu po3paxyHKiB NOKasyloTb 3HAYHU BMIMB KoedilieHTa, Lo
XapakTepu3aye LBKUAKICTb agcopbuii, Ha xapakTep KIHETUYHUX KpWBMX. PO3paxyHku nokasanu, Lo 3i 36inbLUEHHAM LbOro
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koediLlieHTa 3poCTae KpyTICTb KPUBOI KOHLLEHTpALii, LLO 3rofoM nepeMiliaeTbCst B3LOBX OCi anapaty, i npouec Habysae
(PpoHTaNLHOMO XapakTepy. Baxrnuee 3HaueHHs npy LbOMY MatoTb BEMIMYMHM MOYATKOBUX KOHLEHTPALN PeYOBUHM, LLO
BMAanseTbCst. 3i 3BMEHLLEHHSIM 3HAa4eHb MOYaTKOBWX KOHLEHTPALin Yac npaLe3naTHOCTi anapaTy 3HauHo 36inbLUyeTbes.
Y OaHin maTemaTuUyHii Mogeni OTPUMaHO OLiHKY CepeaHbOi 3a YaCoM KOHLeHTpaLlii 3abpyaHI040i pe4oBHHM B 06CA3
OYMLLEHOT BOAK, SIKa € LLe OJHIEI0 BAXMBOK BENMUMHOL, WO Xapaktepusye poboty agcopbepa. 3 Hei BunnuBae, Wo
BEMNMYMHA KOHLEHTpaLlii 3abpyaHI040i pevoBMHN B 006CS3i 0UMLLEHOT BOAW Cr 3aNEXUTH Bif NOYATKOBOI KOHLEHTpaLji
Ta napameTpi i3oTepmu aacopbuii. 3i 36inbleHHaM KoediljieHTa, O XapakTepuaye LWBMAKICTb apcopbuii, CTyniHb
OYMLLEHHS MigBMLLYETbCS, TOOTO, BIGHOLIEHHS KOHLEHTpaLii 3abpyAHIoYO0i PEYOBUHM Cr 4O MOYATKOBOI KOHLEHTpaLii
3MeHLYeTbCs. 3i 3MEHLLEHHAM MOYaTKoBOI KOHUEHTpauil npu Tux xe koedilieHTax B CTyMiHb OYULLEHHS AeLo
3HWKYETLCA (CTABMEHHS 3a3HAaYeHWX BENMYWH MigpoCTae), BHACNIfOK Yoro BennumHa koedilieHta B Bigirpae Baxnuey
ponb y MpoLeECi i, BiAnoBigHO, B KiHLEBOMY pesynbTaTi. HaBeaeHi HanpukiHUi CTaTTi OLiHKM TOYHOCTI pO3paxyHKiB
MoKasytoTb LjinKOM 3a40BiNbHUA 36ir 3 po3paxyHKOM 3a GanaHcoM Mac OYMLLEHOI BOAM Ta BOAM, LUO 3anWLLAETLCA B
nopucTomy aacopbeHTi. Takum YMHOM, NOKasaHo, Lo Npu popMansHOMY MaTeMaTUYHOMY ONKCI npouecy agcopbuii (B
OaHOMy Bunagky isoTepmu JleHrMiopa) 3a LOMOMOrOK 3anponOHOBAHOI MaTEMATUYHOI MOZEN MOXHA OLiHUTK Yac
poboTu Ta eheKTUBHICTb TOTO YW IHLIOTO agCcopBEHTY, a TakoX NPOCTEXUTI AMHAMIYHY CKNaaoBY inbTpaLinHoi Tevii Ta
KIHETUKY MPOLLECY OUULLEHHS BOAM.
KntouoBi cnoBa: ounLLeHHs Boau, aacopOuis, KoHLeHTpaLis, isoTepma JleHrmiopa.



