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INCREASING THE ACCURACY OF DETERMINING THE CRITICAL SPEED OF
HYDROTRANSPORTATION USING GRAVITY THEORY

Abstract. The efficiency of operation and the energy intensity of the operating modes of pressure hydraulic
transport systems at mining enterprises largely depend on the accuracy of calculating the critical velocity of
hydrotransportation, which determines the minimum permissible velocity of the hydro-mixture flow, as well as its possible
concentration and density. Most formulas used to calculate the critical velocity of hydrotransportation contain empirical
constants that vary within certain limits. There are no precise recommendations for selecting the values of these
constants, which leads to errors in determining the critical velocity of hydrotransportation and, overall, either to an
overesti-mation of the energy intensity of the hydrotransport process if this value is significantly overesti-mated, or to
inefficient operating modes if it is underestimated. The largest group of methods for determining the critical velocity of
hydrotransportation is based on the gravitational theory of M.A. Velikanov and uses the principle of proportionality
between the additional hydraulic gradient and its total value to determine the onset of the critical regime. The coefficient
of this proportionality is an empirical value and is referred to as the Velikanov constant. The author of the gravitational
theory of hydro-mixture flow did not provide any recommendations for determining this constant, while researchers who
developed formulas for calculating the critical velocity of hydrotransportation using this approach embedded its value
within other experimental constants that account for the influence of many factors. It should be noted that the error
arising from the use of these formulas was for a long time compensated by overestimating the critical velocity of
hydrotransportation. Under the economic conditions of the former USSR, when the cost of electrical energy was low, this
did not affect the competitiveness of domestic enterprises. However, under new economic conditions, when the country’s
mining enterprises compete on the global market with more developed competitors, the requirements for the energy
efficiency of hydraulic transport systems are increasing, which ne-cessitates a more accurate determination of the critical
velocity of hydrotransportation. This paper, for the first time, establishes the dependence of coefficients in the formulas
for determining the critical velocity of hydrotransportation on the Velikanov constant and proposes a method for
determining this parameter depending on the characteristics of solid-phase particles in the hydro-mixture and the critical
velocity of hydrotransportation.
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1. Introduction

Domestic mining enterprises ensure a guaranteed share of the country’s export
potential and, in the near future, will have to face fierce competition on the global
market from more developed competitors [1-8]. The production cost of domestic
mining enterprises largely depends on the efficiency of operation and the energy
intensity of the operating modes of their technological units, one of the largest of
which is the transportation of primary placer materials and their processing waste by
means of pressure hydraulic transport. The efficiency of operation and the energy
intensity of the operating modes of such pressure hydraulic transport systems at mining
enterprises significantly depend on the accuracy of calculating the critical velocity of
hydraulic transportation (CVVHT), which determines the minimum permissible velocity

of the hydromixture flow, as well as its possible concentration and density. Most
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formulas used to calculate the CVHT contain empirical constants that vary within
certain limits. There are no precise recommendations for selecting the values of these
constants, which leads to errors in determining the CVHT and, overall, either to an
overestimation of the energy intensity of the hydraulic transport process if this value is
significantly overestimated, or to inefficient operating modes if it is underestimated.

In the territories of the former USSR, 17 methods for calculating the CVHT were
known, most of which namely seven are based on the gravitational theory of
M.A. Velikanov. All these methods for calculating the CVHT include empirical
coefficients whose values vary within the range of 16% to 50% [9]. Considering that
the permissible range of the CVHT variations is regulated at no more than 30%
[10, 11], such an error in determining the coefficients during CVHT calculations
almost fails to meet the required accuracy of this parameter. It should be noted that
the error arising from the use of these formulas was for a long time compensated by
overestimating the CVHT. Under the economic conditions of the former USSR, when
the cost of electrical energy was low, this did not affect the competitiveness of
domestic enterprises. However, under new economic conditions, when the country’s
mining enterprises compete on the global market with more advanced competitors,
the requirements for the energy efficiency of hydraulic transport systems are
increasing, which necessitates a more accurate determination of the CVHT [11-16].

Most modern domestic studies bypass this issue, focusing instead on problems
such as coagulation of the solid phase, the use of polymer pipelines, or the
transportation of high-concentration hydro-mixtures [17-22]. Foreign researchers
also tend to focus on other issues, such as the influence of the physical properties of
the solid phase [12, 14-16], the use of pipelines with different cross-sectional shapes
and route profiles [13, 24-26], the merging of two hydro-mixture flows [23],
processes of changes in the structure of the bottom layer and its granulometric
composition [27, 28], and the characteristics of high-concentration hydromixture
flows [29]. For the most part, foreign researchers do not use the gravitational theory
at all, determining the CVHT through the shear stress of solid particles against the
flow bed [23, 30-33], although the results of some studies can be considered as
partial confirmation of this theoretical model of hydromixture flow [25, 30, 34-40].

Thus, the aim of this study is to determine the dependence of empirical constants
in the formulas for calculating the CVHT on the M.A. Velikanov constant, and to
derive a formula for calculating the value of M.A. Velikanov constant itself.

2. Methods

The largest group of methods for determining the critical velocity of
hydrotransportation (CVHT), known in the former USSR, is based on the
gravitational theory of M.A. Velikanov and uses the principle of proportionality
between the additional hydraulic gradient and its total value to determine the onset of
the critical regime [9, 11, 21, 22]:

i — i
cm_ cm — K ’ (1)

'cm
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where i, — hydraulic gradient of the hydraulic mixture during flow with CVHT,

m water column/m; igm — hydraulic gradient of the fluid during flow with CVHT,

m water column/m; K — M.A. Velikanov constant.

The proportionality coefficient in formula (1) is an empirical value and is called
the M.A. Velikanov constant. The author of the gravitational theory of hydromix flow
left no recommendations for determining this constant, and scientists who developed
formulas for calculating the CVHT based on this principle concealed its value within
other experimental constants that account for the influence of many factors.

One of the first methods for calculating the CVHT, based on M.A. Velikanov
gravitational theory, was developed for the conditions of pressurized hydraulic
transport of polydisperse coal [9, 11, 21, 22]:

Vem =Co+/9D 3| WdR2 P +c, /fgDPRy ; P:(ps_l)(l_SRl)S; )
\Ygs

L+ (ps ~1)SRy)

2
| dgs

where Ve — CVHT, mfs; cg,cq, ¢ — empirical constants (co = 1.8+2.1, ¢, = 6+7 and
¢ = 0.3+0.45); D — pipe diameter, m; g — acceleration due to gravity, m/s?, w — the
terminal velocity of fine-fraction particles, i.e., particles ranging in size from 0.1 mm

to 2 mm, m/s; S — volume concentration of the aqueous mixture, units; dgs — average
particle size of the fine fractions, m; pg — the relative bulk density of the material

being transported; R;, R,, R, — the bulk fraction of fine, small, and lumpy particles

in the particle size distribution of the solid phase; f — the generalized coefficient of
friction between the particles of the coarse fractions and the inner surface of the
pipeline; i — hydraulic head of the hydraulic fluid, m water column/m; iy — hydraulic
head, m water column/m; A — coefficient of hydraulic friction; V — the average flow
velocity of the hydraulic mixture, m/s.

Upon examining formulas (1)—(3), it becomes clear that the empirical constants
Co and ¢, must depend on M.A. Velikanov constant; they must incorporate this
quantity in some form. To determine this dependence, it is necessary to consider

formula (1) together with the first formula from (3), derive a formula for calculating
the average flow velocity, and compare it with the first formula from (2).

3. Theoretical part
The analysis of the first formula in (2) indicates that the constant is dimensional
and can be represented in the following form

_ %o

o

Co
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therefore, instead of the first formula from (2), the following expression should be
used

R
Vem =Ch /gD 3| =2-P , (a)
gdgs

where ¢y — dimensionless empirical constants (cy= 2.63 + 3.07).
Thus, assuming that the transported material contains only fine particles,

iem = igm(1+ PRl)’ (5)

equation (1) does not allow us to determine the CVHT, since the numerator and
denominator of the fraction on the left-hand side of the condition are directly
proportional to the hydraulic head of the fluid, which decreases, and we obtain the
first estimate of the value of M.A. Velikanov constant:

«_ PR
1+ PR

(6)

where K’ — the value of M.A. Velikanov constant for a material consisting solely of
fine grained particles.

Assuming that the transported material contains no lumpy fractions, and considering
the hydraulic friction resistance coefficient to be a constant with respect to the velocity
of the hydraulic mixture, as prescribed by the methodology [9, 11, 21, 22], by combining
the first formula from (3) with equation (1), after performing the appropriate
transformations, we obtain the following expression for determining CVHT

Vem | 2C PR, W

\/gD_3 Aem 1KK_PR1 \/gdgs |

(7)

where Acm — the coefficient of hydraulic friction resistance in the critical regime of
hydraulic transport.
By comparing equation (7) with equation (4), it is easy to see that

Co = ! 3 2¢ : (8)
3| K ~ PR, Fem
1-K

In the general case, when the granulometric composition of the solid phase contains
fine, small, and coarse particles, the CVHT is determined depending on the value of
the governing parameter of the properties of the transported material [9, 11, 21, 22]
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where 6 — a key parameter determining the properties of the material being
transported.

It follows from equation (1) that the M.A. Velikanov constant does not exceed
unity, and using equations (6) through (9) and (11), it is easy to prove that

K - PRl,
1-K'

and to establish a lower bound for the M.A. Velikanov constant
K'<K <1. (12)

From the comparison of formulas (6) and (12), it follows that the value of the
M.A. Velikanov constant for a material consisting only of fine particles represents the
minimum permissible value of the M.A. Velikanov constant when transporting
polydisperse material.

Condition (1) imposes a certain restriction on the ratio between the hydraulic
gradient of the hydromix and the hydraulic gradient of the liquid in the critical regime

-0

H 'cm
lom = , 13

which, at first glance, is not satisfied by the first formula in (3). However, if we
consider the first formulas together with (2) and (3), then, after performing the
appropriate transformations, we obtain
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C Vc3m
chy? gDV

i =ig(l+ PR+ (14)

If condition (1) is applied to formula (14), it is not difficult to show that the value
of the M. A. Velikanov constant can be calculated as follows

K=1- ! . (15)

1+ PR, + ZC, ,
icmCO

From expression (15), it follows that the value of the M.A. Velikanov constant
calculated using this formula automatically satisfies condition (12), since

K'=1-— (16)
1+ PR,

Using the formula, it is easy to prove that the ratio in the sub-root expression in
formulas (6)—(9) and (11) will be

K _pp+ €

1-K ﬂcmctr)z |

and instead of formulas (7), (9)-(11), the following relationships should be used.
Provided that there are no lumpy fractions in the transported material,

Vem _3[.2 w
=3/Cp" 3/PRy —, (17)
vgb gdgs

and in the general case, when the particle size distribution of the solid phase contains
particles of fine, small, and lumpy fractions, if I' <1, then you should use

VC'm \/i | J1+\/1 M3+ 311 r3j (18)

and in the event that I" >1, then, to determine the CVHT, you need to use

\\//éﬂ— 23_22:1 sz co{ arcco{ \/%D (19)
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3
R, @\ w 4cp

where V'em — CVHT, calculated using the refined method, m/s; I" — Smoldirev
number; @ —a complex empirical constant.

Thus, formulas (7), (9), and (11) establish the dependencies of the empirical
constants in the formulas for determining the CVHT on M.A. Velikanov constant,
while formulas (12), (15), and (16) allow for the calculation of the value of
M.A. Velikanov constant and the limits of its variation. At the same time, a combined
analysis of these formulas yielded formulas (17)—(19), according to which the CVHT
is calculated using sets of empirical constants.

4. Results and discussion

To study formulas (4)—(19), it is reasonable to rewrite them in a more
convenient form. Thus, for the minimum permissible value and the current value of
the M.A. Velikanov constant, the following can be proposed:

, 1
1+ s
(1+ Ars)
K =1-— 2= "2 lg Reyy-1; Regy =2, (21)
+1 Co v
1-K'

where Ar — Archimedes parameter; s — volume concentration of fine particles in the
hydraulic mixture, units; z — turbulence parameter; Recn — the Reynolds number for
the critical regime of hydrodynamic transport.

Formula (20) allows determining the limits of variation of the minimum
permissible value of the M.A. Velikanov constant during the transport of polydisperse
material based on the volume concentration of fine fractions in the hydromix at various
values of the Archimedes parameter (Figure 1). From the graphical dependencies
shown in Figure 1, it can be seen that the minimum permissible values of the
M.A. Velikanov constant are limited to the following interval:

0<K'<0.301,

which allows determining the ranges of variation for the term appearing first in the
formulas (21)

L <1.429.

y =

1<

The second of the formulas (21) determines the ranges of variation for the
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turbulence influence parameter as a function of the Reynolds number for the critical
regime of hydrodynamic transport (Figure 2).

0.350
KI
0.300

——=Ar=14
——Ar=2.4
- = Ar=34
—— Ar=4.4

0.250
0.200
0.150
0.100

0.050

0.000
0 0.05 0.1 0.15 0.2

s 025
Figure 1 — Dependence of the minimum permissible value of the M.A. Velikanov constant during
transportation of polydisperse material on the volumetric concentration of fine fractions in the hydro-
mixture for different values of the Archimedes parameter

3

3.9 B! 4.5 5 5.5 6 /gRecm6'5

Figure 2 — Dependence of the turbulence influence parameter on the Reynolds number for the
critical hydrotransport regime

Calculating the ranges of variation for these two parameters allows us to investigate
the dependence of the value of the M.A. Velikanov constant on the Reynolds number
for the critical regime of hydrotransport at different values of its minimum permissible
value (Figure 3), from which a weak dependence of the value of the M.A. Velikanov
constant on its minimum permissible value, which allows us to propose, when
performing calculations with engineering accuracy, to calculate the value of
M.A. Velikanov constant using only the parameter z.

Based on the first of the formulas (21), for this case, we can propose an
expression obtained analytically:
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K=1-1 (22)
Z

but numerical studies of the dependencies shown in Figure 3 indicate the possibility
of approximating them with power and logarithmic functions, with an approximation
accuracy of R2=0.9896 and R2 = 0.9928, accordingly:

7 0.1326
K = (—j ; (23)
19.163

K=o.114|n( . ) (24)
0.003

3.5 4.5 3.3 6.5 ) 8.5 95 z 105

Figure 3 — Dependence of the M.A. Velikanov constant on the Reynolds number for the critical
hydrotransport regime at different values of its minimum permissible value

A comparison of the accuracy of calculations of the value of the M.A. Velikanov
constant using formulas (22)-(24), within the corresponding range of Reynolds
numbers, was performed relative to its value generalized by the density of solid-phase
particles (Table 1). The results of this comparison indicate the potential for using the
power function, i.e., formula (23), for calculations with engineering accuracy. Formula
(13), which reflects the relationship between the hydraulic gradient of the hydromix
and the hydraulic gradient of the liquid in the critical regime, taking into account the
data shown in Figure 3, should be rewritten in the following form (Figure 4):

Z; j:'C—m, (25)

where j — the multiple of the hydraulic gradient in critical flow.
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Processing of the calculation results presented in Figure 4 shows that the
dependence of the hydraulic gradient ratio in the critical regime generalized with
respect to the minimum permissible value of the M.A. Velikanov constant on the
turbulence influence parameter can be approximated with high accuracy by a linear
function:

j=1.197 +z.
Table 1 — Comparison of the accuracy of calculations of the value of K using the formulas (22)—(24)
laR General Calculation using the formula Relative error, %

gR€em | meaning K (22) (23) (24) (22) 23) | (24)
4.0 0.804 0.926 0.810 0.819 8.00 -0.72 -1.75
4.2 0.821 0.940 0.822 0.831 6.33 -0.21 -1.30
4.4 0.835 0.952 0.834 0.843 5.08 0.14 -0.99
4.6 0.848 0.960 0.845 0.855 4.14 0.34 -0.81
4.8 0.860 0.967 0.856 0.866 3.40 0.43 -0.73
5.0 0.870 0.973 0.866 0.876 2.83 0.42 -0.73
5.2 0.879 0.977 0.876 0.886 2.37 0.32 -0.79
54 0.888 0.980 0.886 0.896 2.00 0.16 -0.91
5.6 0.895 0.983 0.896 0.905 1.70 -0.05 -1.08
5.8 0.902 0.986 0.905 0.914 1.46 -0.31 -1.28
6.0 0.908 0.988 0.914 0.922 1.26 -0.61 -1.51
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Figure 4 — Dependence of the hydraulic gradient ratio in the critical regime on the turbulence influence
parameter at different values of the minimum permissible M.A. Velikanov constant

To investigate the effect of the factor accounting for the dependence of the
M.A. Velikanov constant on the parameters of the solid phase of the hydro-mixture
and the flow characteristics, it is proposed to use the CVHT ratios calculated using
the old method and the refined method:
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Vem
Vem

A= : (26)

which, provided that the transported material contains no lumpy fractions, yields the
following estimate

A=3ch, (27)

and in the general case, when the particle size distribution of the solid phase contains
particles of fine, small, and lumpy fractions, at I" <1,

R 27 EIANS T

A= \F f f (28)
¢ 311-12 +31-+1-

and in the event that "' >1:

e o

SCcf \/» \/_ JIr

A=YZ Jr; (29)
2CO co Earcco L
3 Jr3
:Ar(l—s)se; e:&,
(1+ Ars) Ry

where A — the CVHT ratio; r —the concentration coefficient; e —the non-
uniformity of the particle size distribution of the transported material.

For the convenience of further calculations, it is necessary to determine the
generalized values and ranges of variation for the sets of empirical constants used in
formulas (14)—(29) (Table 2).

Table 2 shows that in the absence of lumpy fractions in the transported material,
the CVHT ratios calculated using the old method and the refined method range from
1.381 to 1.454. To calculate the CVHT ratio in the case of transporting a
polydisperse material containing all three fractions, a study was conducted on the
dependence of the limiting values of the concentration coefficient on the volume
concentration of fine fractions in the hydromix (Figure 5). Taking this into account,
calculations were performed using the formulas (28) and (29), (Figures 6, 7).
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Figure 5 — Dependence of the limiting values of the concentration coefficient on the volumetric
concentration of fine fractions in the hydromixture
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Figure 6 — Dependence of the CVHT ratio on the Smoldyrev number for different values of the
concentration coefficient in the case where the solid phase of the hydro-mixture does not contain coarse
particlesat I" < 1
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Figure 7 — Dependence of the CVHT ratio on the Smoldyrev number for different values of the
concentration coefficient in the case where the solid phase of the hydro-mixture contains coarse
particlesatI' > 1
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Table 2 — Values of sets of empirical constants

Set of empirical Value Interval width
constants minimum maximum | average | absolute relative
2¢/cy? 0.064 0.130 0.097 0.066 0.685

3/ 2
ey 1.907 2.113 2.010 0.206 0.103

2

3ep? /(2c) 1.975 2.506 2.241 0.531 0.237
2ch/+/3ccy 1.713 2.644 2179 | 0931 0.427
3f270c3/ (4%2) 3.502 5.316 4.454 1.724 0.387
3/ch 1.381 1.454 1.417 0.073 0.051
3/2¢/c) 0.580 0.699 0.640 0.119 0.186
c38/27¢ Yoyt /8a | 3701 6.128 4.915 2.427 0.494
f3cc? /(2ch) 2.269 4.085 3.177 1.816 0.572
3/(;62 6/27¢ / \/a /Q/Z 0.811 1.038 0.925 0.228 0.246

5. Conclusions

Thus, as a result of improving the gravitational theory of M.A. Velikanov, an
analytical solution of the equation for determining the critical velocity of
hydrotransportation (CVHT) has been obtained for the first time for various cases of
the granulometric composition of the solid phase of the hydro-mixture, taking into
account the dependence of the value of this constant on the CVHT.

It has been established that the value of the M.A. Velikanov constant for a
material consisting only of fine particles is the minimum permissible value of this
parameter when transporting polydisperse material whose granulometric composition
includes fine, small, and coarse fractions. It has also determined that the minimum
permissible value of the M.A. Velikanov constant varies from 0 to 0.301.

For the first time, the dependence of the M.A. Velikanov constant on the
parameters of the solid phase of the hydro-mixture and on the hydraulic friction
coefficient in the critical hydrotransport regime has been established. This made it
possible to derive formulas by which the CVHT is calculated using complexes of
empirical constants.

It has been shown that as the CVHT increases, the value of the M.A. Velikanov
constant also increases. At the same time, for engineering-accuracy calculations, the
dependence of this constant on its minimum permissible value can be neglected.
Based on the results of numerical studies, the possibility of approximating the
dependence of the M.A. Velikanov constant on the turbulence influence parameter by
power-law and logarithmic functions has been demonstrated.
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MICTATb EMNIPUYHI KOHCTaHTW, SKi 3MIHIOIOTBCA B MEBHWX MEXaX. TOYHMX pekoMeHaauii no BuOOpy BEnnMYMH UuX
KOHCTaHT He iCHye, WO Npu3BOAUTb 4O MOXMOOK MpW BM3HAYEHHI KPUTWUYHOI LUBUAKOCTI MiAPOTPHACMOPTYBaHHS, a B
Linomy, abo [0 3aBMLLEHHS EHEProEMHOCTI NPOLIECY FiAPOTPAHCMIOPTYBAHHS, AKLLO Lie 3HAYEHHS CUMbHO 3aBULLEHO, abo
[0 HepauioHanbHUX pexuMiB poboTu, SKWO Le 3HAYEHHS 3aHaATO 3HIKEHO. Hambinblw uucenbHa rpyna MeTogis
BM3HAYEHHS KPUTUYHOI LUBMAKOCTI FiAPOTPAHCNOPTYBAHHA CNMpaETbCs Ha rpaeiTauinHy Teopito M.A. BenukaHosa, Ta
LN BU3HAYEHHS MOMEHTY peanisaLii KpUTUYHOrO pexumMy BUKOPWUCTOBYE MPUHLMM MPOMOPLMHICTL MiX [0AATKOBUM
rigpaBniyHUM yXWIOM Ta MOBHUM MOrO 3HaveHHAM. KoedilieHT Liei nponopuiiHoCTi € eMNipUYHO BENUYMHOM, Ta
Ha3WBaETbCS KOHCTaHTO M.A. BenukaHoBa. XKogHux pekomeHaaLii no BU3HAYEHHIO L€l KOHCTAHTW aBTOp rpasiTalinHoOi
TEOpii Teuil rigpocyMmili He 3anuiLMB, a HaykoBLi, WO po3pobnsnu dopMynu Ans po3paxyHKy KPUTUYHOI LIBMAKOCTI
ri4pOTPaHCNOPTYBAHHS 3@ TakMM MPUHLMMOM MPUXOBYBANW ii 3HAYEHHS B iHLUMX €KCEPUMEHTAmbHUX KOHCTaHTaX, sk
BPaXoBYOTb BNNMB Haratbox (hakTopis. 3a3Haummo, Lo NoxmbKa, sika BUHWKANa Npy BUKOPUCTaHHI LuX hopMyn, AOBIUiA
yac KOMMeHCyBanacs 3aBULLEHHS KPUTWYHOI LWBMAKOCTI MAPOTPAHCNOPTYBaHHS. B €KOHOMIYHWUX YMOBAX KOMMLUHBOTO
CPCP, konu BapTiCTb €neKTpuYHOi eHeprii Gyna HU3bKOK, Lie He BnMBasro Ha KOHKYPEHTOCTPOMOXHICTb BIiTUMSHSHUX
nignpuemcTs. Ane B HOBMX EKOHOMIYHWMX YMOBaX, KOMM TipHWYO BMAOOYBHI MignpuEMCTBA KpaiHW KOHKYPYOTb Ha
CBITOBOMY PUHKY 3 Oinbll PO3BUHYTUMM KOHKYPEHTaMW, BUMOTM [0 E€HEPrOEMHOCTI TiAPOTPAHCMOPTHUX KOMMIEKCIB
NiABMLLYIOTLCA, WO NoTpebye Birbl TOUHOrO BU3HAYEHHS KPUTUYHOI LUBWUAKOCTI riapoTpHAcnopTyBaHHs. B AaHin cratTi
Breplle BW3HAYAETHCH  3aNEXHICTb  KOedilieHTiB B hopMynax [Ans  BU3HAYEHHS  KPUTWYHOT  LUBMAKOCTI
rigpoTpaHCNOpTyBaHHS Bif KOHCTaHTM M.A. BennkaHoBa Ta MponOHYeTbCA METOAMKa BU3HAYEHHS LibOTO napameTpy B
3anexHoCTi Bif NapameTpiB YaCTUHOK TBEPLOI pasm rigpoCyMiLli Ta KPUTUYHOT LBUAKOCTI FAPOTPAHCNOPTYBaHHS.
KntoyoBi cnosa: rigpocyMmiLu, rigpoTpaHcnopT, KpUTUYHA LWBWAKICTb, rpaBiTaLliiHa Teopis.



