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DECISION MAKING IN MINING INDUSTRY BASED ON THEORY OF GAMES WITH
NATURE UNDER INTERVAL DATA

Abstract. The need for decision-making is present in all areas of human activity (sociology, medicine, economics,
military affairs, etc.). This is also extremely important in mining industry. Theory of games is widely used to support
decision-making. Theory of games is an effective decision-making tool in the planning and management of mining
enterprises. The problem of decision-making under uncertainty, defined as the absence or insufficiency of information, is
considered. In this case, it is appropriate to use the mathematical model "Playing with Nature." In this model, the
conscious "player" is the decision maker, and "nature" is the environment surrounding the system, and there is no
information about the probabilities of nature states. Most games are analyzed with deterministic data (payoff matrices).
However, it is practically impossible to determine them precisely. This is due to many factors. One of them is that the
data is not fully determined by the strategies of the game participants, but also depends on many other factors. A
distinctive feature of games with interval data is that the payoffs are not precisely defined. For these games, only the
upper and lower bounds of possible values are known, or, equivalently, only the intervals within which the payoff values
may lie. A matrix in which payoffs are assigned intervals of possible values rather than specific numbers more closely
corresponds to reality. Studies examining games with interval data are primarily devoted to identifying the existence of a
saddle point and developing methods for finding it. The following classical criteria are most often used to select the
optimal strategy: Wald maximin and maximax. However, they do not take into account the interval distributions of all
payoffs under various states of nature. The purpose of this work is to improve the application of the Wald and Maximax
criteria by taking into account the influence of all states of nature on the choice of a decision-making strategy for interval
data. Applications of the Wald and maximax criteria, calculated using the lower and upper values of payoff intervals,
respectively, are analyzed. If a decision maker accepts a reduction in the criterion within acceptable limits, then it is
possible to select a strategy superior to the strategy determined based on the criterion. When using the Wald criterion,
the increments of payoffs for each strategy are additionally determined compared to the minimum possible, and are
linearly averaged. When comparing strategies, the one with the larger mean deviation is considered more profitable.
When using the maximax criterion, the decreases in payoffs compared to the maximum possible are additionally
determined and linearly averaged. When comparing strategies, the one with the smaller mean deviation is considered
more profitable.

Keywords: game, nature, uncertainty, interval, criteria, mean deviation.

1. Introduction

The need for decision-making is present in all areas of human activity (sociology,
medicine, economics, military affairs, etc.). This is also extremely important in
mining industry. Theory of games is widely used to support decision-making [1-7].
Theory of games is an effective decision-making tool in the planning and
management of mining enterprises [4-6].

A review [7] notes that the number of books and articles on theory of games
amounts to many thousands. The history of the development of theory of games is
given in [8].

Let us consider the problem of decision making under uncertainty [9-12].
Uncertainty is defined as the absence or insufficiency of information [10]. In this
case, it is appropriate to use the mathematical model "Playing with Nature." In this
model, the conscious "player" is the decision maker, and "nature" is the environment
surrounding the system, and there is no information about the probabilities of nature
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states. Most games analyzed involve deterministic data (payoff matrices). However, it
Is practically impossible to determine these data precisely. This is due to many
factors. One of them is that the data are not fully determined by the strategies of the
game participants, but also depend on many other factors.

A distinctive feature of interval games is that the payoffs are not precisely
defined. Only the upper and lower bounds of possible values are known, or,
equivalently, only the intervals within which the payoff values may lie. A matrix in
which payoffs are assigned intervals of possible values rather than specific numbers
more accurately reflects reality.

Studies examining games with interval data (reviews are provided in [2, 7, 13])
are primarily devoted to identifying the existence of a saddle point and developing
methods for finding it. An analysis of cooperative games is presented in [14].

When using a game with nature, it has been proposed [15] to replace the interval
with the mean value of a certain preference function. However, the choice of this
function is at the discretion of the decision maker, i.e., the uncertainty of the initial
data is transformed into uncertainty of the form. Furthermore, such a replacement is
sensitive to the interval width. The following classical criteria are most often used to
select the optimal strategy: Wald maximin and maximax . [9, 17]. However, they do
not take into account the interval distributions of all payoffs under various states of
nature.

Therefore, the purpose of this study is improvement the application of the Wald
and maximax criteria by taking into account the influence of all states of nature on
the choice of decision-making strategy for interval data.

Object of the study: the conditions for applying the Wald and maximax criteria,
taking into account the influence of all states of nature on the choice of decision-
making strategy for interval data.

2. Methods

The following methods were used in this study: an analytical review of literature
sources; methods of theory of games; and fuzzy set methods. Internet resources were
used to analyze the current state of the art.

To achieve the set purpose, the following tasks were solved:

— to consider the application of the Wald and maximax criteria, which were
calculated, respectively, based on the lower and upper values of the payoff intervals;

— when using the Wald criterion for each strategy, additionally determine the
increase in payoffs compared to the minimum possible and perform their linear
averaging;

— when applying the maximax criterion, additionally determine the decrease in
payoffs compared to the maximum possible and perform their linear averaging.

3. Theoretical and experimental parts
Let us assume that the decision maker has m strategies, and nature has n states.

A decision maker knowns the payoffs values a; at i strategies S, (izl,_m) and
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j state of nature (j =1_n) A game with interval data differs from a game with

deterministic data in that the elements of the payoff matrix are the closed intervals
a; =| ;& |, where a; and & are the lower and upper limits of the interval [19]. A
totality of elements a; form the matrix of the game A of size mxn.

We'll consider a situation where the decision maker has only one attempt to make
a decision. In other words, relying on interval averaging is unacceptable.

We will determine the optimal strategy using the Wald criterion (the criterion of
guaranteed result, the pessimism criterion). This is one of the most important criteria
for reliable decision-making [5, 11-13]. It is also used in a number of composite
criteria: Hurwitz, Hodge-Lehmann, and Germeier-Hurwitz [9, 16, 17].

Scope of application of the Wald criterion [9, 18]:

— nothing is known about the probabilities of states of nature;

—we will not allow risk;

— the decision is made once.

The Wald criterion is based on a comparison of minimum payoffs, therefore, to
ensure the applicability of the criterion regardless of the relative position of the
intervals, taking into account A, we form a matrix of lower boundary values for each
strategy S; and perform a permutation (ranking) of the payoffsa; by arranging them

in non-decreasing order [6] . We denote the elements of the resulting matrix as b,

=ijr
and the matrix itself as B.
Thus, in each i-th row of the matrix B we have:

b,<b,<..<b,. (1)
By virtue of relation (1), the first column consists of minimum payoffs

b, = ming;.

Therefore, the Wald criterion is

W = miaxk_J,1 =maxming;.

]

We denote the strategy, for which the Wald criterion is valid, as S, .

In addition to the traditional approach, we introduce into consideration the
permissible interval for the Wald criterion [6]

VVmin SW !

where W, — the lower limit of the Wald criterion acceptable for decision maker.
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In case of existence of strategies S,, for which b, are in the interval [W,, , W], it

Is possible to choose a strategy better than S, . To do this, we determine the increase
in payoffs compared to the minimum possible

d; =b;-h

=1

Average payoff increment for i-th strategies will be characterized by the average
linear deviation relative to b,

(3) ==, @

When comparing two strategies, the strategy that provides the greater average
gain is more profitable. In the case where there are several strategies b, e[W,;,, W],

min?

one should choose a strategy with the maximum (&)

To determine the optimal strategy according to the maximax criterion (optimism
criterion), we construct a matrix of the upper boundary values of the intervals and for
each strategy S;, we perform a permutation of payoffs &; by arranging them in non-
decreasing order. We will denote this matrix as B, and its elements as 5,]

Since the last column in the matrix B consists of maximum payoffs, so we write
the maximax criterion M in the form of

The strategy corresponding to the criterion M will be denoted as S, .

Let us introduce into consideration the admissible interval for the maximax
criterion [6]

MminSM !

where M ;. —the lower limit of the criterion acceptable to the decision maker.

For strategies S,, where Eim G[Mmin, M ] there may be a better choice than S,, .

For this purpose, we will determine the decrease in payoffs compared to the
maximum possible

41' =D, - b.j - (3)

Average decrease in payoffs for i-th strategies will be described by the average
linear deviation relative to b, .



50 ISSN 3083-6271 (Print), ISSN 3083-628X (Online) Geo-Technical Mechanics. 2026. 1ss.177

(4)= g2 @

Of the two strategies, preference should be given to the one with the lower value
(Ai>. If for several strategies b, € [M oy M ] then you should choose a strategy with
a minimum (4,).

Example

Let's consider a model example illustrating decision making in the context of
interval data. Geophysical studies yielded four possible ore deposit characteristics,

which we will identify with nature states. There are three deposit development
strategies. The game matrix is as follows:

[6.0,10.1] [13.6,15.9] [12.0,14.3] [9.0,11.2]
A=|[8.0,10.4] [13.0,16.0] [14.0,156] [6.8,8.9] |.
[100,12.7] [7.0,9.2] [11.0,12.5] [10.0,11.9]

Here the payoffs are presented in arbitrary units. We will create a matrix of lower
boundary values and, after ranking them, we will obtain

6.0 9.0 12.0 136
B=|6.8 80 13.0 14.0
7.0, 10.0 100 11.0

The first column of the matrix B consists of minimal elements. The maximum of
them is b, =7.0(it is provided with an index W), therefore, according to the Wald

criterion, the third strategy is optimal. Let's assume that the decision maker is allowed
to decrease the payoff by 0.5. Since 6.8 is in the range of 6.5-7.0, let's compare the
strategies S, and S, by average linear increments. Calculations using formula (2)

yielded the result (5,)=4.87 and (&,)=3.33, that is (5,) >(&;,). Thus, it is rational

to choose the second strategy.
If the decision maker is focused on an optimistic result, then we will form a
matrix of upper boundary values and, after ranking, we will obtain

101 12.2 143 159
B=[89 104 156 16.0,
9.2 119 125 127
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According to the maximax criterion M :523 =16.0 (with index M), the second
strategy is optimal. Let the previous value of decreasing payoff be acceptable, since
15.9€[15.5,16.0], then having compared strategies S, and S, by average linear

increments, we obtain, according to formula (4), that (4)=3.7 and (4,)=4.37, that
is (4)<(4,). From which it follows that it is rational to choose the first strategy.

4. Conclusions

Under conditions of uncertainty in the probabilities of nature states, the elements
of the game matrix are payoffs defined as intervals.

The application of the Wald and maximax criteria, calculated using the lower and
upper values of the payoff intervals, respectively, is considered.

If a decision maker accepts a decrease in the criterion within acceptable limits,
then it is possible to select a superior strategy compared to the strategy determined
based on the criterion.

When using the Wald criterion, the payoff increments are additionally determined
for each strategy compared to the minimum possible, and are linearly averaged.
When comparing strategies, the one with the larger mean deviation is considered
superior.

When using the maximax criterion, the decreases in payoffs compared to the
maximum possible are additionally determined and linearly averaged. When
comparing strategies, the one with the smaller mean deviation is considered superior.
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MPUMHATTA PIWEHb Y TIPHUYIA CNPABI HA OCHOBI TEOPIi I'P 3 MPUPOOOK MPU
IHTEPBAJIbHUX OAHUX
JlanwuH €.C., lllesueHko O.l.

AHoTauif. HeobxigHiCTb NpUIHATTS pilleHb € Y BCiX cdepax QiSNbHOCTI (couionoris, MeauumHa, eKOHOMIKa,
BiMCbKOBA CMpaBa Ta iHLWMX). Bkpan BaxmmBo Le Ny ripH1din cnpasi. [ns npuiHATTS pilleHb LUMPOKO BUKOPUCTOBYETLCS
Teopia irop. Teopia irop — eqEeKTUBHUI IHCTPYMEHT NPUAHATTS pilleHb MNig 4Yac nnaHyBaHHA Ta YNpaBmiHHS
ripHN4000YBHUMM MignpremMcTBamMn. PO3risHYTO 3aBAAHHS NPO NPUIHATTS PilleHb 33 YMOB HEBW3HAYEHOCTI, Mif SKOH
PO3yMIETLCS BIACYTHICTb UM 6pak iHchopmalii. | TyT QOUINbHO BUKOPUCTaHHS MaTeMaTUiHOi Mogeni «pa 3 Npupoaoy.
Y Hin cBigomMui «rpaselpb» — ocoba, ska npuimae piwerHs (OMP), a «npupoga» — HaBKONMWHE cepegosuile. Mpu
LbOMY BIACYTHS iHpOpMaLsi MPO MMOBIPHICTE CTaHy npupogu. 34ebinbworo aHaniaylTbes irpu 3 AeTepMiHOBaHUMY
AaHumn (matpuusmu Burpawie). lMpoTe, NpPaKTUYHO iX HEMOXNMBO BW3HAYMTM TOuHO. Lle 3ymoBneHo Garatbma
npuunHamu. OgHa 3 HUX — JaHi pearnbHO He BU3HAYaloThCS MOBHICTIO CTPATErisiMU Y4YaCHUKIB IpK, @ TaKOX 3anexaThb Bif
Baratbox iHwmx daktopie. OcobNMBICTb rpu 3 iHTEPBANbHUMK JAHUMK Y TOMY, WO BUrpaLUi HE 3adaHi TOYHO. [ns Hux
BiJOMI NULLE MEXi MOXIMBUX 3HAYEHb, BEPXHS | HIKHS, UM, LLO EKBIBANEHTHO, JAHO NULE IHTepBany, y SKUX MOXYTb
OyTn 3HaueHHs Burpawis. MaTpuus, B ki BUrpaLlam NpUNMCaHi He KOHKPETHI Yncna, a iHTEpBaIy MOXITUBUX 3HAYEHD,
TOYHilLe BignoBigae peanbHOCTi PoboTH, B SIKMX PO3FNSHYTI irpu 3 iHTEPBANbHAMW AaHUMW B OCHOBHOMY MPUCBSEHI
BMSIBITEHHIO iCHYBAHHS CiAMOBOI TOYKM Ta po3polku MeTogiB ii mowyky. [ns Bubopy onTumanbHoi cTparterii HandacTille
3aCTOCOBYIOTb TaKi KMaCKUYHi KpuTepii: MakcMiHHWMIA Banbaa Ta makcumakcy. OgHak BOHM He BPaxOBYHOTb iHTEPBAnbHI
PO3MOoAiny BCiX BUrPaLLIB 3a pi3HMX CTaHiB npupoaun. MeTa poboTi — yooCKOHaNEHHs 3aCToCcyBaHHs kpuTepiie Banbga Ta
MaKCUMaKCy LUMAXOM YpaxyBaHHS BMMWBY BCIX CTaHIiB npupogu Ha BMOIp CTpaTerii NMPUAHATTS PILLEHHS Mpu
iHTepBanbHUX [daHuX. [lpoaHani3oBaHO 3acTOCYBaHHA KpuTepiie Banmbga Ta Makcumakcy, ski obumcnioBanmcs
BIAMOBIAHO 3@ HWKHIMM Ta BEPXHIMW 3HAYEHHSIMM iHTepBaniB BurpawiB. Akwo ans OMNP npuAHATHE 3MEHLLEHHS
KPUTEPItO B AONYCTUMUX MEXaX, TO MOXIMBMIA BMOIp KpaLLOi CTpaTerii NOPIBHSHO 3i CTpaTeriet, BU3HAYEHOK Ha OCHOBI
kpuTepito. MNpu BUKOPUCTaHHI kpuTepito Banbaa ans KoxHoi cTpaTerii J0AaTKOBO BU3HAYAKOTLCS 30iMbLUEHHS BUTpaLUiB Y
MOPIBHAHHI 3 MiHIMaNbLHO MOXNWUBUMM i MPOBOAUTLCA IXHE MNiHiHe ycepeAHeHHs. pu NOpIBHAHHI cTpaTerin BurigHila
Ta, WO 3abesnevye 6Ginblie cepedHe 3HAYEHHS BiOXMMeHb. FAKWO X 3aCTOCOBYETHCSA KPUTEPI MakcuMakcy, TO
[00aTKOBO BU3HAYAKTHCSH 3MEHLLEHHS BUTPALLIB Y MOPIBHSHHI 3 MAKCUMarbHO MOXITMBAMY i NPOBOAUTLCS TXHE MiHiiHe
ycepeaHeHHs. Mpu NopiBHSAHHI CTpaTerii BurigHilla Ta, ska 3abe3neyye MeHLUe CepeHe 3HaYEeHHS! BiXMIEHb.

Kntoyogi cnosa: rpa, npupoaa, HeBU3HAYEHICTb, iHTEpBan, KpUTEpIi, CepeaHe BiOXMNEHHS.
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